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PREFACE

SoruTrons in this Key have been given in consider-
able detail, and it is hoped that clearness has nowhere
been sacrificed to brevity. Also, in order to make
the book as useful as possible, both to busy teachers
and to private students, alternative methods of solu-
tion have been supplied where suitable. The Key
_therefore forms to some extent a supplementary
‘teaching manual.

&
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ABBREVIATIONS, ETC.

To save space a number of obvious abbreviations are used,
such as eqn, for equation, numr. for numerator, and Lh.s.
for left-hand side. )
References to figures (Fig.) and pages (p.) are to the
Advances Prigonometry itself. E.T. refers to Durell and
Wright’s Elementary Frigonometry.
The following conventions are also used :

(i} In the text of Advanced Trigonometry, certain
results are numbered; e.g. in Ch. X, exp (z)
exp (2.} =6xp (z; +2,) is numbered (7). 1In the Ke‘y
this would be referred to as eqn. (7)1 Ch. X, or if
the veference occurred in Ch, X of the Key, simply
asg equ. (T)

(i) Similarly the illustrative examples which oceur in the

text will be referred to as Ex. b of Ch. XIV, or as
Ex. 5 if the reference occurs in Ch. XIV.

{ili} A reference such as No. 16 or (Ex.') X1, a, 1\?‘0.‘ 16 1is
to a question in one of the exercises, and if it hz_a,s
no prefix the example belongs to the exercise in
which the reference occurs.

LA
i

CHAPTER I
EXERCISE L a. (p.1)

1. The eos A formula may be used when it is not necessary to
- introduce logarithms. For logarithmic work, the other
formulae are better; to find all the angles of a triangle,
the formulae for tan }A, tan 3B, tan 1C are best (with
A+B+C=180° as & check) az they only require the
logarithms of ¢, 5 —a, 8§ ~b, 8 —c.
13. Impossible because 12-3« 16-9sin51°; of. No. 14.
14. The length of the perpendicular from B to AC =¢ sin A== 51;
.. there are no solutions if @ < 5'1, one solution if @ =35-1,
two solutions if 5-1 < g <14-5, and one if a3 14-5,-
15, Draw AN perp, to BC; since AC, =AC,, N is mid-point of
CiCs; @y +a, =2BN; a0, =BOC, . BC, =BN? - CN® =BA? — CAZ;
A, +A; =22 BAN. ) )
16, (i) gy ~a, =C,C, =2CN =2 4/(AC? ~ AN2) ;
(if) sin 3(A, —Ag) =sin NAC, mggi= ﬂhb_-%)_
1 :
17, {a; —a,)? =4NC?; {2, +a,)% tan® B =4NB? tan? B =4AN?; add.
18. (i) Eliminate 0,0, from a; +a, =2ccosB, a,a, =¢® - b%, ¢, = 3a,;
the first and third give @, =3a,=%ccosB;
S b =a,a, =3¢ cos? B = 3¢%(] —5intB).
(i) C; +C, =180°; . €, =60°; .. csinB =AN =bsin 60°,
19. AABC, : AABC, =BC,:BCy=a,:ay; .. 2a;, =3a,; climinate as
- in No. 18 (i).
20." From No. 15, A; =2A, =}(360° - 4B);
. &NAC, =3(A; ~A;) =}(90° -B);
o —

. ¢sinB =AN =b cos

; use 4cos%0 -3 coz0 =cos 36 ;

. . .
. 4(05];18) —E(CS?B) =cos (90° -B} =sinB; simplify.
22. bsinA=azin8; .. a® —b¥sin?A —a? ~a®sin?f =¢®cos?8; also
asin 6
sin A
asin f a
c=

- ~cosSAtacos B
sin A

beos A=

.eozA; . formula becomes

oA (sin 8 cos A 3 cos 8 zin A).

7
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. ADVANCED TRIGONOMETRY

2be . 2 siuzg
Put 2bc(l —cos A)=(b—c)* tan® 8, then tan?d =

¥

(b —2o)
. A .
2'sm§ . 4/ (be)

. tan 0= and

b~c
at={b — )t +(b —e)* tan®f =(b —c)?sectf;
o a={b~¢)sec .

=l o =tan (45° - 8).

Pub b=atan; @cosf -bsind

ﬂcoi ¥ {@ cos ¢ cos B —~asin ¢ sin §) =a sec ¢ cod (¢ + 6).
Produce BC to D so that CD =56; . BD=9; BA*=BC.BD;

. /BAC =4 CDA=£CAD =3 ACB.

Also, see solution of No. 38; 62 — 4% =4 » 5.
Expression =—+ b+t - at ﬁaz 5 _H:z.

be Zabe 2abe
Brsin{A+B) b*sinC b.csinB be

bcot A+ oot B) = B TnAsinB SmAsnB smA’

and similarly. '

a b . acosB —~beosA
SinA  suB’ “sinhcosB -sinBeosA
=gosec (A ~B) . {wcosB —beosAl.
B2 —¢? sin’B _sin?C sin(B+C)sin(B-C) sin(B -0}
@i~ sntA sin® A = T@mA

beosC +ccosB - a @
B oosC +sin CeosB  sin (B +C)=sinA’

and similarly.
ginBecosB=sinCcosC; .\ sin 2B =sin 2C;

- 2R =20 or 180° -2C; .. B=0C or B+C=90"

sinA‘_sinBr_sinG_bcsinA_w 2A .

Left side =

e b ¢ abe abe’
] 4nE 2A" .
s left side =i (af +becos A} = A [2a? + (b +c* —a?}].

. 2 -2 cos (A -B)cos (A +B} 9 —cos 2A —cos 2B
Left = =
eft side 9 _2cos(A-C)cos(A+C) 2-cos 2A —cos 20
__2sin“r5\-‘:—25;1112li!__a“-i—b2 ’
T oEincA +28in2C @ +c?

EXERCISE Ia (pp. 1-4) 9

35. Left side =cos G (acosB +bcosA) +ceosAcosB
: = ~cos{A +B).e+ecosAcosB
=of ~cosAcosB +sinAsinB +cos AcosB)

acsinB 2A
=gin A . =

=csinAsinB =sin A .

. cos 3(A-B) Zeos}{A-B) sin £{A +B)
3 . 4 = = -
6. Expression = =0 X +B) 2 cos (A +B)sin 1(A +B)
‘ sin A +sinB sli_n_A—t-sinB_a+b

T sin{A+B)  snC

C
37, If b+c=2a, 2s=a+b+o=38a; s—a=3%a;
. A 3a a A
. A=s(s—a).tang =5 é.ta.n 7

38, g ~b2=he; . sin?A —sin?B=sin(A +B)sin(A —-BY=sinBsin C;
" . sin(A-B)=sinB; .. A-B=B, since A-B+#180°-B.
Or produce CA to D so that AD =AB; .. CD=b+e;
- CB*=0A.CD; .. CB touches cirele BAD ; :
: - £ OBA = £BDA =14 BAG, since AB =AD.
39, ¢ =(acosB +beogs AV =(acosB +beos AR —(asinB ~beinA)?;

expand.
40, Left side =tan (B —C) +cot 3{B ZC); but g
' gin?@ +cos?0 1
tan § +eob B = Py =1} e 29—2003% 26;
for & write §(B —C)-
sin 3A

41. 1+%cos 2A=1+2{(1 ~2&in?fA)=3 ~4sin® A= H
sin A

b
- left side = L . sin 3A cos 3B + . gin 3B cos 3A
. sin A B

gin
= {sin 3A cos 5B -+ sin 3B cos 3A)
sin G
‘. LA g1
e sin {3A -+ 3B) el sint 3C =¢{1 +2 cos 2C).

42, cosA cosB +sinAsinBsinC g cosAcosB +sin AsinB,
ie. cos(A-B), and .. only=1 if A=B and sinC=1;
*. A=B=45°

EXERCISE L b. (p. 7.)
1. Use eqn. (3% . 2, Use eqns. (4) and (5).
3. A=+/{s{s —a)(s -b)(s —¢)} =84; use eqn. (5).
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235

4, Bince b=c, B=59%; ., r= tan 38 = 1175 tan 20° 307,

5. (i) LBAl, =} ext. L at A=}{180°—A);
LE3[1|2:180°—~LB[C=.¢.EBC+L108=~}EB +3C.

.. . . _BC @
(ii) U, =diam. of eyclic quad. IBl;C =SmBlC

2R sin A

0055— CO8—
2 2
A A
Or 1, =QQ,sec 5 =(AQ, ~AQ)sec 55 but AQ, =5 and AQ =s-a.
{iii) 1,15 =2R’ sin 1,1, where R’ —¢ircumradius of Allyly=2R;
s gy =4R eos X
Or 1,0, =Al; AL

A A A
=(& ~¢) cosec 3 + (8 —hb) cosec 5 =aqcoset 5 =ete.

‘ . A . B, C _abe A {s—b)(s—c)]
6. In 4Rsm—sm§sm—§, putRuEK, sm§m,"/|: ) _j’ ete.

2
and use A? =g(s —~a)(s —b)(s —¢); eXPression ;;'.:__;s .
7. Expression =a[ —cos (B +C)+eosBeos C]
' =9RsinA . [sin B sin C].
Rsi nBsinC
8. As in No. 6. Or rightside = %
2 sin — S — Si6 -

2 2 2
_2R23inAsinBsinG__~—.}absinC_é._s
- r . 7 T
9. As in No. 6. Ot asin No. 8,
. . ReinAsinBsinC 9R%sin AsinBsinC
right side = = =ete.
2 siné cosg cos (—) n
2 2 2
- - A
10, Loft side = -2 . 2 (s=bis -}l B8
s-b s-¢ s(s —a)

2
11, Left sido = 2(?71%575}

=Zs(s —a)=s{(s ~a) (s~} + s —c)} =5t

A . B c
© 12, Left side =4R cos 3 sin§ cos 5

B. C A, B+C
+4Rcos%cosésg.ié—:‘&RcosEsmﬂz——.

e —y

. B
13.r, —r=4Rsi.nA—cos—cosg —4Rsinésin%sing

A
¥, +7; =4R cos® 5 subtracs,

EXERCISE Is (pp. 7-9) : 11

2 2 2 2

x4RsmécosB+C=4R sin”%; from No. 12,

2 2

left side =4R (c:}osBé —gin® -&) =4R cos A =2_a£g§§‘ :
2 2 sinA P ][
s . Al _AC i
14, AAIB is similar t0 AACHL; . KE=A'"«TI'
A %
Or Al={(s —a)sec 5° [
" A A be
= — 2 i
Al, =ssec 3 but sec 5= 505 —a) .

15,

16.

18.

19.

20.

21,

8 .
IA.IB=7 cosecg 7 cosec 3 =r . 4Rsin g

1A .IB . IC =r%cosec A eosec‘E cOosec ° =47, 4—3
: 2 2 2 r

) abe A?

—4R .= L.

T A8

3

Lot 2

From No. 5, ll; =4Rsin

. A B _ ¢ ¥
- left side = ® — - = 3, —.
‘ eft side = 64R smzsm 281112 B4R iR

AABI=1r.c; AACI=}r.b.

Ab{cotB +cot C) =BD +DC =2 :;‘257%'

AD =csinB =2RsinCsinB=2sinBsinC. T B
4sm-§sm§sm§

LOAly= L OAB + LBAl
=(90° —C) + (180° - A) = 90° +}(B - C);
.. perp. from O to lyl; =R sin [90° +4(B ~C)]=Reos H{B-C);
also from No. 5, I, =4Rsin (B +C);
- AOlly=1.Recos 4(B ~C) . 4Rsin }(B +C)
=R2(sinB +sin C) =R(b +¢);
sirnilarly AOlgl, =3R(e +a).
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1 _acosA
sinC sinA
] =g cot A =2BX cot BOX =20X.
23. By No. 22, SAH =2Z0X =2R . ZcosA
=9R +2R{cos A +cosB -+cosC - 1)

22. AH =AE cosec C =ccosA.

A B C
= in = sin — sin — =2(R .
2R+8Fisu12$m2:—:132 (R-+7} 4

24, Asin No. 3, A=84; . }.14.AD =84,

25 b R _:_BEeosecA_
‘smB snC  mnC
* B =9-3 cosec 83° cosec 46° sin 37°.

26. BP=s5-b; .. (3—b)(&—G}EV{S(S—(I—){S—b)(S“G)}

. (s-Bls-e)} _,. . A s A ke
. J{—W}_I, e t&l’lz—-i, .. 2—-45.

E
27. (i) Az on p. & ng‘;%_eos FAQ =cos {180° —A) = —cosA;
ig gg =oosB, ete. (i} LFDA=LFCA,“uyclie guad.,

=A ~80°: similarly £ EDA =4 —80°; add.

{ili) AH =AE eozec AHE =c cos EAB cosec DCE

=c0os (180° — A} cosec C = —2RcosA.
{iv} HE =HAsinHAE =({—2ReosA}.sin(90°~C)=~ ZRoosAcosC.

] 65
_ VBl
29. Cimumradius of Alll, iz 2R; the angles of Alhl;are 90° +3A,
3G, 183 by eqn. {13},
p = —4(2R}" cos (90° +3A) cos JB cog $C

28, Use eqn. (13); cos A= — 4%, cosB=1}} cosC=3%§, R=

B
=1¢R*" sinﬁ eos — COS c =4Rr;.

_ 390833
30. LBHC =180° -
3 sxi(;()c fo%% =iRsesA S IR
32. AAEF is similar to AABC;
- inradius of AAEF : r =AF : AC =cos A,
33. By equs. (9), (10), ADEF =3bcosB . ccosC . sin (180°~-2A)
= - be cos B cos C cos A sin A.

31, Circurnradius =

EXERCISE Is (pp. 7-9) . 13

34. r={(s— b)tan —%(a—i-c b)‘ha«n§ a:2rcot—8-+b—c;

2
substitute for @ in a? ~2accosB +¢? —b2=0; then

2
(2rcot2 +b —c) —-2ccosB(2rcot%+b -—c) +¢ -5 =0

B
or 4cotﬁ§.rz+(...)r+2c(c—b)(1+cosB)=

*. product of vaiues of r
2clc-b). 2(301:.ZIE 8
= =e¢(e — b) sin? 5

4 cot? 3

35, L50f ALl are 90° ~ 1A, 90° — 38,90° — §C; circumradius =2R;
- inradius =4 . 2R sin (45° - %) sin (45° - g) sin (45° _g)
=4R sin (4:5° —ﬁ) cosB -C —8in B+C
4 4 1

=2R {2sinBICcosB;C —2sinﬂB+C]

_ . B . C B-#C
ﬁ2R(sm2+sm§—l+cos 5 )

36. If A is acute-angled,
perimeter = Z(¢ cos A) =Z(R sin 2A) =RZ(sin 2A)
. =4R gin A sin B sin C.
I £BAC > 90°,
perimeter =( ~a cos A +bcosB +ccosG)
=R( —sin 2A +sin 2B +sin 2C)
_=4Rsin.A cosBeosC. )
37. (i) Inradiug =4. IR .sin {90° - A)sin (90° -B) sin (907 - C)
=2RcosAcosBeosC.
(ii) Inradius =4 .4R.sin (A —90°) sin BsinC, by No. 27 (ii)
= —2RcosAsinBsinC;

38. asinBsinC=a . é, ete.

. AL .
sin C :-R—; similarly bein Csin A =5

b

2R
. . L, A . B . C

39, Expression =jcsinB +4R smﬁsmésm:écosi\ -RecostA

=RseinCsinB +RcosA{2sin2(cosB ;C eosigg) w—cosA}




. EXERCISE Ic (pp. 12-14)

8. BK.DC +BD . CK+BC . KD
=BK{BC —BD) +BD(BK ~BC} +BC(8D -BK)

4 ADVANCED TRIGONOMETRY
=R{cosBcosC ~cos (B +O)}

+Recos A { 2 cos B+C cos%g -2 sinag —cos A} with the usual sign conventions, =0.
A8
=R{cosBcosC +cosA} Hence SPKDI%C @K;E — EEKABEE ;
R oos A{cosB +cosC - 1} . cot 8 .BC=cotB.KC —cot G .BK; henee resalt.

=R(cosB cos C +cos Ccos A +cosAcosB).

-l
-40. (i) Using eqns. (9), (10}, apply a®=8% +¢? —2bc cosA to the 8. Asin No. 7, cob AXB =}(cot C —cot B) = Ac :
pedal triangle ; abe
(ii) Apply the method of (i) to the pedal triangle of the but 4A =2be sinA=-é—.
pedal triangle; .
(iii) Using the results in No. 5, apply a? =b? +¢c2 — 2bc cos A fo 10. By eqn. (14) or by cross-ratios, ,
BK , BK’ ,.  =nBAK . sin CAK’
Al =(BKCK') =

KC ~ KC sin BAK . sin CAK

LA _A) ( @? T
S1 '*.Sln( 3 8 3

EXERCISE 1. c. (p. 12))

BK ABOA 3R®sin 2C 3 —lepazs
1. By eqn. (17}, — = = =1sec
KC AAOC  1R¥sin 268" sin —— sm( —%é) 2smécos 3
‘2. By eqn. {14), _sinls® v3-1.1 3 83
+ BY eqn. )’ K TEndsc . 242 2 11. By egn. (20), 2 cot § =cot OAB —cot OBA =, by No. 7,
. BK sin 30° OA2_052_102_ 29 8 15 .5y..15, /87
3. AB=AC; .. by equ. (14), —= P sm90° =1 SAGAE ~ 94 where A= /(3. 5. L 8 §) =12 /8T,
4, cosB @+t bt a2 +c® — 12. Let perps. at A, B to 0OA, OB meet at K; bisect AB at M; then
cotB = SIB~ ZacsmB | 4A 3 from I. b, No. 3, A =84; MK is vertical; .. required £ is - KMB =#,say. Byeqn (16),
197 4 152 — 142 182 4+ 142 — 152 with y =z, 2cot f =cot AKM - cot MKB =cot a — cot 3.
" °°tB=~£?<ﬁm; cotC=——_;~;<_84;— . Ineqn. (18), y=2,2=8; .. 2.62+3 .42 =5AK? + 2BK? + 3KC?,
then 'llSe eqn. (20) - where %‘S=522=%0" :1;
0 .
A= ?Osc:;;qnz :15),; y=3:2 and cotB=1}, cotC=43; L BAK=2.62+3.4°-2.3%-3.2:=00; - AKZ=18.
. 58 _ x
1 1 . Altitude BE is parallel to XA; .. CA=AE;
Or AD =352, De =13 : i
. KD =£ x61~122, C--Ea 2EA—%tan(180°~»A)m—v3;tanA.
6. A=90°; in eqn. (lﬁ),ifz:y=3z—2,6=180°—/_AKC A A
cobtB=33, cot C=32; . cotAKC=2 x +3x13 ; %b.AKsinﬁzACAK; lc.AKsin—éz/_\KAB; add ;
84.13 13 X
Or AD= 85 » DK=DC +CK _E“"g x 85. K. (b +c}sin%=2A=bcsinA=2bcsm%cos%;
7. By eqn. (20), e 2 LA 4B s(s—a)
2 2 _ A% 2 = ——, I rmm——— e
2 0ot AXC =cot B ~ cot G = +:A LA +4ZZ‘°2, Grop “FITEYRE ko
be
2_0p2 o2 _ Bt b b+c a btec)?—a?
by No. 4, - =2G 2 ¢ b b+ )2 (G'I- +c)( ) (b-}- )2{( ) }

A 2A




16 ADVANCED TRIGONOMETRY

’ A :
16. je. AK’sin (90° _+é>:,:xsm<'; 16 AK’si.n(90° —%):ACAK‘;‘

subtract ;

-

A
-(e-b) 008522&=bcsi11A=2bcsmgcosﬁ;

2
i’ AK'—E)E— smA L AKZ= 4% (s -b){s — ¢}
c-b 2’ (e - be
L be be
IR (a+c—b)(a+bwc}z__.b_)z{az_(a_b)z}_
17. ) A_AC_AB . _AC+AB_bio
IK"CK BK> "~ "CKYBK a °
(i) PPy =a ~2(s ~c) =¢ —b, and —~w b T 97,
KPI ilpl 7'1 5
PR KR PPy b PD_IA_bic
s—a s ""Ts-ats ctb PK IK @ ~
. pp =2FC (s-alle —b},
@ c+d
(iif) tan APC =22 _ 22 @ 2ry

PD ™ a (s-a)e-b) c-b

18. tM, LN are perps. to AR, AC, then AM =AN =3{AB +AC);
] A A
. AL =AM zec 5 =4 +c}sec - ; AACK is similar to AALB;

2
AC AL
e AK.AL=bo; - AL_ALAK_ ko
KL KL. AK BK. K¢
but BK. KC__.__ﬂ
bte bte

or AL_ AL ALz
KL KL.AL CL?

but - CL=ia secg.

19. By eqn. (12), ABHC = $a . 2RcosBeosC; ., 2ABNG
=ABOC + ABMC =1a . RcosA +4a . 2RcozB cos C
=4aR[ —cos (B +C) +2 cosB cos G} =4aR . cos (B -C).
BK: KC=ABNA : ACNA =¢R ..cos (A —B) : bR, cos (G —A). _
20. ABIC: ACIA: AAIB=}ar: {br: Jer=a:b:c.
21, ABILC: ACLA : AALB = — Jar, : 3br, : jory.

EXERCISE Ic (pp. 12-14) 17

29, By egn. (12}, ABHG =}e . 2R cosBeosC

=2R%cosAcosBeogC .tanA;
L xiy:z=ABHC: ACHA: AAHB =tan A : tanB: tan C.
23, OG:CGN:NH=2:1:3; (i) equivalent to 3 at G and 1 at H,

ie . to 4 at-N; (ii) 2 at O and I at H is equivalent to
3atG; ., 3at Gand —2 at Ois equivalent to 1 at M.

24, Use eqn. (21) and similar equations for BY?, CZ? and add.
25, LBGC=90°; .. «®=BG?+GC?=4(BY*4+CZ%) =, by eqn. (21),
E(c? +a? — }b% +a® +b? ~ 4c?) = H{b® + P + da?).
96, 2GB . GC cos BGQO =GB? +GC* —¢? =, as in No. 25,
A(b% +¢® +4a?) —a? =L(b* +cP - 5ty ;

also 2GB . GCsin BGC =4ABGC =40 ABC “—“%3é ; divide,

tan BGC z—3é~ (6% +¢? — ba?).

27. From AADC, transversal YTB, 5 BC VAT T 1;

AT BC _ AT BC
" T5 BB’ "~ AD BC4BD’
A 2A
BC +BD a+ceosB
28. Use eqn. {20), cot AXC = }(cotb 55° —cot 23° 30°) ;
OLAXC =128°39"; . LBAX=T3°39;
almllariy LBYC =141°23, LYBA=39°53";
., BY BG sin73°39’
" AX AG  sin 39° 5%
. BY =40 x 1-496 =59-8.
2

29, AT,® + AT,% = 2AX? 4 2XT,* = 2(1a)? + 2(3a)? ="g + %.

AT =

=1-496;

30. AK® +BK? =2KX? + 2AX? =2KX? + 8CX%=2KCA,
dm? —a®  Z(B* +e* - 1af) - a&f Z(bg +c% —a?)

8L — = 8A A
2 . 2bccos A
= ThcmnA - oA
b
82. In AYXA, YA=g, vx:%, LYXA=PB, LYAX=v; apply the
formuta, tan oS =" "%4anBFC 4o Avxa.
2 b+c 2

ATX B
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EXERCISE Ip (pp. 17-18) 19

33. 0=B+3A, ete.; .. X(asin26)=2asin (2B +A)] - g

=Z[2Rsin A . sin (2B +A)] ' EXERCISE 1. i. (};B}. 17 c}

=2R. Z[sinA . sin (C -B)] =0. . 1. OX=1P; .. RcosA=r=4Rsin-ésiu§sin§;

b? +c? - 502 i }
34. From No. 26, 3 cot BGC ET H . cosA=2sin— {COS %(B —-C) —cos %(B -{—C)}
. ' b2 +¢* - gt i
as in No, 31, cot A =gA subtract. =cosB +cosC —{1 —cos A).

2. r=perp. from G to BC=}AD; .. ar=}a.AD=3A=3r.s;
35. ch_?; take K on CB, so that AK =AC =b; then potp i

: e s s-a A _BA o
LAKC=LACK=2LABC; .. KB=KA=b; .. KC::awb; : . < 3%3 TR ST
altitude AD bisects KC; : _ . 3. Of* =R — 2Rr =R? — SR siné sin B sing
. DC=}{a-b); .. QA'=QO?+CA?-2QC.CD ) 222 )
fa\t 4o 2a° =R%{1 ~2(cosB +cosC — 1 +cos A)} as in No. 1.
m(_) tH -2 (3) Ha-b) “(“'3_ ) " 4. Circumeircle of AABC is 9 point circle of Al,l,l, (orthocentre 1}

and so bisects ll;, L}, at M, N, say; M, N are mid.points of

T QA=b +~§ =AC +1QC. arcs BC of circumcirele; .. MN is & diameter.

38. Let p be length of perp. from O to ABCD ; then
OA . OB sin AOB _

. A
.l =2iM =2BM = 2MN sin BNM =2(2R) sin 5 ; also

_ _ ; .- - A A A
».AB=2L0AB=0A.0OBsin AOB; .. AB 7 ; : iy =LA ~1A =1y cosee _rcosec~2-=d(?‘1 -7) cosec 5 i
similarly for CD, AD, CB; substitute. A A
i S IE=4Rsin - (r; —#) cosec ;.
BU _ABAU_BA.AUSINBAU . sinBAU_b BU . 2 2 A
. R (== 0 —— 'sim
UC~ AUAC UA.ACsin UAC’ sinUAC ¢ UC ¥ Since £ 1,B1; =90°, i, =2Ni, =2NB :2(2R)cos§; also
r sin CBV an sin ACW multiply ratios together and A
0 - T M 2 er
sin VBA sin WCB Py € loly =1oA + Al =1y 560 & -+, 566 & = (1, +7) 58C = §
2 2 2
use Ceva’s theorem —— BU OV AW _ A
A
UC VA WB ™ Y bl=4Reos _ - {r, +7;)seC .
. As in No. 36, T g YRV
{e+B)B+y)_AC.BD __sin APC . sin BPD Or 1% =4IM? =4CM? =4MX . MN =4 . §(r, -7) . 2R, and
ay TAB.CD sinAPB . sin GPD lol5 = 4NL? = 4NB2 = dNX . NM =4 . 3(r, +73) . 2R.
_?'}Ei?? —dcos?8 5. Use No. 4. OF I;? — I3 =Al,? ~ Al? (Pythagoras) =g - b1
: i L 6. Z(OA%)=3(GA?) +30G?; but I(GA?) =4Z(AX?)=, by Ex. Le,
(i) 2{a.TA?) =3(a IA”) +{a+b+c) . TI® is least when T1=0, S No. 24, }(e® + 5% +¢?); also OH =30G; .. OH*=90G?
le. T=1; (ii) Giscentroidof 1, 1,1at A, B, C; i =3[T(0A?) — }a? +b? +c?)] = 3(8R?) — (a® + % +c*).

. E{TA%) =Z(GA2) + 3TG? is least when T=G.

Ois centrmd of sin 2A, sin 2B, sin 2C at A, B, C (see Ex. 5, p 12);
. Z(TAZ. gin 2A} _“(OA~ sin 2A) +OT*. Z{sm 2A); .. OT
is constant; ., locus of T is circle, centre O.

7. AH =2Rcos A =R =AO; . Al, which bisects £ OQAH, bisects
OH at right angles, i.e. it cuts OH at N ; .
. OH? =40NZ =4{0I° - Ni*) =4[(R2 - 2Rr) ~ (4R ~#)?]
=4R2% — 8Rr —R? + 4Rr - 4+% = 3R? — 4Ry — 4¢2,
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8, tan leb:mng(BAz; ~CAX) =, by Ex. I. ¢, No. 32, Ib’;ztan%;
-¢ tand(B -C) A
but Froten B c) =t 38 -C)tan .
9. Glpasses through Pand XP : PD =XG : GA=};
S BP=3(2BX+BD); .. s—-b=1(a+ccosB);
. 3a(2s - 2b) =2a* 4 2ac cos B ;
o 3a{e ~b+c) =2at 1ot 4ot bt :
To3alc—b)=c®-b%; but c#b; .. Ba=c+b;

C+B C-B

. 3SinA :sinc ‘f‘SmB=2 sin cOS___;z_,

. Bsinécos§=2cosécosc WB;
2 2 2 2

gy sin——sin9+cos Qﬁ

2 2 2 2

. A
*, 3sin g =008

-—2$in-E—;sin9- ‘s'né
TS s g s

10 1D =¢; -, 2= 02 =R~ 2Rr; -, 2R* =R? + 2Rr ++% = (R +1)2;
. R4/2=R+r=, asin No. 1,
R+R(cosB +¢e08C ~ 1 +cos A) =R{cos A +cosB +cog C).
1l. HD - OX =2RcosB cos C —Reos A=R[2cosBcos C +cos (B 4-C)]

=R[3cosBcosC -sinBsind]; XD =XC -DO =g-bcos(}

=R(sin A — 2 sinB cos C) =R[sin {B +C) - 2 sin & cos c]
=R[cosBsin C -sinBcosC} =R cosBcos G (tan C —tanB);
HD - 0X
but tan ¢ =5
12. NX =radius of 9 point circle=4R; .. NB?+NC?=2NX? + 2XB2
=2{IR)* +2(}a)? = }(R?* +a?); similarly for NC? +NAZ, eto. H
S 2NAR=(NAZ - NB?) +(NAZ +NC?) — (NBt +NG?)
=}(R® +6%) - J(R% +D%) - 1(R® +a%) =J{R* + b2 + ¢ —a?);
", 4NA®=R*(1 +4sin?B +45in? C - 4 sin? A) ;
but 4 sin?B =2(1 —cos 2B}, etc.
13. From Ex, 1. b, No. 8, 8% — 52

=16R? {coszg coszg cos? 522 - sinzg sin”% sin? ;—:}
=2R2{(1 +cos A} +cosBX1 +cosC) .

= (1 —cosA)(1 ~cosB}1 —20s8C)}
=4R% (cog A cosB cosC +oos A +eosB +eosC);
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but from eqn. (13), p?= —4R*cos A cos BcosC, a._ndfromNo. i,

r=R{cosA +cosB 4+coaC ~1); ., 8 —rf= ~p* +4R(r +R});
s pt=4R{r +R) +r* —s%

14. ONZ =sum of squares of radii =R® + (4R)?; but

ON? =}OH?* =1R*1 — 8 cos A cos B cos C}, eqn. (24).
15, r=AH =2ReosA; .. from No. 1,

2R cos A =R(cos A +cosB +cosC ~1);
‘. 2R =R{cosB +cos C —cosA +1}

- . LA
=R(2congccosB2c+23m2—2-)
B-C B+C
= 2R sin%(cos 5 + cos 5 )
2 gcasgmr ;
=4Rsmw2~cos2 g =N
*. R%+2Rry =RE+7%, Lo, OL% =R? +rt =sum of aquares of
radii. ot
16, Since LOAT =C-B, LO0Al =2IiAT =4{C -B); .. T as in
sqn. (14), _
QA sin QAT Rsin (C —-B) _ 2Rcos 3{C B}
i B =Ty B G
1A sin AT rcosec%sin%(c—s) 4£tsm§smn2-
cos }(C-B)  OF eos (C ~-B)
B oo B G
2sin%sin§ . cos%(O~B)—2sm§sm§
_cos §(C —B)=cos}_(c ~-B)
" eos 3(C +B) sin 3A
AOIH+AQIA Ol _ 1 . bus.
17. From No. 16, —oAR TToTS !

cos (C —B) cosec 3
AQAH =3A0 . AH sin OAH =1R . 2R cos A . gin (C —B) and

A .
AOCIA =similarly IR . rcosec 7 - 8in HC -B)

c .
=2stin%sin§sm§(c—8);
I - . B . C .
. QI = RcosAsn(C - B) ~2R*sin _ sin’7 sin }(C - B)

‘ 2
" cos 3{C ~B) cosee 3

. o? _nBainCl.
=2R?sin (C —B){cosAsmE —sm2s _2},
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. A . B,
but cosA.smE——sm~2-sm§=cosAcos§:§—c—siﬂ%sing
_%"COS2A+B+C+COSZAmbC_eOSB—-C B+C
‘I_ g 7 2 g~ teos—3
. B+C ., A-C ., B-A B+C
=3} cos(lSO ——2—)-_1-23111 5~ Sin-—; +cos 2:,
Msi.nc_AsinA_B
= 5 5

18, The orthocentre of ABHC is A, and the circumradius =R, and
the angles are 180° —A, 90° - C, 90° -B; ., from eqn. (24),
SA% =R*{1 — 8 cos (180° — A) cos (80° — C) cos (30° --B) }.

19. In As AOQL, AHI, Ol =Hi, Al is common, 2 OAl = 2HAI; . either
L AOl =2 AHl or £ AQ] =180° - LAH!; . either AQ —AH or
A, O, I, H are coneyelic; similarly BO=8BH or B, 0,1, H are
concyeclie, ete.; but it is impossible for cirele OiH to pass
through A and Band C; .. AO =AH or BO=BH or CO =CH.
If AO=AH, R=2RcosA; .. cosA=}.

- 20, Use eqgns. (27), (28);
left side = 3R —r + Z(dR +7,) =2R ~r +7, +ry +1y;

but r2+r3+r1-r:4Rcoszg+4Rsin2%=4R,

~ see Ex. I. b, Nes. 12, 13.
21, (i) LBHD =£ACB, from ¢yclic quad. HEDC, = £BTD, cyclic
quad. ACTB; .., ABDH=ABDT; .. HD=DT;
(i} HA . HT =2HA . HD =2p%, p. 6;
(iii} HO® = (tangent)? + (radius)® =HA . HT + R2 =2p? + R,
22, (i) Left side =(R? - 2Rr) + Z(R® +2Rr,)
=4R% +2R(r; +rp 41y, — 1) =4R%2+ 2R . (4R) as in No. 20;
(i1} In (i), O is the 9-point centre and | iz the orthocentre of
Alylgls, whose eireumradius =2R ; also 12R% =3(2R)2. Apply
this result to AABC and we have (ii). Or N iz centroid of
1,1,1,1at A,B, G, H, by Ex. 1. ¢, No. 23; ., byeqn. (19),
QA2 +0B? +0C? + OH2Z =40N2 + NA? +NB2 +NC2 + NH?%; but
OH? =40N? and OA?=0B?=0C? =R2.
23. (i) Niscentroidof 1, 1,1, 1 at A,B,C,H; .. by eqxn. (19), (ses
No. 22), DA? +DB? + DC? + DH? — 4DN? '
=0A? +OB? + 0C? + OH? - 40N? =3R%;
but DN =radius of 9-point circle =R ; (ii) this is the same
result for Alll, as (i) is for AABGC, see No. 22.
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24, As in No. 23, HA® +HB? + HC? +HH?2 ~ 4HN?
=0A? +OB? + 0C? + OH? —40N2 =3R?%;
but HH =0 and HN =31HO. 2
25. By eqn. (19), OA® +0B? +0OC* =306 +GA? +GB? + GC?; but
' 0G? =10H? =1R(1.— 8 cos A cos B cos C), eqn. {24), and
’ OA? =0B? =0C*=R2 :
26. By Ex. L. ¢, No. 20, and eqn. (19),
S(a . OA%) =S(a . 1A%} +(a +b +¢)O1%;
- REa+b+c)=2(u . A% +(a+b +c)(RE—-2Rr);
o S(e . 1AZ) =2Rr . (23). '
Similarly, as in Ex. L. e, No. 21, I, is eentroid of @, b, —¢
at A, B,C; .
- a.OA+b.0OB%—c.0C?
=a. L AR 4B . B —c . Lye® + (e +b—c) . Olg*;
o I AT4b L BR e 1CR
=(a+b-c)R?—(a+b —¢)(R? +2Rry)
=2{s —e)( — 2Rry).
27. By Example 5, p. 12, and eqn. (19), .
S(TA? . sin 2A) =Z(OA? . sin 2A) +OT* . Z(sin 2A)
—=(R® +0T?) . Z(sin 2A) ¢
=(R? +0T?). 4sin AsinBsin C,
28, By No. 26, . .
S(a . TA) =S(a . 1A%) +1T? . E(a) =4Rrs + 1% . 25
=2rs(2R +r) =2A(2R +7).
9. If the circles cut st K,
: R? 47,2 -Ol2 RE*4+m?-(RE+2Rm) 7 -~ 2R .
LcosOKly =50 ~ PR 2R

-, sinOKl, = J{l (2 - VindR-n),

but O1, . (cormmon. chord)
Tlan OKl, = 2Rr, sin OKYy =7y . v/ {(4R -r)}
and Ol, = +/{R*+2Rry} = Vv {R(R +2r)}.
30, #,2=1,0? —R*=(R? + 2Rry) —R? = 2Ry ; similarly t,2 =2Rry ; ote.;

Lt 2R also #;%,%.2 =2Rr, . ZRry . 2Rry =BRY . ryraty;

S R}
123 2Rr, A e (abc)2
== e = e F)
but 1T = TN s — B)(s - ) 4R
ahic? i _»an*c*R
Sy AR T T




24 ADVANCED TRIGONOMETRY o EXERCISE Ik (pp. 19-20) 25
‘ i i s not give real values for b, ¢ unless
EXERCISE L e, (p. 19). The negative sign does not g "
' A+B . A-B A-B ag? [2R - +/(4R? —a%)}; there are no real values unless
.. . 2eos —— sin——  sin -~ — =4 .
1 a-b sihA-sinB 2 2 2 ' _ a @ J{AR2 — g
e T gme T oo T c R;E and Agi[2R+‘\/(4R -a?)].
2sin —cos - oS =
oy z (s~ b)(s —¢) (s - b)(s =)
. A-B 198 ) Caya (5-bs-€) -
. smT=mcos 14° 387, . 9. sin*$A = be {(3-a)+(3-6)}{(8—&)+(8 ~ By}
hence A “B=59" 397; l L 2
o . . _ Yo Ty =M_'f1___w,
but A+B 900 - 14° 38", l+_1_>(l<+ l) {ra +rilra +71)
2 T3 Ty
2. %g:smAi;-;mCxcos %(AE;C)’ as in No. 1; oF bsinA _M{J_s_i_nA
) s 9-28 10. tanB =gp= B TAF ¢ -bcosA
. o ts
. cos #H{A — C)wﬁ—%sm 18° 421, 1. (a2+52wc2}2+(4A)2=(2abCOSC)2 +{2ab sin C)® =4a2b?;
hence (A ~C) = £ 27° 38-4"; but }(A +C) =00° - 18° 42}". ‘ L (a4 — e =4{at? - 407);
3. ¢ AD=2A=b BE=¢.CF; . a:b.c=%:1:3=12:8:8; : ot bR et = 4 24/{aRh? - 4AR).
92 4 8% . 128 122 + 8% — g2 R
" e0SA =T = rfy; cosB =, L, oo _eintCosinA_sin(CHA).§n(C-A)_sin(C-4)
. ) : ] LA 5 s=-
hence B =48°35"; .. a=CF cosecB =9 cosec 48° 35, i 2 sts osmBB k -
T _AVI_YyYEZ ma_ 4% &S ives C —A; also C +A=180° -B is known.
4, cos A= —ecosAYX JAXE ZAYE - YX :7 -5 =1, g
' 2AY . ¥YX 2.5.4 13. b .BE=2A=c.CF; .. c=2b;
5. From AC cut off AK =AB, then CK =% -¢; cC-B ec~b A .
. BC:azz(va) =20K ; -, t,anT =c—;‘5e0t§:§cot26 30%;
but LBIA = £ KBA =674"; hence 3(C -B)=33°46"; but 3(C +B)=90° —26° 30,
. smCBK CK —1; ‘ N
~ sin 67° 3° CcB ° 14, The least value occurs when B =C, and in this 0353537'00135
Py Q r B
1 heincelLCBK e : where C=1{180° —42°}=60°; .. a=2 x3-5cot 34° 30",
6. -+ —~=-, hence ry=15. Now use Ex. (iv), p. 19. _ '\/
Tt Te T ate_cos }(A—0) 15. bosinA=2A; .. be. Li=44/3; . bo=8;
cos
: No.2, 2="o =S8R0 e o o) _
7. Az in No. 2, 2= % snlB this gives }(A - C); also 52+02—2bccosA=a2; B 4et —be=5T;
#(A +C) =90° ~ B is known, thus A, C are found. . B3 4c?=65; hence b=8 or 1,c=1 or &
8 abc=2RsinA.bc=4RA; b"‘+c"-—-a24~2bccosA ' 2 ot B2
4RA he g2t LA
=g?+2 - — - cosA= aﬂiﬁv’( —sin®A) If 5=8, c=1, then cosB=——7prr—= /517
8RA a? ; ' 15
o= i PO 2 =1, ¢ =8, then cosB=v—1 .
=2t & (1 w) _azi?\/&Rz—u ). | i b=1,¢ 55T
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16, a? =02 +¢? —2bccos60° =b? 4-¢* ~be=(b —e)2 +bec =186 + be: also
bcﬁ:ZA:a.ADzlla; bc:?—?f; . a2=16+g~%€%;
2 2./3 V3 V3
hence a=8\/3<or ——«ugw). Also as in No. 1,
b-c sm{B-C) . 4 o _
T_W’ N sm%(B —C)—m '00530 —i‘.
BC BD+DC cotBeot C +1
1 . e ... H T e e S
7.5 A0 AD cotB +cotC; also 7 oot G —ootB
hence 7{5 ~2cot B} =cotB{5 ~cotB)+1; hence
cotB =17 or 2.
2s-a b+c¢ cosi(B-C) e R
18. e 22 e B j0s. 1, 2; —C);
" Sn ik as in Nos. 1, 2; this gives 3{B - C}
also (B +C) =90° — 3A is known.
19, a{p - 2r) =2A — 2ar =2sr — 2ar =2r(s ~a) =2r . r cot A.
EXERCISE 1. f. {p.21)
1. 2A =a . AD =a?/{cotB +ecot C); .. 2%:2a/(cot8+cot0)=§§_
2. From Ex. 1. e, No. 11, 16A% =4b%? —({b? +¢* —a?)?,
. 32&%% =4a{b? +¢* - 0?) =4o . 2bccos A =32RA cos A.
3. 2becos A =b% ¢ —at; . 2ccosA.éb-2bcsinA. SA=2b, 8h;
. besin AL BA==—-28b.(b-ccosA)= —28b ,ac05C;
. basinC.8A= —y.acosC; SAﬂ—y—C(;tC.
4, 4RA =abe; .. 4ABR +4R.8A=bc . 8a; but from No. 2,
SA=RcosA.8a; .. 4A.3R=x8a. (bc ~4R%cosA);
. . bocos A N
. 2besin A . SR—x . (bc WFBS“H‘{E) H
. sinA. SRﬁé—x[l -f-w
sinBsinC
z%x.M=’-ﬂ:cothoﬁC.
sin B sin C

5, ¢? =g? +5%—2abcosC;
. 0=x2q ., g +2b. 8b -2 cos C(bde +adb);
S 8a . (ea-beosCl+8b . (B-acosC)==0;
.. da.ccosB+38b.ccosA=0.

EXERCISE Ir (pp. 21-22) _ 27

6. If a, B are the observed angles, the calculated distance
=z =50(tan a —tan B}; .. Sr==50(sec’a . da —sec?f. 8,3) ;
< B0(gecta +sec?3) . m, where m is the number of 1‘8,(5118..118
in the greatest possible errors in a and £, the error in bz
being greatest when da and 88 are of opposite sign. Here

r 1 w

m=gy- 180’ sinee 1" =gy - 180 radians ;

o B 50(2+4) - oy - 1gg= 005
4. ¢2=a®+b? ~2abcosC;
. cle=a .80 +b . 5b —cosC(adh +bda) +absinC . 8C;
- as in No. 5, ede==8a . ccosB +8b.ccosA +acsinB . 6C
=z .,ccosB+y.ccosA+y.acsinB.
8. 2A =absinC; .. 93A=bsinG . Sa+asin C . 86 +abeosC . &C,

8A 1 . .
e IbsinC.a4asinC.y+abeosC.y
X = @emetton Y }
=z+%+cot0.y.
. oC
9. 2abeosC=a%+b 6?5 . w'2a,bsmc.5= -2
@ i ° —lcose‘eB;

e abmnC acsinB @

also ~2absinC . ?—Q +2bcosC =2a=2(bcosC +ccosB);

da
. oc 2cc08B ccosB_n_icotB.
‘B 2absmC  acsinB @ ’
. ¢ 1 _?c _?c _ 9c
similarly == -wgcotA; error_%.z+-,az.x+—a—b.y.
10. sinB:Ebﬁ; . B may be regarded as correct;

a3+c‘3—2accosB=b_3;
© %a.8z+2c.8 —2cosB(céa +adc)=0;
o, 3¢(c —acosB)=—-x{a —ccosB};
. 8c.beosA=—x.becosC.
2
A e

11. CF{cot A +cotB) =¢; “eot A +cotB’

3 BAﬂ_%c_zcoseczA 2 A
T ﬁ“(cotzAmotB)ﬂ cEsin® A -

- (3bosin A)2 =3b%; similarly for =5

ctsinf A
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- 24 2Ae
O S = RentA
DEA 4N DA 4A 2A

eI " 2 = -
" BAIB c¢*sin’A OB a?sin®C i sin?C
The small ares is roughly that of & parallelogram, of sides
BacosecC . B, 2bcosec C . o, and angle G

. area=x4abcosec®C . aff . sin C =4a3 . 24 cosectC.

[The result can be obtained in & more geners] manner by

applying the Second Mean Value Theorem in the caleulus
to the function

AA+a, B+B) -AMA-a, B+ )
-A(A+a,B-B)+AA-a,B-S).

where A(0, ) denotes the area of the triangle with base
angles 8, ¢.]

12. If error in C iz y radiang,
dab -z =4 —=){(b - y)sin Gﬁ: y)——ﬁ Hab - bz —ay) cos y;
<o ab{l —cosy)=2z — (bx +ay)cos y;
" %ab sirﬁ%ﬁh 2z - (bx +ay); 2@6(%)2ﬂ2z -bx —ay:

.. errorin C =7$~/{?—(2z—;:;—:@} radians.

EXERCISE 1. g. (p. 22))
Lo(s-a)+(s-8)=2{s—¢); .. reotjA+rcotiB =udr cot 4C.

2. Z(acosB cos C)=2R . Z(sin A cosB cos C) =2R sin A sin B gin C
since sin{A +B +C) =0, (expand);
Z(absin®C) =2 (c*sin AsinB) =F{2R . ¢ . sin A sin B sin C)
=2RsinAsinBsin C. e =2R sin Asin BsinC . Zs.
3. Left side =4Rsin A . Rsin (B - C) =4R?sin (B +0) . sin (B - C)
=4R? (sin?B ~sin? C) =b% — ¢*.
s$—a s-b s-¢ A

4. Right side =¢2 . . - =
. 7 r r 7S

5. See solution of Ex. I. b, Nos. 12, 13.
6. Asin No. 5, 7, ~r =4Rsin?}A;
*. right side =4R sin?4A . (4R ~ 4R sin?}A)
=4R sin? A . 4R eos® JA = 4R%sin®A =q?,

EXERCISE Ic (pp. 22-23} 29‘
7. 1A= rcosec%; H, =4R sin% from Ex. I. b, No. 5 {ii).

8. If O’ is cireumecentre of Aljll;, O, is perp. to BC, [this is
the same as OA is perp. to EF];
. area of quad. O'B1,C =30, .BC=}(2R) . a;
2RA  abe
2 Dlylel, =S0'BLO =R . Sz =2Rs ="~ — =-5-"

2r
BC a RsinA . A
i jus = = - = = 2R sin - ;
9. Cireumradius = 5= wie = 5 51 (50° + 3A) A 2
: cos g
B, 1, C, |, are concyelic; .. 48 have same cireuncirele.

10. Draw iV perp. to AD, £1AD =}{B~C);

PD =1V =!A sin #{B~C) =7 cozec 3A sin }{(B~C)
=4R sin B sin 3C . sin }(B~C).

11, ACQAI=}A0 . Alsin }{B~~C)=1R . rcosec }A . sin }{B~C)

N : 2
ERA .M:J_m=ﬁ—’: - 2 cos $A sin 3(B~C)
a

=R?

a sin A
‘ Rer . o
=-— . 2gin B +C} sin H{B~C).
a
12. Incircle cuts AD at U, W ; V is mid-point of UW ;
v

cosine of requjréd angle =sin UV =
=cosec 3A . sin HB~C) from No. .10.

13. 2R=#, —7=, from 1. b, No. 13,
4R sin? % =2R(1 —cosA); .. cosA=0.

14. o —b=2R(sin A -sin B) =2R(sin 54° ~sin 18°)

=2R(\/54+1— 1/54—1)=R-

154

»

15, = =8gin A sin iBsin 30 =2(cos A +cosB +eosC — 1)

=

=% +eosC-1)=1+2c0sC.
16. r={s~b)tan }B;
. difference ==tan 1B . {s; —5,) =fan 3B . }(c; ~¢)
=tan }B . bcos Ay =tan B . +/(b? - b sin®A,)
=tan }B . +/(b% —~ o sin?B}.
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17. Left side =8R3. Z(sin%A cos A) = 2R , Z(3sin A —sin 3A) cos A
=R%, Z[3sin 2A —(sin 4A +sin 2A)] =R?. Z(2 sin 24 —sin 4A)
=, BH.T.,p.271,R%, {SsmAsmBsmC+4sm2Asm2Bsm2C)
=R3. 8sin AsinBsin C(1 +4 cosAcosB cosC).

18. ¥rom the solution of Ex. I b, No. 13,

LT ; but
=sin? ue vy =8 .
4R 2 1 =0 ton 55
Py~ 2 rip,?

4R T rEistT 72 ® + P AR’
-+ +y satisfies the equation (z - r)(rfa? + A%) =4Rr%2;
similarly 7, and r; do so.

18. From the solution of No. 8,
a+b+e 1 4RsinAsinBsinC

AL, TRT 3A
=F.‘ . Z(sin 2A) R.Z{ZsinAcosA) T(acosA)
2A - 2A TTTTyATT

20. X is centre and EF is & chord of circie on BC us diameter
. LFXT =}LFXE=2FBE =90° — A, and

XF=2; - xT=2 o
53 XT 2005(90 A).
21, EF =acosA, eto.; .. EF® +FD?=DEZ; . LEFD =90°.;
. 180° —2C =90°.

22. BC=2BX; _. by parallels EC=2EA; also a?—c? —BO? — BAZ
=EC? - EA? (Pythagoras) = 4EA? - EA? =3EA? =3 . EA . EC
=£[ceos(180° -A) . acosCl = ~ Zaccos A cos C.

23. a+c=2b; . 2s=a+b+c=3b;

. tan“_tan‘_’:\/{“‘“b)(s"c). <ska)(s—b>}
2 2 s{e —a) s{s —¢)
soh_snd

s 8 ¥

Then 1 +cosAcosC ~cosA —cosC =(1 —cosA)(1 ~cosC)

qagA L C A @
m4sm2§sm2§:sml\smc.ta,uétan§=%sh1AsinC.
24. N is mid-point of AB, AN =NB =F; CN =k+/3=DN;

L CD=+2.kv3=k. /6;

but CA=DA=2%; .. cosCAD =+ %*-6_,

=i

EXERCISE Ie (pp. 22-23)

AB sinBIX  sin 54° .
DTS e Ty but 4sin 18°. cos 36°
25 1B~ sin BAl sm 18°

sin 72°

cos 18°

2 sin 36° -
=155 cos 36° =

s

AB cos36° T apo
thus g = rigs ~100s 36

BXy 2
= 2(1 +cos 72°) :2(1 1B ) ==,

26. AD is diameter of circle ATDT';
:g%; . TT =AD .sinA :ﬁgﬂém%.
27. Let triangle be A’'B’C”; then AB=A'C=RtanA;
.. ANBC =3(quad. OBA’C) =3(R? tan A)
—=R?.tanAtanBtanC.

928. Suppose K is centre and « radius of either circle.
QA =R, KA=z cosec A, OK=RF =z, LOAK= HB~C);
... R*+x% cosec® }A — 2Rw cosec }A cos (B — C) & (RF )
Taking the upper sign,
a2(cosec? 1A — 1)=2Rw cosec $A{cos 3{B - C) —cos }(B+C)} ;
.. 2% cot® 3A = 4Rz cosec A sin 4B sin 3C; '
- x=4R tan® JA cosec® }A sin }A sin B sin 3G ;
. m=seet JA . 4R sin 1A sin 4B sin 3C=r sec? JA.
Taking the lower sign, '
:\\sﬂ(eo;seé2 1A - 1) =2Rw cosee $A cos 3(B~C) +eos 4(B +C)};
;. x? cot® JA = 4R cosec A cos 3B cos 3C;
*. m=4R tan® 3A cosec? }A sin LA cos 48 cos §C;
2. w=sec?® A . 4R sin 3A cos 1B cos 30 =7, sec? JA.
29, Take C as origin and the line through C as x-axis; then CA,
CB may be taken as making angles a, a +C with the x-axis

(where a may be reflex). Then I, m are the y-coordinates
of A,B and sol=bsin a,

m=a sin (a +C) =a(sin a cos C +cos asin G)

mo 1 .
. —w-cosC=cosasinC,
a

1 .
_a(l—)cosCJrcosasmC), 5




32 ADVANCED TRIGONOMETRY

also 3 sinC =sinasin C; square and add,

m 1 z ]2 4Az
_—— — sin? =giniC =" 3
(a bcosC) +basm C=sin*C ey
m? I* 2mi C“4A2
@ T Y T

30. P, Q are points on CA, CB such that CP=x, CQ=y. If
ACPQ =1ACAB, xy =21ab; also

c
PQZ=z? +y? - 2rycosC =x% + y* - By (1 -2 5in® —2—)

={x -yt +2a,bsin'“’g,

=(x —y)? -r4xysm.2

. PQis least if x =y and then
. , .
—_ 2
PQ—,‘j(2absm 2)
=\/(absmc ban ) \/ 2A tan - )

this is less than the corresponding lines across the angles A,
B because C <<B < A. Also P, Q are internal points for CA,
CB if z<b; but for z=y, a?*=%ab; .. condition is
iab < b? or o< 26, which is true, because a < b +¢ < 2b.
31, 2bccos A =0% + ¢ —q?; '
. ZccosA.8b+2bcosA . Sc—2bcsinA . SA
=2b8b 4 2c8c 20 da;
. 2A . 8A=a.3a -8b{b -coosA)—dc{c —bceosA)
=q .6 —0b.acosC -6c.acosB.

32 (a+b+cyr=24; L {at+bte). & 4r.da= 2?:\

e
Ex. I. f, No. 2, 2ReosA . 8a; .. 2¢.0r=x(2RcoshA —r).

8=, by

CHAPTER IIL

EXERCISE II. a. (p. 26 )
1. Substitute in eqn. (4); s=11; A= /(7.6.5.4) = +/840.
. . 58 % 59 62 x 59
2. Substitute in eqn. (5); = k\/(_ﬁT) ; _\/( =3 )

EXERCISE I1a (p. 26) 33
3. Substitute in-eqn. (7); S =+/840; .. 2R =W)_
. \ e
4, Use oqn. (8); cosB:4 +5° 6% -7 -1

2020 +42)
. tanzg 1-cosB 2(ab+cd) (a® + b2 —c® — d?)
; 2" 1 +cosB  2{abtod) +(a® +b® —c® —d?)
f{e+diE~(a-b)t {(c+d+a-b}c+d—a+b)
(@b —(c~d)? {a+bic—d{a+b-c+d)

6. F!‘OII;l No. 5, (s —d)? t,a,nzs (_S_MWE’_)
. 2 s—¢

from eqa . {8)

=similarly (s - b)? tan? g ; take square root of each;

A B
tan -, tan 3 are both positive.

2

2 5-als —d)
D (s ~¢){s-d)
tan g =‘\/{(s “a)(s -b)}‘
25 a®+di-B% —c?
ad +be ~  2(ad +be,
Quad. becomes triangle. Results are
(D) A=/ {s(s —0)2(8 gzb)(sz_ e)}
a?+bt —¢
—9ab (iii) 4RA =abe.
B cd

- 2.,...“_
, 8= +/(abed), tan 5= b

7. From No. 5, ’ﬁan9= \/{("’ b)(s —G)}

From eqgn. (8), tanA =

(ii) cos(La, b) =

. a+c=b+d, =5
can be inscribed in the quadrilatersal.
. If D is £ opposite 60°,
42432 -2.4.3c0sD=T2+42-2.7.4co560°=37;
. cosD=—3%, D=I120°; ., sum of opposite s is 180°, ;
4/ 37
2 sin 60°
. 02 =0B% +0C* +20B . OC cos 0§, ete. ;
. 2xy cos B =2(A0 + OCHBO +0D) cos &
=2 cos §{A0 .BO +A0 . DO +C0O .BO +C0O . DO)
=(AO* +BO? —a?) +(d® — 0A? — OD3) +(b% - OB? - 0C?)
+{0OD? + 002 —6?) =d? + b2 —a® —¢?;
b2-rd? — gt~ B 4Pt et
2y 2(bd +ac)

A circle

radius =

.ecosf=

"then as in No. 5.
ALK, a
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13. § =Jaysin 0, see E.T., pp. 178, 179; but ay =ac +bd.
14. AQAD is similar tp AQBC; . O—dﬁz%; %3:%? =gimilarly
oCc OD OA+0C x
Fe " od  ad+be ad-tbe
15. Use values of BO, OD obtained in No. 14.
16. AQAB is similar to AQCD ;
. QA o QB QA a QB
S Qe cT@p’ T GB+b ¢ QA+d’
solve for QA, QB.

; use egn. {3).

.QB:a(a;b-H:d); chc(b:+w2d);
e —a % —a

d(ad +be) b{ab +cd)

PA= Py ; B=———M .

17. L QKB =180° - £ QAB =180° — 2BCD =180° - LPKB;
ig @ st. Jine. Use the results found in No. 15.

(p. 28.}

cos (B+D)=v% ~ 1.

. PKQ

EXERCISE II. b.

1. Use eqn. (9); this gives cos? B “’2'0 .
2. Use eqn. (13).
3. From eqn. (10), zy sin § =28 =276 ; from No. 2,
sino=__ 6
+/{46% + 3%)
4 %33

. 4. From egn. (13}, tan § ="

5. From eqn.(13),8 =1(55) tan 60°; from eqn. (10), xy =28 cogec .

6. From eqn. (6), xy =26; from eqn. (11), 52 cog 9 =28.

7, (i) DACB is a st. line; (ii) ABDC is & st. line. In each case,
zy =DB . AC =AB . CD~BC . AD. :

8. (i)BX=ga-d=b-c=BY;
(ii) Since AXD, BXY, CYD are isosceles, the bisectors of their
angles A, B, C bisect the bases DX, XY, YD at right angles ;
-, they meet at the circumcentre of DXY, end this point is
equidistant from the sides of ABCD.

9. Put B +D =90°in egn. (12),

EXERCISE IIe (pp. 26-20) 35

10. (QYe+e=b+d; . a®+2ac+c®=54+2bd +d?;
;. bR 4dE —af — e =2(ac — bd) ; hence by eqn. (13);
(i) ac —bd =a(b +d —a) —bd ={b - a)a — d);
(iii) From egns. (10) and (11),
422 == 168% -+ (b* +-d? — @® —¢%)% = 1682 + 4{ac — bd)?,
from work in (i).

. 8
11. Radlus:;; s=Ha+b+e+d)=a+c; also from eqn. (15),

8 = /(abed) . sin -2 = y/(abed) . sin A EC,

2
12. By the formula sin A= \/ (i———?gi—s———i) applied to AABC,
V{ab) . sin 1B =}/ {(x —a +b)(x +a —b)} =3/ {* — (o ~B)?}
=}/ {2 - (¢ —d)*} =similarly 4/(cd} . sin 4D.
13. From equs. {10}, (11), tan 8 = 48 5+ from eqn. (15),

Fid-at-c
S = /(abed) . sinA—-;c . Also as in No. 10,

bE 4 d2 - - % =2(ac - bd).

4. a+tb=c+d=s; . s—a=b, etc. From eqn. (9),

$B+D

8% =badc — abed cos? B+D =abed . sin?

15. Suppose P, R, @, § are points in order on minor arc of & cirele ;
tangent at P cuts tangents at §, Q in A, B; tangent at R
cuts tangents a4 8, Q in D, C. Consider quad. ABCD.

a, B, v, 8 being the lengths of the tangents from A, B,
C,D,a=a-B,b=B-y,e=8-y,d=a-8; ., a+b=c+d.
16. Quad. is circumseribable becanse 4 +5 =3 + 6.
(i) From eqn. (16), 8 =+/(4.3.5.6);

.. . 8 /360
{ii) Inradiuvs =;=‘/T; (iit) Use eqn. {8);

39«38 , 42x38
= ;y = H
_ 432 39
: /(39 x 38 x42) -
F AT R=—r——i—"+
(v} From eqn. (7} 1360

17 12411+ =1348 +9; r="0 80,
. s

(iv) 22

18. For n-gon, 2n —~ 3 independent elements are required.
. Pentagon ABCDE ; AB =39, BC =52, etc.; AC =65
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AB:BC:CA=3:4:5; .. LABC=90°
Area of AABC =} x 39 x 52 = 1014.
For quad. ACDE, s = (65 + 39 +33 + 25) =81
Area of ACDE = /{16 x 42 x 48 x 56) = 1344.
Total area =1014 - 1344,

EXERCISE IL. c. (p. 29.)

1. 12+32 —6eosa=62+4"+48cosa. .

2. Eqn. (4) shows area does not depend on order of sides ; Hgn. (7)
shows radius is also independent. For possible diagonals,

2 194 « 197 2 202 x 197 . 194 x 202
4= H y = ; AEm————
202 194 197
3. Since BA=BD, sin{} LABD) 3E=2; simil&rly

sin (1£DBC) =%; .. cos(}LABD)=4%,
cos(3LDBC) =155 .. s1n(2LABC) =2, 124t S=30
. AC =2 x 65 xsin {} 4 ABC) =112,
Also perpendicular from B to AD = 4/(65% — 39%) =52
perp. from B to CD = +/(652 —- 25%) =60 ;
L area =3(52 x 78 + 60 x 50).
Since the centre of circle ADC is B, the quad. is not cyeclic.
4. Produce AB, DC to mest at E; then EB=BC =1=CE;
- d*=AE? +ED? —2AE .EDcosE=52+82-2.5.8,cos60°
5. Produce CB, DA to meet at E, then £ AEB =30°; .. EA=AB =1,
and EB =2 cos 30° = V3, EC =243, sin Djsin 30° =2/ 3/2;
‘. D=60° or 120°, and
d=2v300s30°+2¢0860° -1=3 or 1.
6. ABCD is determined uniquely. In AABD,we know AB, LBAD,
and BD from ABCD. Ambiguous case.
7. BD2=122+5%; - BD=13; .. 13:=72+d?-14dcos60°;
~7d -120=0. )
8. BD2=122 4-5%; - BD=13; 132 =142 +d? — 28d cos 60°;
©od? —14d + 27 =0,
9, AC is perp. to BC and = +/3; hence
LACD =60° and £ CAD =60°;
. ACAD is equilateral and AD = /3 =CD.
10. Produce DA, CB to cut at E; AEAB is equilateral ;
. EA=EB=+/3; BC=EC ~-EB=58ec30° - 4/3;
AD =ED -~ EA =5tan 30° — 4/3.

m:n

CJ

EXERCISE IIc (pp. 29, 30) 37
11, From eqn. (11), 2aycos 8=0; . §=90°%
12. AC is diamster of circle ABCD; .. z=2 xcireumnradius of
BD 2y '
AABD Tsin 60° V3’
13, d? —a® =BD2=3% +c? — 2bc cos BCD =b? + ¢ +2bccos BAD ;
@
BAD =-.
cos BAD i

14, a +d=b+e, . =5; from eqn. (4), S = +/(dcba); also from

1. &, No. 5; tmzﬂ—ﬂiﬂw 93 peinTI. b, No. 153
2 {(8-b)(s—e) cb

circle touches sides of quad. produced.
15, a +¢=>0 +d =s; from eqn. (15), § = +/(abed) .'SinB +D
absin®iB  2* — (o -b)*
edsin?iD  «F —(c - d)?
18. (i) From eqn. (16}, 8 = 4/(abed); from egn. (10), zysin 6 =28;
25 2y (abcd

; also as

in IL. b, No. 12, =1.

from equ. {6), xy =ac +bd; . sinfl= o= aeibd whence
ac — bd 0 1-cosf bd
= 2 = = N
cos 8 ac + bd and tan 2T 14cos0 ot
a®-+d® - b —cF

(111) From eqn. (8), COSA:'—W H but a—dzb—c;

. a®+d? - 2ad =b% +¢? - 2bc;
. az +d2 _b2 —2 :2(&d “bC)-

17. n-gon is AjAsA;z...; O is centre, R is radius of circle; £A0A,

2 2.4 2

—; AOAA, =IRsin S5 erea of n-gon is R’ sin 2—7_
n’ 2 n

. area of 2n-gon is ongz sint 27

. g = F) 2;1’ ¥

. . 2 .
ratio of areas =sin —: 2sin-—.
R ) n

. . . . mRt | 2r¢
18, As in No. 17, area of inscribed n-gon is —5- sin ;; area of

. . . -
circurnscribed n-gon is nR? tan --;
. n

. . 2w T
ratio of areas —=sin - k. 2 tan o

19. With the notation of No. 17, if M is the mid-point of AlAz,

C-B=r.QAf -7 . OM2==l2, and A=nl.0OM;
. wAR=ntlt | wOM? =n?2B.
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20. With the notation of No. 19, if 2p is the perimeter, the area is
2. 0OM and A;M =L or _?i’ thus OM m:‘-?cotI or P cot - :
i) 2n n n 2n 20
thus the ratio is
T

m ™ w . T w
eob—: }eot -— =cog —: 8in — . cos — . cob —.
13 2n ) 2n 2n . 2n

21. Perimster 2p; 7, =Peot ; Re =2 gosec = ;
noon n n

eos — +1 p
P T
R R =—f ——— | =~c0bt -—=2r,, .
n tRa " R 2% 22
sin — .
n
T P T p? W T
AlsoR, .7 =Qcosecf.wcot-ﬁ=——cosec~—=R 2,
nUUE T n"2n  2n 4n? I P

22. Perimeter 12p; area of square =9p?; side of hexagon =2p;
areaof hexagon=6p2cct 30°=6p%+/3; ratioof arcas =9: 6.4/3
=4/3:2=0-8660...; 1£=0-8666....

&

EXERCISE II. 4. (p. 30.)

1. If LB means reflex £ ABC and if 8 is £ between DB{D—B) and
"CA (C—A), eqns. (9) to (13) remain true and are proved in &
similar way. '

2. From equation (3) since the areas are equal, cos(90°+D)
=cos{90° +B’); . sinD =sinB’; also ab+edsinD =28
=absinB’ +ed =absinD +ed; . (@b —cd)(] -sin D) =0.

3. B=90°; LDAC=90°; AABC=}.24.7; AADC=4}.60.25;
. §=84+750; cosA= ~sinBAC = - J+;

Loy? =24 1 60% + 2 %24 %60 x .
4, 132 +14*-2.13. 14cosB=9%+12%~2. 9, 12 cos D gives
: 91 cosB ~54cosD =353
138=8=%4.13.14.58inB +%.9.12.sin D gives
_ 9ginB +548inD=138;
;. (54 cos D+ 35)2 + (138 — 54 sin D)* =91%{cos®B +=sin®B),
this reduces to 138 sin D — 35c0os D =138;

* : —_— —_— _— e % el :
. L. 1 A;_._..)-—._ : (.,,.._‘._) (_,_H_.).
. 138 sin ( = 35sm 5 cos 5/’

g sin(f—e)uo rt.an(ﬂ' E)——ﬁ'
: a-g/=v° 472/ "i3%’

. D=90°or 118°28"; x*=81+144-2.9, i2 cosD.

EXERCISE Ip (pp. 30-32) 39

5. S=AABC - AADC =}absinB - }ed sinD if B= £ ABC, D= LADC,
andwould = }absinB + ted sin D, if, e.g. D were taken to be
reflex. .

Also a? +b? — 2abcosB =AC2 =¢® +d% — Zedcos D would
hold because eos (360° --D) =cos D.

Thus (3} would hold, but cos (B -+ D) would be +1; .. (4)
would not be true; instead, $2=(s —a)}(s ~b}{s —c}s +d),
where 2e=a+b +ec-d. .

Taking —d for d, and 180° -ADC for D, all the results
would hold ; A would be 180° - DAB.

6. Forz, a? +b% —22 =2abecosB, ¢®+d? -2%=2cdcoaD; but B=D;
' (ac —bd)(bc ~ad)

. 3 2 -
. solving, % = b —od ;
. (ac - bd){ab —cd)
g M\ AT
similarly #%= -

These agree with eqn. (5)if the convention just given in No.5.
iz used. Every arrangement of 8, 9, 10, 13 for a, b, e, d
in any order, subject to ac =bd +xy > bd, makes 2? negative.
See No. 17.
7.. AB, DC produced cut at P; LPBC =D;
. a+bcosD=AP=dsinD; and ¢ +b4inD =PD=dcosD;
solve for sinD, cos D; ., (d® ~b%) cosD =ab +cd,
{d? —bt)sin D =ad +be. Square and add.
8. Tangent at A cuts DB at K; AABK is similer to ADAK; _
d®2 ADAK DK , 62 DK’
S AT RABK “BK' ¥ tangent at C cuts DB at K VETBR
. if ae=bd, K=K’. Conversely, if tangents at A, C meet
d¢ DK ¢?

©abt K on DB,a=ﬁ=b—z-

9. If AB is & fixed chord of a fixed circle and K & variable point

on the circumference, AAKB-is greatest if arc AK =arc KB.
If AQPB is quad. inscribed in fixed circle and if AB is fixed
chord, area of AQPB can be increassed by moving P if arc BP
#+ arc PQ, it can also be increased by moving Q if arc AQ+
~are QP; .. for maximum area, arc BP =arc PQ —are QA ;
. Sa .
*. each of these arcs subtends f_—:—; at centre O;
. 2

. ABOP =APOQ =AQOA =§stmw§;
also AAOB =1R?sin(360° ~ 2a) = — §R? sin 2q;

1
‘. area AQPB = %R?(:% sin 2?; —sin 2a) = 2R?sin® Ea .
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10. Sum of roots 2a+b+e+d=2. Form equaticn with roots

&8-a, s-b, s—¢, s-d; put y=s—-a;
{s~y)t ~2s(s —y)* +is ~y)® —qls —y) +2p =0;
product of roots =8 —2st 1452 —gs 4 2p;
8=/ (2p —gs 18t - 8t).
11. AB, DC cut at P; let PB=¢, PC=f. Then as in IL a, No. 18,
b(cd +ab) b(be +ad)
e=-mrp e 4= gz _BE
bla+e)(d +b) bla+e) .
i -6t d-b '
bi(ed +ab)(be +ad
also ef(d - b)2 = ( d +)é)2 ); thus
cost 16 _le +f+.b)(g+f—b_)=bz{a+c +d-bjla+e~d+b)
dof dgf (d ~b)
_{s-B)(s -d)(d +b)
"~ (ed +ab)(de +ad)

12. (1) 4 sides and an angle, unique solution. (2) 3 sides, say
a, b, ¢ with (i} B, C; unique solution. With {ii) A, B, the
vertices A, B, C are known and D lies on a cerfain line
through A. D is given by a circle centre C and may have
two possible positions. With (iii) A, C; triengle BCD is
known, hence BD, which with a, A can give two positions
for D. With (iv) A, D; A, B and the direction of AD are
fixed, T lies on a known line parallel to AD distant ¢ sin D
from it, and iz at distance & from B ; .. -two positions
are possible, (3} 2 sides and 3 angles (i.e. all angles),
in general unique solution whether the sides are adjacent
or not. But if A+B=180° and if A, B, C, a, ¢ are
assigned, the construction is impossible (or indeterminate).
(4) 1 side, 4 angles, indeterminate.

13, Let LABD =a, LDBC=f; , LABC=a+f.

cos?(a +f3) =cos (a +f8) . [2cosacos B —cos (a - )]
=2 cos a cos 3 cos (a + ) — }(cos 2a +cos 23) ;
. cos?(a + ) +cos?a +cos?f - 2 cos(a + Scos acosB—1 =0,

al +b2 — 2 .

et f=

But cos{a+8)=

2ab ’
ae_,_yz_dz . —bz_'_yz ___cg
O gy By

Substitute and reduce. Or, as follows :

41

EXERCISE IIp (pp. 30-32)

Let the coordinates of A, B, C, D be (0, 0), {@,1,), (%2¥2):
(x3y,); then z,® +y,° =a%, o,° +y,° =27, 2 +y° =d: ; '9'13_0
2(wy@s + 1Y) =a? T2t — (@)= )~ (Y~ ) =@% +7°-b ,zsm:\;—
larly 2(xx; +yays) =2% +d% — %, 2(wg@; +Ys¥y) =d® +a? —y%

But since z; Yy 0 [F=0;
T, Yy O
% Yy O
x,® Tyt BTy + Yy BT s | =0,
S| e e T? + " Toa +YsYy
T3y TY1Ys Tyt Yol x5 + s’
or 202 at 2 -bt gt d? -y | =0,
' o af - b2 22 x% 4-d? — ¢t
a4+ d? —y% gt ydt-o? 2
and this gives the required relation.
) . ? c r | A+C r{asy)
14. r is inradius; tanéza, E:;; S, mT_W'
B+D r(B+8) A+C B+D

Slmila.rly ta.nT ﬁm H but tan T = —tan F

A+C rla+y) _r(B+8) rlat+y+S+9)

S tan 2 o:y-—rz_'rg-ﬁﬁ_ ay — 38
. [
. s 4/ (abed) | sin At
= = from eqn. (15);
i - ay ~ 38 ay - 38 9
. A+C o 5
", cos . +/(abed] =ay — B8

15. Circumcentres lie on the perp. bisector of DC and if £ DAC =g,
£ DBC =g, their distance apart
=}c{eot 3 —cot o) =jcsin (o — B)f(sin e sin §).
Make ABX directly similar to DBC; .. BAD is directly
similar to BXC, and £ AXC =A +C, and
LACX =L ACB - LXCB=LACB - LADB=a-§.
AC AX sina sin(A+C) sinf

Then &= = . 22 A% .  smp
R2TAC AX @ snD sin{a-f) sinC
. R:og?
16, Al =rcosec3A; .. IA'= sin A,
R% 28 . Rz -

zz
sin 3C =- "

similarly 1C’ =
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EXERCISES IIla, B (pp. 35-37) 43 .
A’, C’ are mid-points of arcs BCD, BAD of eircumeirele ; 21. V is vertex; AB, BC are two 'sides of ba.se-; O 1:-';— K:Irg;r_ezoﬂf
. A'C’ is a diameter, and the median theorem gives basge, AC, OB meet at K, KN is perp. to VB; .. =24,
(R® — 2%y and VB = +/(h% +at), then _
92+ 228 = 1A% 410 = _F ) g NK_KBSnOBV . o« b
l (R +2)%R -2)* ot = AT T KA n VIRE b
SRRy

2
17. Buppose in Fig. 20 that a>b>c¢>d; then examine the
" possibility of the condition, 7 DAR =8 =£DCB; this con- :
dition is possible if  can be found such that CHAPTER IT1
b2 4-¢? — 2be cos § =a? +d? — 2ad cos G, :

(@ —d)? — (b —e)®

- ISE IIL a. (p. 35.)
which gives tan? 46 =——————; the numr. is posi- : EXERCISE P
(b +e) —(a +d)? 19, tan 6 =1. 20. tan 8= -1.
tive because ¢ ~d > b —¢, the denr., because b 4+¢ >a+d; o 99 sin § =sin a.
21, cosbB=1}. - S
thus ¢ can be found.
Two other crossed cyclic quads. can be deduced by . :
replacing A by its image in the perp. bisector of BD, or D EXERCISE IIL. b. (p. 37.)
by its image in the perp. bisector of CA. - 2g _1 =0, 2. 768 =27 +56.
By No. 6 (i),  and y have two of the values ’ 1. cos20=2cos . nar (2?{, +1)w
\/71 x 54 \/90 x 54 \/71 x 90 L L 3.76=2nw +30 or (2n+)r —39-1 The solutjons =, —F—
] ’ 4 * 2k
90 b 54 L are all included in , - T
18. O is centre of circle; AB =I, BC =m; the arc ABC =1 circum- s - x T
ference; .. LABC=120°; LAOC=120°; - AC=Ry3; - 4. «in 26 :Si“(E —29>; 3B=2m'+§ ~-20 or (2n+1}#~§ +2B-‘
but AG* =AB* +BC? - 248", BC cos 120° =% 4+ m?® + . : ’ - (4n+Vjr (dn+1)m aro ail included in
18. Use eqn. (20), Ch. I. p. 11; e.g. if M is mid-point of AB, | . The solutions ——5— —3
Zeot{a+f)=2cot OMB =cota —coby. 3 _ (4k+1)1r- :
. 10 o
. i T r_ T, . ar 6 U n. (1).
20 P, =n x2rsm?-t; P, —nx2rtan:’i, 5. sin 60 =sin (= +6). se er
, 3
' . . sin 56 =sin 36 - _). Use eqn. (1).
P _pr ntm%—(n+l)tann—:r_l - 6.sin5f Sm(_ 2
; ,:! = p - 7. tan 56 =tan 28. Use eqn. (3)-
uii = Ta N - )
{n+ l)smnw_l_ [ Tmsin— 8. tan 38 =tan (%— _40> . TUse eqn. (3).
=(tazla—tanTﬁ)+ %ﬁ_?}zj) : 9. 2sin feos 0 =2sin20; .. sin 6 =0 or tan @ =1.
- - © 10, cos 26 =cos 8. TUse eqn. (2).
where a=—, B=——. Butif 8 is small (E.7., pp. 170, 173), = . om
7 n+1 eind 11. sin(ﬂ +_) =gin—. Use eqn. (1).
Sin g0 - 36%, cosBaml-10%; . tan 0= o4 160, 3 6
tanae sina . COS_ ir T U (2)
Replace o e, ete., by these approximations, - 12, cos| 8 +gjmeosyg. Useeqn. (2).
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13. 38in 0 -4 sin®@ =3sinf: . sin®d = =0; . sinf=0.

14, isin@ +{cosH=3; take a so that cosg=4%, sina=}i;
a=36° 52"; cos (0 - a) =cos 60°. Use eqn. (")

15. 4sinfcosf=1; ., 8111295%-_—51'11%.

16, 137 +84% =852, Take a so thatcosa—gg, sing=§4; a'=81°12’;
sin (8 —a) =1L =0-2=sin 11°32". Use eqn. {1).

17. Zeos20cos 8 +e0a 20=0; . cos20=0 or cosf = -4, Use
eqn. (2).

18. 2cos48sin 30 =sin 30 ; .. sin 30 =0 or cos 40 =3.

19. cos 38=cos 28 cos O —sin 26 sin £ ;

Use eqn. (1).

L sin20sin8=0;  sin20=0; - §=07
tan 20 +tan §
1 -tan2ftan B’
o tan @ +tan 20=0; - tan 20 =tan ( - 8); . 20 =nr - 4.
2 cos 28(cos 46 +eos 20) =1 ;
* 2cos20co540 +2c0s220 —1 =0
. 2co520c0846 +cos46=0;

5. c0s46=0 or cos20— -3
22. sinf +cos f=24/2sinfeosf: -, sin(&+£)=sin26;

20. tan 6 +tan 20 =tan (26 + 6) =

21

. 29:2mr+9+-’f or (2n+1)7r—6~£.

Both solutions are included in 21;7 +E .
23. cos 8 +sin @ =sin® @ +cos%0 + 2 sin 0 coz § =(cos 8 +sin 6)2;
T cosf+sinfd=0 or cosf+sinf=1;

. tanf= -1 or cos(ﬁ—f)“—"cosz.
sin 6 1-cos26 sinf@  2sin?f

cos cos28 : cos@+c:0326
" sinf=0or cos204+2sin0cos =0, i.e. tan 20 = 1.

24, —- H H

25, coszeosatsinwsinag=4§; . eos(a:—a):cos-?:.

26. cos 16z +cos 2z —~cos 8z + cos 2z H
. cos16x=cos8x; .. 162 =2nwr +8.

Both solutions are included in %

217.

EXERCISE IIls (pp. 37, 38) 45

COS & 1 1.
! T Jginxcosx ’
e - cos2x=sin2z; .. tanlZz=1
T 2
~B) +cos (a - B) =2 cosacos § +2sintz
% cos{zx i B) —cos(a+B)+cos(a ,8)+1—cos2x,
- cos2x +oeos(2x—a- =1 +cos(a+£_3)ﬁ,
4 o
" 2cos(2xwa;ﬁ)cosa-~_2ﬁf~2c sa-——2 ;

o+ a+f
. ifcosq+'8=#0,cos(2x———2—ﬁ)=cos 5

2 in @ - sine
29, eos3 —gin3a=(cos z —sin x) (cos®x +COB TS + )]
={cos & ~5in z) (1 +cos xsin ¥} ;
. (cosx — sm:r:)(l+cosxsmaz)-l+cos:vsmx
- 1+coswsinx=0 or cosx ~sinzx=1,

. 9oostz —1=2sinxcosx.

1+cosasina =0 gives sin2zx= -2, which is impossible.
For cosx —sinx =1, see No. 12.
1-cosf _ 6
30. cosec f —cot 8 =ne _ta.n§ ;
. equation becomes tan 2z =tan 2a.
m
T ; ' = — ~tan @; but
31. tan (cob 6)=tan(§ —tan B), c.oeot @ n;r+2 n
' 4
sin?f +cos?d 2 . 20 = ‘
tan § +cot §= wnBoos0 smn20 sin {2n+ 1)

12
32. tan~lx=2tan™? (1 +x> 3
1-=z

| -, tan [tantz] =tan [2 tan—1 ( et )] .

2(1 x) 201 5

—_ —x

1+ — .
5> 560 E.7.,p. 218, =4z

1 1—-2
_<1+w)
. S 2221 B,
i i ___f"m.
33.\:005(6*"4)—\/?

' T L 1;
ﬁ (i) cos (6 —Z) =cos— ; (ii) no-solution since __“1/2 >
¥

4

3+1
(iﬁ)cos%=év2 , see B.T., p. 2153

LY T
. cos(@—z>=005ﬁ-
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34. Iftan 0 is + and sec § is —, 8 is an angle in third quadrant.
35. From sin 8 +sin 36 =cos 0, 2sin20cos § =cos 6 ;
. " ocos =0 o0rsin28=%;

. T :
these give 0 =nxr +— or arw +§f or (2n+1)—g; but only

Bzmr—f-ﬁma.kes si11%46':%3. .
36. Tin=2k, (2n-1)= +( - 1) 0 =2kr - & + & =2k —
2 3 2°3 6"
If n =2k +1, it equals 2w +g-—%:2kw -}-%.

37. Each represents any odd number of right angles.

EXERCISE III. ¢. (p.40.)
1. Draw graphs of y =22 and y =cos .
2. 2Zrx=2cos*w=1+cos 2x; graphs of y =cos 2w and ¥y =2x - 1.
3. Sketch graphs of y=sinz, ¥ =%. They cut at crigin and at
three points on each side of it.
4. Sketé;h graphs of y=cosz, y=1 ——22;4 They ot at (0, 1);
- .
(—5, 0); {37, -1); and two intermediate points.

5. Draw graphs of y =sinz and y =1 - }a2,

6. Bketch graphs of y =tan 2z and yzg —x; they cut once in -

each of the intervals O<x<£, E<;1:< f, 31(_ T < 'r
4" 4 2 4 :
1 - 12
7. m+-z2+( -——1
:c-i—;g—Zifm(O;

) 1 o ..
_:c+;;2 i «>0; similarly

", m+5 cannot lie between -L2;

". cos 0 cannot lie between 4+-1: . nw ;g~<3< e f
3
8 sinzcosz+sin*w=c; . sin22+1 -cos2x=2c;
L T 2e -1 2e -1
LS A | —— L - —_
( 4) RS 1< 7z <.

9. Rough graphs of y=¢, y =secz +cosecx show that there is

- kin
always one solution between » =5 B=7 and one between

- EXERCISE IIIc (pp. 40, 41) 41

x:?i;:, x=2w; there are also two other solutions unless

¢ Hes between the minimum and maximum values of
see x +cosecz.  Bub
d (s +eoSBR L} = — e =g
dx costxr s’z sin?zcosiz
=2(sin x ~ cos x){2 +sin 2x) cosec? 2 ;

T .

- s minimum value occurs at :Z'- and a maximum

value at x :% ; the corresponding values of secw + cosec @

are. 24/2 and -2+4/2; .. there are two other solutions
unless —2+4/2<c<24/2, Lo 28, -

10. Take rectangular axes Oz, Oy; C is the point (g, b); take P
so that OP =PC=1. Then 0, ¢ are the angles OP, PC make
with Ox. No solution if OC =2, i.6. +/(¢® +b%) > 2. I
@ or b is negative, P lies in another quadrant ; use same

method.

T sk:s
11. a:+y:n‘-‘f+(—1)"§5 m..y:‘>k‘.ﬂ'i—g§

- ope(n + 2~ (~1) 2 s
3] 6
5

9y =({n - 2k)T +( - 1)". g.:;:_ﬁ.‘"

‘For n even, n=2¢ we have

w=(t+k)w 4y or (L+k)T -3

g =(t -k *"g or (t_k)vf+g-

The multiples of 7 in the values of = and y are therefore
both even or both odd. Hence two answers as given.
Similarly, take n =2t + 1 and reduce as before.

%o
12. cos{z +y) =H /6 — +/2) =008 75 3
™

cos {me)zk(\/ﬁ +7\/2):eos l";

5w o
L@y =2mrdyy, ©-y=InTdig
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13. sinz=tan 3y =

ADVANCED TRIGONOMETRY

sind3y  sinz -
cos 3y cosxcos 3y’
sin3y=0. The alternative cosxrcos3dy=1 requires
gcosz =1 and ., also sinz=0.

osinz=0, and .so

14, sin?x —sinzsiny —sine=0=sinzsiny —sin®y -siny;

15. (4/3 —1|)cos‘a::(v’3+1)siny;

. sinz(sinz ~siny — 1) =0=siny(sinz -siny - 1);

", either sinz =0 =siny or any solution of ginz —siny =1
may be taken. y

g cosxz(2+'\/§)siny and
cos(z +y)=3cosz + v/3siny)=(1 + +/3)sin y=cos & —sin y;
. 2‘s1'11(x-}«%y)sinéy:siny:zsin%ycos%y; Sy =2nw
or sin (% +}y) =cos fy =sin (37 +31) ;
:v+y::2k7r—g. In the last case cos(z +y) =0;

T
. x=2mmw -1—5 or

. siny=0=cosx,
and these give z=pw+ 72—7, y=gw which inelude the
previous answers.

16. See Example 10, p. 39, The geometrical method of IH. e,

17.

No. 10, shows that there are two solutions in: the range
0° to 360°; the two positions of P correspond to an
exehange of 6, . OC=(Z)*+(I)%;

. 0C =17 tan #0OC = 2.2=1s; - Lz0C=61°56";
a.lso £ GOP =cos 1 1I =64° 51"; thus, for one P,

B =61° 56" 4+ 64° 51, ¢ =61° 56" —64° 51" +360°,

Sginz=142siny, Heosw=4-+Zcosy; square and add.

Reducing, we have siny +4cosy=1;

. cosy(l —siny) =4 cos?y =4(1 —sin’y);

. siny=1 or cosy =4 +deiny=4 +4{1 ~4cosy};

. eosy={ and siny=-}5.
If siny=1, then cosy =0; .. sinzx=%and cosw=4%.
¥ siny=-1% and cosy=4%, then sinz= ~33 and
cosw =¢%.

18. x+3y=2mi(g-2x-2 ); 2x+2y:2k1r;t(g-—3m -»y).

Since x —y+2rm +g, these reduce to the single eondition

3z + 85y =2nw +g, b5z + 3y =2kw +g; solve for z, y.

EXERCISE Il (pp. 40, 41) 49

19. For values between 0 and 7, v =2y o 2y —, y =22 or 2z —,
and z=2x or 2w —w. z=2y, y=22, 2=2x -7 gives the
first solution and x =2y, y=2z -, 2=22 - the fourth;
the others follow by eyclic changes.

20. sinw=sin(~-2y); .. =27 -2y or 2y-. Solutions are
given by (x =27 — 2y, y =2n — 22, z =27 - 2x), (v =27 — 2y,
y=2r—22, z=2-w), and (z=2r-2y, y=2-m,
2 =2x — ) and eyclic changes of the last two.

EXERCISE II. d. (p.44.)

: &
I. Find the s:gn of cos 5 or smg for the given angles. The
answers are

(i} +, +;
(iv) +, —;

() +,
(v} — +;

(i) -, +;
(vi) +, +.

. T f T
2. (i} 2n1r—§<§<2mr +§;

(ii) 29 lies in 2nd or 3rd guadrant.

*. 30 lies in lsb or 4th quadrant ;

3 sing is + if 2n1r<%—9<(2n+1)7r.

2 : &
. ] a-
4. Use’ sm-2~+cosm v2sm(2+45°) and
sing 0086—-»\/28111(;—45°>
5. As in No. 4, if @ :1(15——, smg +cos§ = 4/(1 +sin 0);

. B a o
sin g »cosé =+ 4/{1 —gin &}, Other result.s in same way.
]
m(§+45°) is -, sin(gw«%") 8 4.
7. sin (6 +45° is —, sin (f —45°) is +.
8. T<g<3T, - sin(ﬂ%—z) is +, sin(ﬂ—z) is +.

1 T’
9, 2nw il f<2 37:'.
. 4<% < 2nT g

6. g ia near 140°:

8 = 9 *
-. 2 _ —_ - -
mr<2+4<(2n+1)7r, . sm(z 4>1s+

In second case, (2n + )7 < E;+1:£< (2n +2)r,

2
A.T.E. b}
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. /8 . . 8 T <
10. sin (E_Z) is + 1f2n1r<§-1<(2n+1)1r, ie. if

‘4mr+%< 8{(4n+2)1r+1—;,
.0 8 g .
Sosinz —eos - =+ 4/{1 —sin 8) if
2 2
4mr~z~1r

5 < 0<(dn+2)w I,
i1,

Bin — -J-cosg and sit 8_ 2 ho o+
3 5 sin 5 cos 3 are eac P
@ is such that

dnm -~ < & <dnmT +%—r and 4nm +E< &< dnr .';___

o
5
To satisfy both relations, 4nr + 1; < f<dnr -+ -
. @ ] . 8 6 :
12. sin 3 +cos§ and gin 3 wcosé are each +; same as No, 11,

13; 5in 0 +cos B and sin 6 —cos 0 are each - g

~. by Nos. 9, 10,
%
4mr+:i21~r< 26 < 4mr+—r and

(4n+2}f+%< 29<(4n+4)1r+%;

5 7
oo dnw +—;< 280 < dnw +—2lr. Divide by 2.
14. si i

sin § +cosf is — and sin § ~cos is +. Method of No. 13

COS%= +,\/{%(1 +cosf)}= + V{HZ + v2)3
Sm~_+\/l 1-—0058 }

(2n ~1)m < 40 < 2nr;

t. sméls -3

17

.

18.

. sin

3= — V{1 —cos B)) = — v{3(1 -,
19. 2nm -2 < 30< 2nm 475

0os 2 = + 1/ {3(1 +cos )} = + v{I(1 -5k

s'peo;LEGEL,B'F;AR;
514.9/DU

i llllllll J

034324

Eloﬂag_..,.

20. %= tan B oV .B E=0;

. by Nos. 9, 10,

. ta.n§=}c{-1:j: (1 +E2).

m kg
{i) If§< B<m, k=tanh is ~; also

g7
4 2727

. tangis +5 00 tang—w{wlmx/(l+k2}

: . 9.
In (ii), £ i8 + and 'l:.a.n—‘9 is —; in (iii),£is — and tan iz —

. sinx cosx siniz+cosix 1
21. tanz +cotz = - = PR .
‘ cosx  sinz sinzcosx  isin2x
- tang+ 1 m.“._.z___-
T2 & 6 sin@’
2
/I & .
.'.vt.a.-nzg.smﬂ-2t.an§+smti=0.
20 4
ta.na'ﬂ sin 21 1 cosﬂ
ARG = : 2 =+ l+cosG
cos

. . &
ta.né s+ 1fn1r<_<n1r+7

2 2°

. 8=gor w —a or 2w +aor 31 —q or 47 +q, ete.;
# a T —a . - . 2w+
‘§=:-3 or “-—3—,9170. Usesin #33:3 11-3_'-(1,Eat.c.

. (i} 6 =60° or 300° or 420°, etc.

3 =20° or 100° or 140°, ete.;
{ii) 8 =210° or 150° or 510°, ete.

.8,
. sin -

is + if 2nr < < (2n+1)7, ie. 2n<£—<2n+l j.e. if
2 2 8 2%
the integer just below — is even

™
. Method of p. 44.

(i} Put =4y, then 4p* -3y = —1}%

y=cos 0; 30=120° or 240° or 480°.
(ii) Pub x =4y, then 43 ~3y:} ;

. cos 38 =1 where y =cos 8;
36 =75° 31" or 360° -75° 31', etc

cos 30 = — .} where

3B

51
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27. (i) As in No. 26; put x =8y, then cos 3¢ =} where y =cos 4,

28.

29.

b2

o

7.
8,

9

36 =60° or 300° or 420°.

{ii} Put « =6y —6 cos 0, then cos 36 = —3%;
" 36 =180° —42° 12 or 180° +42° 12/, ete.
Method of p. 44; put x +1=y; equation becomes
y? - 12y +8=0; then as in No. 26 (i).
cos 50 =cos 36 cos 26 —sin 38 sin 20
={dc® — 3¢)(2¢% ~ 1) — (35 — 45%) . 2s¢ =18¢ — 20c* + Be,
putting s* =1 - ¢, where ¢=cos f, s =sin 0.
In given equation, put x=2¢; then
92¢% - 40¢® + 10c + 1 =0;
*. cos 50 = ~} =cos 120°; 50 =120° or 240°, ate.

EXFERCISE III. e.
{i) cos™lx =0, x=cos,
8in 8= 4+ /(1 —2%), 0= Lsin—t4/(1 —2%).
(ii) eos "tz =0, x =cos 0,

(p. 48.)

_ .1 2 -
tan § = t /(1 —x2), cosec B = T
tan~ix =0, x=t%an @,
. £ +1 1
_— T = t8=“~
sin 6 1/(}Ahxg),eosﬁ _1/{1-1-.7:2) co =

. AABC, £C=90°, BC=4, AB=35, then LA =cosec }(1]).

AC=3; . LA=cos}}) =tan—)(1).

. sin (cos~%) =sin {sin~H = V(I ~2®)]} = £ /(1 ~2%).

(i} cos {sin~1z) =cos {cos™ [4 /({1 -23)1};

+x
. If a is a value of cos~tx, the general velue of 2 cos 1z is

2A3kw +a); also x=cosa; .. 2xf - 1l=cos2a; .. the gen-

eral value of cos~1(2z%-1)=cos *(cos2a) is 2mm i 2a;

. 2coslx=2nrtecos (2% - 1).
Simple values are 2 cos™1z —2 cog~tx =0 and
2 coslx +%coste =4 cosTr e,
sin (2 sin~t ) =2 sin (sin~! #) cos (sin~1a) = + 224/(1 —z?).
: o0 lweosf 1-x

Loy A e b T 15

(ii) tan (sin~lz) =tan [tan'l

cos lxz=0;

. Use eqn. (9).

12.

13.

14,
15,

16.

17.

18,

19.

20,

21.
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2
. Use egn. {9); 2 tan"'m =tan—? i 5
—-m
,tanlx =8; ox=tan @;
1 —_—pd
27T —ost 0 —sin? @ =cos 20 ;
1 +a2 1
. 20 =2n7 fcos? .
R 4 cos Ll +x2)
cos (2 sin~te)=1 -2 sin?(sin1a)=1 - 222
2
tan! —— = 2 tan~t 1 =tan~1 =tan—! i ;
z+1 x? 1
-
&
x 2z

Tzl o1
sin (3 sin~1x) =5 sin (sin~1 %) — 4 sin® (sin~ 2 =32 — 4z2.
cosec™ /5 =tan' §; cot™ 8 =tan~1l; use egqn. (9).

[ 52) o -]

_ ki bl
=mT 45w AT+ -2
cos 26 =M; - cos? -rtan—l zty )
‘ 1 +tan28’ | 1_;;;yf
_h (:H"y)g] '{1 (x+y)z (1 ~2y)* ~(x+y)?
=q1=(7=2 ) b1+ = .
U \T=ay/ | T-ay/ [~ (I —ay)+(@+y)
As in No. 8,

cog™1 =9 tan—1

bt+acosz fa+beosw—b-acosz
a+beoszx ta+beosw +b+acose

f(_o_',ul_))Q fcosx)} =9 tan“ljt&ng. ’\/(a*-b i

=207 Y ¥ )1 S cosa) 1 aT8) |

i
tanlx = —cot 'z, ete.;
2
. 3T
.. left side =tan (5 ~ecot™tz —cot~ly —cot™! z) .
sin~lp =coslg =sin~1 [+ v/(1 -g9]; - p =14 v(1 - g2).
tan (tan~1p +tan~lg) =tan (g - tan—lr) 3

+
. P¥E ot (tan™1r} =cot (cot.‘l 1) =1
1-pg 7

T'
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22. cos(cos7la +costb) =cos (¥ —coslc) = ~ cos (cogle) = —¢;
Soab— o/ {1-a?) (1 -t} = —¢;
oo (1 -a?) (1 —b%) =(ab + o)t

i
23. ta.n"!;-—: tan~tl -tan~1; =tantl, using eqn. (8).

c+{l-=z) . "
24, 1—3}‘{1 _w)—'f'; S0t —02 32 =0,
- 26, tan~lx +2ta.n”"1x:f; cotanlr =
3 9
28, cos2(2x? — 1} =2 cos~lw: cos‘%c:l%.
R ~ i ™
27.tan11m3x2=3t.an Yo tan“‘lx:g.
EXERCISE III. f. (p.49.)
l.tan 2z = -tanz; .. 2x=nr-x.

2. cos 2x =cos (7—;- + 3m> :
. . ki
2

and both are included in @ ={4n — 1) % .

+3x=2nr+22; ' zordr=2nr —%,

3. 2ein2zxcoswv=2cosx; ., cosz=0 or gin 2z =1.
4. cos3rcosz =1 -sin®r=cos¥z; . cosz=0 or cos 3z =cosx;
ki
. m
. :v:kwr+§ or 3x=2nritx; .. z=nrTor ziw—;
2

*. all solutions are included in z :ﬂ—; .

5. By E.T, p. 220, tan {x+(z+a)+{z+f)} =0;
L ta+f=nw.

6. Eqn. is equivalent to a quadratic for tan = which can be
factorised ; but; as it is satisfied when =8 and when
«+a+ =4, the quadratic can only have the solutions
tan B and tan (37 -« - B), and the general solutions of the
given equation are

:{:=,B+n7r,

T=dw—-a- B+ar.
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7. coszeosc=13 [cos(2x —a - b) +cos (a —b)]
© —3[(cos (a —b) ~cos(a+b)]
= L\[cos, (22 —a ~ b} +cos (a +b)]
=cosx cos (2 ~a - b);
. cosw =0 or cos{x —a —-b)=cosc.

8. PutB-E—E%rqu;

osin (3 -27)=2sind; . sin3¢d=2sind;
. 3sin¢h ~4sin3¢h =2sin¢; ... sin¢g =0 or + 4
9. 70% + 247 =747 ; take a sothatcosa =12, sina=3%;

. oecosaoos § —sinasind=L; [ cos(a+0)=cosB0°;
a==18° 56.
10. sin 6 +sin 460 +sin26+si1139=25in%q0053§+2sm§§cosg

=2 m5_6( os?—'§+eosg —4Sin—5—9 os & co E
TEsmg %y 2)_ g (oS eosgs

" sinie-:o or ¢osf=0 or cos(z:O.
2 § 2

1-2 ]
11. sin @ =Ti—t§’ cosf =1 where f=tan 3 substituting we

have 1*(sec ¢ +sec 8) +2ttan a +sec @ —see 3 =0
*. ¥(sec a +sec 5)2 + 2t tan a(sec a +see B)
= —gec?a +sec? 3 =tan?f - tanto ;
- t(sec a +secB) +iana = -tanf ;
tan a 4-tan 3 sin (e +f3)
T “secatsecS  cosB+cosa
2sin Hat B)eosi{a L)
= “2cosl{a+f)cosHa - B

19, 2gin 6 —tan 6 =sin 8(2 —sec §). Consider values of # from

0to 8m,sinf@ >0 0<f<m; 2-5ech >0 if

T T 3r B
0<6<§ or -2—<G<~§ or ~§<6<2n-.

T

Both factors are + if 0<f< g or if g<O<m.
. . 3T s
Similarly, both factors are - if < 0< 5
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13.

14,

15.

16.

17.

18.
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cosmsmy-i—smmcosy 2eotasinasiny;

. sin{x +y) =cota [cos (x —y) —cos (x +4)];
. sin 2a +eot o cos 2a =cotacos (x —y);

. cos{2a —a)=cosacos(zx —y);
cos(it:*'y)xl if eosa+0;
Lom-y=27nm; but ¥ +y=2a,

.

If cosa=0, a:mr-i-g; then z+y={2n+U=w and

cota +eoby =0; this is indeterminate.
0X, OY are two rectangular axes; C is the point whose polar
coordinates are (¢, a); OPCQ is a quad. such that
OP=0Q =a?% CP=CQ =0%; then 8, ¢ are the angles
which OP, PC (or 0Q, QC) make with OX. TLet £ POC=p,
LPCO =7y,
cos?reos?y +eineeinty =1 =(sin? x +cos? z)(sin® i +cos? ) ;
. sin*zeos?y +eos?w siny =0;
. singeosy=0=cosxsiny;
oo sinz=0 and siny =0 or cosy=0 and cosz =0.
(Zeos®x ~ 1) +({2cos?y ~ 1) =2 cos?z — 1
. cos?z +oosty — 1 =cos?z =(cosx +cosy)?;
oeoszmeosy = —1,
(4cos*z —3cosz) +(dcosdy ~3eosy) =4cosdz~Sconz;
. cosPa +eos® y =costz =(cos x 4 cos y)*
=cos®2 +cosPy + 3cos xeosy(cos T +cosy);
. cosw +eosy =07 sincecosmeosy= ~1;
L oeosz— -cosy =44 and cosz=0.
Put ¢ =tan®, ¢ =tan q, ete., and divide by
costfcosacosFeosy;.
then (1 +28,)(1 +2t)(1 +88) — £(£ — ;) (£ — £,){ — 24)
=sgectf = {1 +{2)%;
expand and factorise,
B+ 1)(28 — 8, — 8y — 8, ~Eybyty) =0

3
Put t&ng ¢, then t(ﬁiﬂ) -1

T8 w88 =(1 —¢2)%; this reduces

80 (BRI 42 -1)=0; . B4d=1; o 2= 4/5-2
since t* must be positive ;
422 4H4/5-2
o otantr oo HYE-2) 504 v5);

(I (3 - Bk
—_ 2 —
1 —tanfz 1 -\/522”1/5‘

Soeoslrem——— s Y
1 +tan®z 34 /5
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19. sin 8 =c4 +/[(¢ —2)(c — 3)]. Put ¢=z and sin § =y and con-

sider the graph of y=xL +/[(z ~2)(x -3)]. This is the
same as y? — 2wy +5x-6=0 or (y -2§)y -2wr+2])=~1.
It is a hyperbola, asymptotes y =2} and y — 2z +2} =0,
one branch lies in the same angle as the origin.

The hyperbola cuts y =1 at x=§ and cuts y= -1 at
=% snd cuts each of the lines parallel to Ox between
y=1 and y= -1 -at one point only; the values of = of the
points of intersection are between § and £ since for
—1<y< +1, # increases steadily as y increases because

de 2(2-y)(3 -y
= G-
. there is one value of sin 6, and only one, if £ >¢ > 3.
20. cosc=m 4 +/{} —2m -3Im?)=m4 +/[(1 -3m)(1 +m)] ; cosxis
imaginary if m >} or if m< ~ L.
(ieosz=m+ /(1 -2m -3m?). Ifmgl,
V(1 -2m ~3m?) +m if 1-2m - 3mig{l -m)2,
i.e. if 0<4m?, which is always true. If ~Igm< },
m+ /(1 -2m -3mB)= ~1;
oeosz=m + /(1 - 2m — 3m?)
gives one possible value of cosx if - 1gmg 3.
(ii) cosz =m — /(1 —-2m — 3m?).
I mgl, m-+/(1-2m-3m?)<l. I -lgmgy,
m— /{1 =2m -3m?) > —1if m+ 1> +/(1 -2m - 3m?),
je. if m®+2m+1>1 —-2m - 3m?, since m+1>0,
ie if m{im+1)>0, ie if m>0 or m< - 1.
., eosx =m — /(1 — 2m — Im?) gives one possible value
of cosz if Om<.
Or, use the method of No. 19. The graph of
y=2t+[(1-32)(1+z)]
is an ellipse touching z=~1 at (-1, -1} and
touching « =% at (, ) and touching y =1 at (0, 1)
and meeting ¥ = — 1 again at (0, —1).
21. The solution for cos § amounts to finding = from the simul-
taneous equations bhr +aky =ab, * +y*=1. If such a
value exists it satisfies 2> +y?=1 and . 22< 1.

22. sin g +eos 3 & . /2sin (g + 45°) and this is ~ since

- sing-!-cosgz —4/(1 +sin 8);

0 O a.
§+45 ==255°; 5
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@+l :l [Zp 2L)r a ]
but sinf —m——— 2_'p+1 ;

6
8in 5" cosg +/2sin (g - 45°) and this is + since

2p+1 2p+1 2p +1
B o o ) [/ . therefore the values of sin z, when n runs from 0 to 2p,
2 45716575 Sing —cosg=+ V(1 ~sin 6}. form the same group as are obtained when k runs from

0 to 2p. Thercfore there are only 2p +1 distinet values
of sin @,

26. As in I11. d, No. 29, cos 50 =16¢® —- 20¢® + 5¢ where ¢ =cos 0;
put £ =2k . c; the equation reduces to cos 58 =cos a.

Result is valid if

180°<g+45°< 360° and 0°< g ~45% < 180°;

these require 135° < ?< 225°,
2 27. Use egn. (8); (tan~lp —tan~lq) +(tan"'g —tan~1r).

[} 7} i} 7] 4
- . 1gime in? 2 n— s
1 cosz+sm 2 sin +2sm4cos£%

1
. ~1 . .. el
23. One value is 5 29: : 5 {'3=ta‘“g . 28. Use eqn. (8); tan IP tan pryr ,
J g . 28 i 2 i .
1 +4cos 5 +s1n2 - 2 cog 4 +2 sm4cos i 29. Tn No. 28, put p=1, g=1; tan—11 =tan1L +tan-1}. Then
The given expression is unaltered when 2 + 8 is written in- put p=2, g=1. Then put p=3, ¢=1.
2 ) .
stead of 6; ... one other value must be tan Tr:e = —cotg . 30. Gl =tan—1} ttan-?}; now use the values obtained in No. 29.
. i )
Also the given expression is unaltered when T -0 is
written instead of §; .. the other two values must be 31. In No. 28, put p =3,¢ =2, thus
'tan'i;e and — oot 0. 2(tan>4 +tan—1}) t+cot=17 =2 tan—1% +tan—1}
4 P 4 =tan11 +tan~1} from No. 29,
g B
24, cos< is — i 2 4+ <o <2mr+3 , te. if cos B +cos ¢
2 22 2 32, Heosa=r——"——"7>
8+ .. G+ 1 +cosfcosg
(2n+1)w<h27<(2n+2)ﬂ’elf;:f 2n+1 < ow <2n+2, ,a_l-cosa_ 1-cosf —cos ¢ -+cos fcos ¢
i.e. if the integer just below pw. is odd. tan 5 1+4cosa t+cosf+coseg +cosfcosgd
. . _(L-cos8)(l—cosep) . .0 . .P
25. sin 2pxr =g =sina, say; then 2pz=2n7+a or (2k+l)fr a; =L foos 0)(1 scos ¢) 3 5
nr o« kwr w—a
S &=—+ = Or ~— e, Where n and Lk have any

p 2 p I
integral value from © to 2p-~1. The two types of
solutions give distinet values for sin x unless

ki3
33. cos{coslw +cos~12x) =cos 3 =3;

©m.2m— (L a1 —de?)] =1

nr o kTt T-a (n+k)21r+7r _oy[(1 - (] —4a?)] =1 -da; . daF=1,

2 p 2p 2p _ _
is an odd multiple of w, which is impossible since 34, sin | /(72 ~ 4x2)] =cosa =sin (§ ﬁx);
B2+l . :
(n +2; 1 is not an integer. Therefore there are 4p 9 w42z
w2 - 4} = H
values of sinzx, 2p of each type; sin (2p + )z =g=sina; V{ } 3

2nw a (2% + D)y a

— + or o 4{w? —da?) =(m —-2x)? or (m +2x)%;
Top+1 2p+1 2p+1  2p+1°

- 2x=2m,or 47 +2x) =7 -2z, or4(r -2} =7 + 2.
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CHAPTER IV
EXERCISE IV. a. (p. 54.)

2 to 6. Express that the area “under the curve” lies between
the areas of the “ upper ” and “lower” rectangles.
7. The area measured by hyp (£) is a part of that measured
by hyp (t).
8. Take the upper rectangles instead of the lower
- in Fig. 82. Then e mestangles

hyp (2%)<{2-1). T +(4~2). 3 +(8 -4). } + ...
: 1
+(2"%2"‘1)-2k—_1=1+1+1+... to k terms.

9. (1) Aregs of _simila.r triangles are as the squares of correspond-
ing sides, sq{nt) =n?.sq{l);
(1i) If PN, SM, 8'M" are the ordinates w=¢, & =f+¢, 2 =t - ¥,
sq(E--2") —8g(t — ') =S'M'MS =3{(8'M’ +-8M) . M'M
. o ’ =%.2PN . 2t =4#’, sinco PN =2¢.
10. (i) As in No. 2, take ordinates x =1, =11;
(ii) Take ordinates & =1, #=11;

(iit) Take 'ordina.tes z=lLr=1z=2 =21; rectangle method
gives §+1+3<hyp(2§)<}+}+1: but a trapezium
gas in Fig. 38) bounded by z=1, =%, ie. area
2(1+35)-L=5, can be substituted for the rectangle
ofarea }: .. hyp (L)< +1+1=1;

. : 1
{iv} The tangent at (2, 1) to Y=z forms with the ordinates

z=1, =3 and the z-axis a trapezium, base 2,
average height 1, ie. area 1.

1
1. PN=_, CN=¢f—1; upper and lower rectangles have areas

t-1 and i:-;i

12 QM is oxdinate x=s; MC =1 -5, QM =1; areas of upper and
&
lower rectangles are 1o

1-s8
“ T> -hyp(s)>1 -as.

&
and 1 -s; hyp (s) is negative ;
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13, The rectangles have areas E, ;. hyp (t+hk)-hyp (#) is

h .
between these limits. tt+h

14. PN =-]:, Q‘M :é;
1 1 qz__?z
- PNMQ =L{g - (W+u)= ;
g -p) 2a)= g

: i1 .
similarly —PNMQ = fq( 5 "q-) (p+q), the sarea being
reckoned negative because when .

q=>p, ..]:>é; © PNM@ = —P'N’M’Q’.

" 1f the area represented by hyp (f) is divided up by a large
number of ordinates such as PN, QM, ebc., then the area

hyp G—) can be divided up by corresponding ordinates

PN/, Q'M’, ete., such that each trapezium PNMQ = —the cor-
responding trapezium P'N'M’Q’. By considering the limit

1
of this process, it can be proved that hyp (t) = —hyp (?)

15. The formula for PNMQ in No. 14 is ,unchanged when
: Ap, Ag are put for p, g. As in No. 14, divide up the
area hyp (#), from z=1 to z=t, by a large number of
ordinates such 2s PN, QM, etec., then ares hyp (M) —hyp (A),
from @ =A to x=Af, can be divided up by corresponding
ordinates, P'N’, Q'M’, etc., such that each trapezium PNMQ
—the corresponding trapezium PN'M'Q’. Hence in the

limit, hyp (Af) —hyp {A}=hyp ().
16. The lower rectangles give 1 +1 +54;=%; the upper rectangles

give 1 +1+1=1}%

1 L. L
1_ch< | O 1ntegra.1<50dx=1;

17. (i)

1 . gt 1 .

m@< ;,é; . 1ntep~ral<L§2-dx, for t > 1, :1_?.
t 1 et 1

Henceg =§ +i <l+(1——)<2.

o o N1 {

18. Take the ordinates x=1, z=2, =3, .., 2=n+1; the sum

of the areas of the lower rectangles iz 12 + 22 +3% +... +n?%; )

thig is less than the area under the curve from z=1 to -

n+41 .
r=n+1,ie. { wrde=3{{n+1)§° - 1}. Takethe ordinates
J1

=0, x=1, =2, ...,z =n; the sum of the areas of the

(i)
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upper rectangles is 12 +2243%4 _ 4+n?. this ig greater
than the area under the curve from z =0 to & =n, le.

n
greater than [ x?dr =1nd
0
19. Use the method of No. 18 with the curve ¥ =+/x; then, as
n+1l n
befors, vz de > 1+ y/2+... + yn >j v d.
h 0

20. Use the method of No. 18 with the curve y =sin (0z), 8 being
a constant; then, as before, if 0 <O 7/(2n +1),*

n+1 fi
‘ sin (0x)de >sin 8 +sin 28 + ... +sin nd >§ sin (fx)dr;
41 ]

. cosf—cos{n+1)0 . . 1 -cosnd
. i >sinf@+... +sinnf > 5 .

EXERCISE IV. b. (p. 58.)
1. (i) and (ii) are speecial cases of (iii} ;
diax) 1 1

oo d a
(lll)ﬁhyp(ax)=gl(—é~:~;)hyp{m). i Tam T

1
{iv) o —%‘m 0; .. hyp(ax) ~hyp (=) is constant, i.e. indepen-

dent of », and .. =its value when z =1, i.e, hyp (a).
2. (i), (i), (iii) are special cases of (iv);

(iv) ;ln . nxtl =g; S hyp (™) =n hypx-;—C,_ and x =1 gives
C=0.
3. (i}

Gy o O s

$+2'd(x+1 Z+2 (z+2)-{z+1)
r+1 dxl\z+2) x5 {x+2)2

l -
sinzeos

(if)

4. (i)
{1ii)

—— . cog&; (ii
sinx 3 ( )tanx

- secly =

.o—1
sinzcosz

- ( —cosec?x) =
cotx ( )

3 1 . Becim
- 1. cosee 2o =——. =1, .
1 ~3 2sinzxcosx * tanwm
8.~ is positive because hyp (&) is defined only for positive
values of z; .. hyp () increases as x increases,

A
b. (wiii} v l+$

*H wj(2n+1) < 8 < 7/2n, the last rect., area sin nd, is not wholly below
curve, but area above <} sinnf —sin {n + 1) 8} whoreas thers is a surplus
> 4(sin 26 —sin §) =sin 16 cos 16 > sin 36 |cos {n+5)8]=1 [sinnd —sin(n+1)8|
from first rect.

.10. (%[a:—-l—hyp(xn=1" =
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L_Z=1 this is + if »>1and - if

z
i from
0<zx<l; .. #~1-hyp(z)decreases as T increases
0 to 1, and increases as z increases from 1 to ;-l:_rut
z~1-hyp {g)=0 if z=1; .. it is + for all positive
values of x except xr=1.
11. If « lies between ¢ and i +4,

1
1 . o d ——:
iTaE lies between e T4t £ R)
t+h 1 . k LA
S 1_*_mzd,a: lies between iie and 1T G +hE

- h 1
d rt 1 o l §t+h—§t} _ ]_ixn.l. t+ B :
Also E—tgo 1 +x=dx“,}‘_‘3,h{ 0 ) k»oh-‘t 1 +at
lrw; 1 i

1 .
“but Wl T2 lies between —— and TrEshyp

1
the limit exists and equals TIE

1

PR R N | __V z? _ :—ldz
12, tan 1E=50_~1+x3dxwm_——22+1 s
w———l = m—_l —Et ! dz £ eonstant — tan—11.
- +L 1 +2% _50 1+szz ol+2?
- s a3
L’I‘he oxistence of 5 s dz was established in IVa, No. 17.]

EXERCISE IV. ¢. (p. 61.)
1. hyp (4) =2 hyp (2); oo 5) < hem 3
h 6) =hyp (2) +hyp(3}; hyp (8)=3hyp ; .
hyy§§9;=2 hiyp (3); hyp (3) = - hyp (2); hyp (}) = —2hyp(2);
hyp (11) =hyp (3) - hyp (2); hyp (2}) =2hyp (3) - 2hyp(2);
hyp (23) =3 hyp (2) - hyp (3)-
2. (i) hyp (3) ~hyp(2);

.31 .
(i) Put ¥ IT%; integral:!z-gdy =hyp (3) ~hyp {2);
3
(i) | hyp (@ + 1}]1 =hyp (4) ~hyp (2} =hyp (2)

13
(iv) [g,«hyp (2x+1)]0 =% byp (4} =hyp (2).
ab } b1 Uy | *
- =1 e d =| ~dy.
3 L xdw Slay i Ly v
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&
13 51 |
4.‘ ~d 55_ —, putting z =2
= T = [ ~dx+ amdx ,puttmgx_y,

Jy & 1%

2] 2n
5 and 6. E nm—dnglgdy:nhyp(m; but ;< hyp(2}< 1, see

L5
IV. a, No. 2.

7. Put x=ty, The area under the curve, y:l , between x =ta
xr

and x =¢b is independent of £

b1

—da:--g —dy,

1Y

fz] 1 1
8. hyp(z) > dx+§ +5 ~dr >l +r+ . 4o
q 1-1% EET T
. n+1] n+l ] 1
since { -dx>§ e Qi e
n = n N+l n+1

Also }43>2, 34343 +3> 6 b+ e

1
thus § +3% +... +-— > any assigned number
enough. [=]

) hyp (8% =g hyp (b); .. jghyp (69) =p hyp (

i.e. Ehyp (@) =hyp (a4) ;

(i) Ife =(—zl— » hypi{e}= ~hyp (a);

+ -i'l‘e‘ > TS“-, ete.;

k, if i large

b) =hyp (%) ;

P P
S hyp (a Q):hyp (cq)—mghyp(c) phyp {a).

2"} , z1
10. j —dx =, putting z=2%""1y, § ady, and this lies between
11

ar-1%

. 3 and §.

11. If CN=%, ON=1-%, PN :l—ik and hyp (1+%)
=ares ACNP <« trapezium ACNP =1 (1 + 1

1
—k -1k 1___),
( 1+k

12, In Fig. 40, p. 59, if KC =k, OK =1 -k,

, 1
P Kmm and —hyp (1 - k) =area P'KCA < tr

—1 I
(1 +1> k= Ic+7,-k( i ) k4

1
M) *

apazium P'KCA

2(1 k).

1.

2,

- 3.

6log %
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EXERCISE IV. d. (p. 66.)

z and y are interchanged. Omne ourve is the image of the
other in the line ¥ =x.
As x varies from — e to + oo, 2% steadily increases from 0 to
+ o and crosses the y-axis at y=1, The same is frue
of e22.  For approximate shape, see Fig. 44.
(i} ¥ =log = is the image of ¥ =¢% in the line y =, see Fig. 43 ;
(ii) ¥ =Jog (2z) =log 2 ++logz : move the graph in Fig. 43 a
distance log 2 parallel to Oy ;
(iii} y =log (2?) =2 logx, graph as in Fig. 43, doubling each
ordinate ;

1
{iv) y =log (E) = ~logz. Take the image in the z-axis of the
graph in Fig. 43.
(i) logz =1 +loga =loge +log a =log {ae) ;

(it) log x =loge —log b _Ion'g

(ifi) log (log #) =0 if log z =1, Le. if x =e;
(iv)log (log x) =1 if log x =¢, Le. if x=¢°. &
=u,8ee p. 63;

21087 = l08F 42 and ¢

zlog2 _ Jog?® . gz :
also log (e} =log (e?) +logz =2loge +logw, but loge=1.

a - . .
iz e®=e*=0; .. e%steadily increases as x mereases.
x

(i) The graph of y =e¢~® iz the image of y =e* (see Fig. 44)
in Oy ;

(ii) As = increases from 0 to o, e* steadily increases from
1to oo ; also the slope of y =e™ at (0, 1} is 0 and the
- eurve is symmetrical about Og.

(i) As z increases from 0 to o, e™™ steadily decreases from
1 to 0; also the slope of y =¢=* at (0, 1) is 0 and the
curve is symmetrical about Oy ;

1

(iv) As x increases from — o to 0, €° steadily decreases from
1
1 to 0; as' x increases from 0O to o, &° steadily
1

decreases from +o to 1; ¥ is not defined at £=0,
! E
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d ) 1
8. EJE {x Iogx —SU} :logx +x ‘:,E)_ 1; j_ntegral m[xlog T _m:| .

8.

10.

12,

14,
16.

17.

18.

20.

22,

24,

25.

ADVANCED TRIGONOMETRY

. 1
but if z is small the slope of y:c5 is approxi-

- . .
mately — 53 thegraph is asymptoticto y = 1at each end.

{v) The tangent at (0, 1j to y=e® is y¥=x+1; hence
y=z-+a cuts y=e® at 2 points if a> ¥, but does
not cut it at all if a< I (see Fig. 44).
t

H

d . t
djv{(x—l)e’"} =% +(x—1).e%; integral:li{xwl}e“’] ;
] o

In Nos. 10-25, the following theorems are required :
O WL L
de “dz dx’ dx Tlde T Tde’
S, o
(i) d (z_&) - d dz
dz \ v vl ’
. 1
x. - —logw
logx.2x+a:2.}. i1, %
x x2 .
N d{e®®) dax)
log (x> = ~logx, 13. T (aw) e =e%*, g,
Asin No. 13. 15. 08T =z,

See Example 1, p. 63.

log (sec ) = —log (cos z), see No. 16.

As in No. 13, i d(ebon’x) ) d(tan®z) . d(tan )
: d{tan®z)  d(tanz) dz
d d cos (e%) d{e%)
exp(xsecx) - -— (wsecx). 21— B

P Vi ¢ ) d{e® - dw "

d {coszec (log x}) d{logx)

Aoz ) pral 23. log{a +bx)® =nlog (a + b},
1 .
m‘é‘*:z . (6 -£ :1;)_
(i)cotf.seﬁ?-.l,: ! ~
2 % = osin® z sinz’
smécosé

z—-1 5
gy, £V _afy_ 5 .
28. 2x+3 "‘5(1 2x+3)

EXERCISE IVp (pp. 66, 67)

(i) As in (i), ———
in 2 E+f
sin ( i 2) \
y (i) x + 4/ (a? +a?) {1 + Ve ra2) )
. i Vet e
Tr+(er ) (af+ah)
26. By.inspe,ction, or put 3x=y. 2T. g—g—% = E;E}:L_E

29. By inspection, or put 8z =y.

1

30. Ee“dx == . &%,

a
31, Putb 2 +3 cosx =y, then

—3sinx.dz—dy and integral = — 1% dy.
32. Put z° 4+ 3z + 4 =y, then (2x +3)d» =dy and integral = E dy.
33. Put logz =y, then %dx #dy and integral :?y dy.
' x L& . {2
34. Put tan 3 =t, then § sec? 3 dx =df and integral = \? di.

35. Put x* =y, then 2x . dx =dy and integral = iée”d‘].

e
e?s 3a:dx=[_.;d(.sm 3w)’
sin 3» sin 3z

dx _ e~ Tdx _ _d(e—m_l_l)_ .
3. §1+ew_£e—x+1‘g el log (e™®+1).

38. These are the reverse results of No. 25. The results  in

36. S

(i) and (ii) may be obtained direct by putting tan &1,
2dt 2

then secz-xz- s Ydr=dt and so dr=

1+
: 3x+1 1 2
8 TTTrritrov
40 3 +7 B 2 1 1
‘A D@+2)z+3) 2+l 242 x+3
2 -1 1 1 1
41, S X F z

"m{w -2 x a:-2+(x‘—.2)2-
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4

3]

43.
44.
45,
46.
47,
48,
0.

50,
51.

52.

53.

ADVANCED TRIGONOMETRY

1 dd(z? + 1)
LI = - )
ntegral Kx 3 a:z-e-l)dx log (x —3) j Il
#  (@F-1+1
s1-emr U -1
mz
(ais—a)(m~b)m1 a- b(x —a m-— b
Eiogwdx:jlogx.l.dz:(Ing).x gmédw
1 )
Exlogxdm_ -logx - 52 ;dac.
n] d = +11 1 1
gac o @ dr = -t ogw—gn-{_l-mdx.
S:ce"’da: x.e% ~ [ d—:—cdw =xe% Ee‘”da:.

xZeldr =22, % — [e“’ . 2z d», and then use No, 48,
log(\/x) =§~logx; then as in No. 45,
Put P= ie‘m sin brdz, Q :Se"“’ cosbxdx;

d,% (e?® sin bx) =e*F(a sin br + b cos bx) ;
. %% gin br =aP +6Q ;
;E (e%* cos bxr) =e**(a cosbr — bsin bx) ;
S, ¥ cosbe =aQ ~bP ; solve for P and Q.
%_(xﬂogw) =2xloge +2 =x{2logx +1)=0 when logz= -},

. S 1
, and is — or + according as & < Or >

that is x:——l—
Ve Ve

. 1
hence a minimum for x =—‘\-/-—.
e

d flogzy 1-logz ; .
d_x(w%m)*_mz— =0 when z=e¢ and is + or — according
as ¥ < or > ¢; hence g ma.mmu.m for x=e; the
loge 1

max. valuo =

e

L
ogm is undefined if # < 0; when @ increases from 0 to e,

lo - 1 .

_g_ steadily increases from — o to o when z increases
logx R 1

from g to o, w—Em steadily decreases from - to 0, see

&

T

W

EXERCISE IVE (pp. 70-72) 69

g

Example 4, p. 68. Draw the graph of y —1 ; the line
1
-y =A cuts it at 1 point if A< 0, at 2 points 1f 0<A<—e,

1 N 1
at 1 point if A == at no points if A> >

EXERCISE IV. e. (p. 70.)

[y

t 1 +b
loge<t -1, putt—zfort. 2. 10gt>1—? putga— for ¢.
1

(-]

. In egn. (18), put 1 +z for & 4. In eqn. (I8), put i—i—x for t.

(]

. By No. 3, z >log(l+w») if z> -1, z+0; Soet =14 I
g=0,e*=1=1+4+x Ifz<~-1,e>0>1"+x.

6. Write ~x for # in No. 5; then ¢ %zl ~z;

1

e“éi-%---,and forz>1,e* >0>1—m

+ for z<1,

-3

L p=0, log{pP)=plogp >p(1 —2—:’), by eqn. (18), for p+1,
1 e\’
=p-1; . p3’>e‘-"‘1:g ers . (ﬁ e, unless p=1,

lo g_ stea.dﬂy

o

. As in IV.d, No. 53, -——(Ing‘:) is —ifr>e;

decreases as 2 increases from e to .

1 h) K
Or _c%__(i%_m)__oi_w’ where k>0, x>0, has same sign

as xlog (e + h) - (x + k) logw=x{log (x + h) —logx} —hlogx
_zlog(l +-) ~hlogz<h-hlogw, by eqn. {18),
< 0ifx >e.

An+Nlogn ~nlog{n + 1) =logn —n{log (n + 1} —logn}

=logn ~nlog(l + 1)>10g'n i, byaqn {18), >0 fn>e;

. logn®tl > log(n +1)%
10. In Exa.mple 3, p. 68, write 1 +x for a.
11. In Example 4 (i), p. 68, write 27 for x; then
log (z%) plogm

— —>0 when 2P ;
@

butif p >0, 2—>w When P> .
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12. In Example ¢ (i), p. 68, write 2? for z; - then
2?log («F) =pxFlogx — 0 when P> 0
through + values; but if p> 0, 2—>0 when 2?0,

13, As in Example 6, p. 69; here 1w, =~—-10g(1+ )>0

by eqn.(18}). Also, by eqn. (18), logn

i~

7
logn=S"1o L>.1+_1 - ll
g 22‘ gr-_l £l §+ -+n’

. 1 1 1 :
. =1+(%+.1+...+~-1 )—— e 1.
" =s P A
14. Whenn >,

. 1 :
Tt F g st -10gn5{1 T S +$—logn} -

—7y since £—>O, see also Hxample 6, Pp- 69, 70;

. i
. byNo. 13, 1+2+1 4., +m—logn<yfur all values
of n; take n =2, then 1 ~log2< y.
15, Expression = {1 R o R +211r—b—log(2n)} +log &
—v +log 2 when n—w .
16. Expression =Il 1 1 1
Xpression \ +._+...+2n log(2n)J—

!

I
1+3 4., +E—lognf +log {2n) —log #,

but log (2n) -logn=log (2?”) =log2;
. expression—y - +log 2 =log 2.
. 17. Expression = {1 +3 4, +%b —log (2n}}

1
—2{%+-}+...+%—§Iogn} +10g32n ~logn

| 1 ] 1
=il 4+l 4. - —log(2 —jl Ft.o.+--log :
R g n)J' L tite - —lognt +log2,

2n
as in No. 16; this tends to y —y +log 2.

.18, Expressmn—f1+‘.+ +——10g(2n)f

f 1 1 1
—ti+l+ b —-Lllogn}l +log2n -lo G
E 5n ~ 1 logny Hlogdn —logn + s

EXERCISE IVE (pp. 70-72) 71

: 1
={1 R +—‘;1r—b—10g(2n)} “%{1 gt '*“;?;“105’”}

, as in No. 16;

1
log 2
B R |

' 1 .
but when n->w, S ri -»03 . limib=y -4y +log 2.

19. If w,=1+1+1+ +v—1~_—-110gn,
: fs T TR ¥ )

1
I_unwg—y—inwﬁiog(n—i—l)—bl‘logn
1 11 nfl< 1 (1_ n)
F3pgd TR TR Semid R n+l/’
1
“Snrd 3n+3
u,, steadily decreases; but

Uy

by eqn. (18), < 0; .. when n increases,

—Llogn

un>%'+'¢1§+'“ +3n+3

L \

>-.1-I1 +r+ . +--logn; >0,
.sl B n j

by Example 6, p. 69. Henee, as on p. 70, u, tends to

alimi’c ¢
20. log —1og(n+p)—log(n-l,
f10g (m) ~log (m - 1)}
“ ntp
n+'p I'4
=Z]0g >V,"‘k1_m__) by eqn. (18),
- m—
n-i:?l 1 1 N -_1-_
= %ﬁ n n+l’ w+p
Similarly, . s
11 mEegt I 3
Iogn+p - z log i< ( 71),
e n+11 m - n-+1
ntpt 1 i 1 1
= N L e 4+ —— . Put
by eqn. 18, %’1 T RtaTi T taaps BO

P =ng - ", then‘ %.}.;;m—- +... -1‘-% fies between log %——

1
I> and log (q + E) H

and log ng + 1, i.e. between log (g + ‘i

- each of these tends to logg.
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EXERCISE IV. f. (p. 72.)

1

1. Y PP

Z+ 4/ (2® ~a?) |_1-‘ \/(xz—aﬁ)}
1

_ V(@ -af) +x
z-+ /(2% =a?)  y(xE—a?)
] ‘
2, By No. 1, [de =log [x + /(22 ~a?)] ;

. 25 1
. integral =%f

Jys v gyt = log (26 + V(25 - 4]

4-5

—log [1'5+ +/(1:52 - 2)]} =1 {log 45 ~ log 1.6} =1 log E .
3. By partial fractions,
. 3 3 2
mmtegral =KI1 +
o sy e N P
4. Integration by parts gives :
[m"’rle-"’ i =ghtl e"’-—je“’(n + Danda
1 =gnHle —(n 4+ l)gwﬂemdaa.
5. If y =2%, logy = Iogz; .. yis a maximum when x =e, see
solution of 1V. d, No. 53.
6. @z _asin (logx)+bcos (lqgw) .
de @ x ’
Loy .
K@ = —asin (log x) +bcos (logw) ;
A -
S ( dw) === [acos (logx) +Bsin (log 2} ;
d*y dy Y d2 &
gt LT T Pgatel=—y
dy d2y d
ke ZY KX T 7% _
7. Ity =eb®, dx-—k.e =Ky ; e (T:l’:_kzy;
SRR =Bk +6)=0; [ (b—-2)(k~-3)=0.
8, y.eM™T=gsin(nz +a); .. differentiating,
dy
g em® L my . €™ =an cos {nx +a); differentiate again ;
L a2y d d
N (E{-’;—é . emx +mCi_Z . ema:) +(mt_i;% . ema: _}_mﬂy . emx}
= —an®sin (nx +a) = - plyeme,
&y ay ..
== +2m % mly = —nly.

S e

EXERCISE 1Vr (pp. 72, 73) 73
9 w@=e“"(sinx+cosx}=eﬁ. 1/2sin(sr:+t>;
T dx 4
2 2
. similazly, gfg:ex . (\/2)ﬁsin(m+—g), ete. ;
and %:e‘” (/28 .sin(x+4u_§>= —4e¥gin x = —dy.

10. logy %xlogm; }';%z'l +log z =loge +log x =log (ex}.

11. Integral :g}?e“m {1 —cos2bx)dzp=1 {Sea’dx - Se‘”cos 2 b dw}
_afe 1
TEl e o+ dl?
by IV. d, No. 5L

- ¢%% _ (arcos 2hx + 20 sin 2bx)} :

. 12. For graph of logwz, see Fig. 43, p. 63;.1ogx<0 ifae<l;

.. log (log z) is undefined if < 1; when x—1, (z>1),
loga~+0; .. log(logx)— - ; when @ incresses from 1
to e, log (log ) steadily increases from —w to 0; when
« increases from e to w , log (log x} steadily increases from

‘ . . log (log x)

0 to @, but less rapidly than logxz; in fact W—}O

when z—»®% , by Example 4 (i), p. 68.
13. By eqn. (18),log (v < v/t -1, £>0,84 1 . Llogi+1<v/1;
but log (%) =2loge +logt =2 +logt.
: I =1, log(e®) =2+/¢.

a Lot (L+ap-d
14. Put B—l-i-:c, then log (1 +) = 2ab  2(1 +a)

_@x-&-x”l}{(li —z;i)-wz *¢32¢2x fzz e =z — 3t + 35

15. By Example 4 (i), p. 68,
i 1

log (2%} m;lclogm—>0 when v—w; .. #*—>1.

16. By Exampls 4 (ii), p. 68, .
log (%) =xlog z~>0 when £—0 for > 0; .. 2>

1 1
17, (logr>1 — S 2logt 1 -5

i, L 1
(11)10g~./t>lmm, s :jlogt>1—\/t?
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1 1 i *
(iii) %(1 gt-2>:ﬁ(1 +t)(1 —Z)< (1 —%) since ¢ > 1; writing

/¢ for ¢, this becomes

4(1-D<(-L)s < mwems(1-3)

gives moré information than
Iogi>1—1 or logt>%(l~~1§).
18. Inlogt<t~1, put t==+/z; then Llogz=log /&< +/x — L.
19. t-12={ (1-2)4 (1-—)
= So{ ) x<I0 iy daz, for t > 0,

log(1+0)< | (1--2)a i
=log (1 +8) < - =t ——=
gl {0( 1+z) =TT
_ LA _ 26 +12
2{1+z)_2(1¢t)‘
20. In No. 19, put t =z - 1. Or = <1 w fora>1; oo fort>1,

tg t
210gt=§ %d:r<§ (I +—é)da::[m—}] =tw-—1-.
1® 1 @ x |r ¢

F2 { et x? i f
2L - = 1 - i -z -
PR e ]0( $+1+>dx<‘ (1 .’L‘-F-l_,_r) dz, for
i1
1>0, =[ l———d:v——!og(l+t)<\ (1 -z +2?) dz, for t>0,
=t-ie olzs
22, p=g; o opeTt>gen¥;

pe® +ge¥
. et e
sinee ¢® +67% = 0; similarly, pe® +qe% > g(e® +e~%),

23. (i) Xxedm e §2xe"dw

Loplet et mpetbge®; o p >

=x%% — 2 fxe‘” - ‘e”dx} =gle® — 2xe® 4+ 267 ;

{ii) By IV o, No. 5, 1 +2? < e < e? since, for
O<ax<l, a:2< &

1 1
5 x? (1 +x2}dw<§ m-e“ﬂda:<[ xe® dx
o

1 1
=[ -2z +2)e{| =g —2; also [ 22 (1 +2%) dx
0 4]

550

4

—_ 8
=15

-

+

2ol *‘E\,
-

EXERCISE IVF (pp.

72, 13) 75

24, By eqn. (18), z>log (1 +2) >~ —;
. 1+
t t .
. ‘ mzdx>g zlog (1 +x)dx>5 —— dx, fort>0,
lo 0 ol+x
t ol
>5 m—ldx
gx+1
25, Forx>1, p >0, we have 2P > 1; .'.—xw>~; T

1] t 1
logt<
s logte =
€ P

£
=5 (@ - 1)de =1 -t
v

H 1
g P ldy = g
1 r b
Now given any positive number 5, it is

possible to choose p, so that 0 < p < n, then
logte ¢ 1 1

S pin ptr p P’
logt
where 1 ~p >0, so0 that —0 when —5® ; -
being positive, tends to 0 When b,
Ii t=e¥, logt=y, and y-»o when t{—ow. Hence

4]
.§L—~>0 when y-—>w ; . if ¢ >0, (E%) ‘—->O when y->w,
a g :

t.hus o putting ng =7, tends to 0 when y—, for

e
r > 0; this last result is obviously still true for g < 0.

26. For 0<9<%1r, sin < 0 << tan 6;
' y 0<log(ﬂeosec ® < logsec™ §;

n n
puttmgﬂ-_ ) hmlog( xfn ) =0, a.ndlim( x/n ) =1.
R g oo inxz/n e \ELIL [0

"1« fcosec B < sec §;
.. by Example 7, p 70,

EXERCISE IV. g. (p. 74.)
steadily decreases &s x increases from 0.to 2 and
«/2 1/5 forz=0,1, 2;

_{ ! dx + : ! dx
_So V(1 +2%) 51 V(1 +-’02)
<E m;wg A gl <1915

1v2 V2

1
idw:_—-+—1—>1-15.

\/(1 V(1 +a%)
takes the values 1
. )
_L, VT

. 13 2
and integral >§ ——dz + [

0 V2
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7 n 1
2. S N Tt 5, _gnﬂ-p (R3] -
24 ’%L X xﬁﬂl aPdz ~—p+l ; and similarly
. noy n 1
series > E aPde =| aPde = .
,;1 -1 LF * r +1
3. tan‘in=r 1 dx
T ol +a®
L I I L
~ 1
— e il - =
;g,_ll-fmxg >>i-41+r2>214( 1+x"
11
m—L 17t dz =tan=*(n +1) —tan~—31 =tan"1t oy

r
; . %1 (2 —1)logwdu >0; but
. Fad
integral =[Iog u{Fu? ~ u)—l - S {u? - u}1 da
41t w

4. For a>1, (z-Nlogae >0;

2 B

:(-_}mz —-z)logx g[} 1-{ -
- 2 1
=(}2? -a)logzx ~latta+} -1
=i{2zx(z -2)logz — (x® ~ 42 + 3)} ;
—4x+3 - 2x{x - 2)logz < 6.
1

. ot
5T y=1, [ \/(11 _ dx-:[‘ ¥ _;ﬁy:iwglm_d

vT=a) T Tl Ve Y T Vo Y

‘. the sum of the integrals— [ W_}_* chi i
independent of ¢. = o v{1+yh) A, whieh s

gwb_ad—bc .
SRS Radev but ad, be are negative and jbc] > |ad];
L be<ady also ed >0 ad;bc>0_
&

7. From eqn. (18 ; I 1 z
qr. (18), putting t_l—z’ z<1ogm<]_wz_ or

<l —_— —_ d - -
< log(l z)<~—~£, Sosinee O<a<] and Coy< 1,

we h 0< —~
ave 0< —~log (1 - a:)<w—x and -log(l -y} >y >0;

~log(l~7) = 1
Q; similarly, -log(1 va:) >z >0

~log {1 ~y)
and 0< —log(l —y)< 2, - —iog(i-z) 1-y
Ty’ " Tlogi-g)” " Ty

EXERCISE IVe (pp. 74-76) ST
8. (1+4s)?=1+s+1s* > 1+s;
. log (1 +t)-—{ ! ds >V ___1#558
1+s o(1+3s)?

= __.2_.i|t“ _fw+2
- 1-{-%8 0_ 243

9, Pub t=x —1in No. 8.

12 1 1
10. {1-=) >0, for s £1; -.%(1+w)>—; sodors>1,
s/ & &

1 AN | 1\1* ) 1)
gr=} — L - ={ifs-= = -=L
logz Lsds<!1“\1 +Sz)ds ‘[2(3 8)]1 %(x =
11. Put x=t+1 in No. 10
12. Write v/« for ¥ in Nos. 9, 10, and note that log 4/ =} log .

P '
24z 2(2 :v_l)

for @ in No. 9, we have Iog2 w> ~—§:—z———w~,

2 1
13, Writing 5

21w 22
2——W1>O, 1LC. ~2-—_"—>0

. 2+
provided e L e g—

. 2+ . 24
e 0« z< 2 Hence'log o-— >, Le S—=>e%
Z-x 2-x

1
14, In equ. (18), write 4t for ¢; then log(t") < Mt-1;
1
. logi< Mg -1

1
(t-1). = -log? :
iogt ¢ 1 1
18, dz(z—1> oI w(twl)2(1—¥wlogt)<0, for

I 2 .
t+ 1, by eqn. {18); .. ig_f—% steadily decreases as [ lncreases

from 1 upwards.
In Fig. 31, p. 52, if OC =1, ON =1, area ACNP =log¢ and

CN=t—-1; .. ?’r-—average height of hyperbola above

the asymptote Oz, and this steadily decreases as ¢ inereases.

when ¢ decreages steadily down 5towards 1,

1
16, If f=1+4+—,
& . .
x inereases steadily through positive values; also

logt 1 1)9c
t—:—i—-mlog(l+5>—loo(l+s—c .




78 ADVANGED TRIGONOMETRY
17. By eqn. (18), logt<t—1,4+1; put t=1 +al:; then

I
108(1 +“)<E, where > 0;
: z/ T x

* log {(1 +£)x} =3 jog (1 +£) < L

18. By egn. (18}, putting ¢=1 +z, l—i—5< log (1 +) < x:ima:;
for @ > —1; , log(l +2) les between the extrerne values

of —Z_ which correspond to f=1 and § =0.
I+ 6z
19. (i) As in No. 18, m< log (1 +=) <z;

1
" 1
I+% xog(1+-’*‘3)<1 for z>0;

1 i
. Elog(l +x}=log {(I +2)*}-»1 when 20, x> 0;

:
Tl ta)E-se;

(i) Write i for # in (i}
. &
20. Asin No, 18, m<log(l T} <@

[1 x llog(l +a)

’ T [ x<[ 2 dw
T o (1)1 +at) <.0 1 +a? Jg 1422

1 - N
=|4log(1+22 =+ log2; P —
|:- og ( +x)]0 tlog2; also ST
1 b 1 1 -
=1y = e . .
RN T 1"“5"}’ ) §0(1+x)(1+x2)dx

ll

${tan=z +1log (1 +22) —log (1 -i-x)'}]l
0

=4{tan"11 +{log 2 ~log 2} :%(—T —~%10g2).

S (Flogx 0 —logy ) 1
2L (i) L 142 dx = L 1+ ( dy, putting x —37,
y*

r log y log
= o
ol+y* 5 1+

+0 .

EXERCISE IVe (pp. 74-76) 79

L [Plogx _[Plog(ey) =r‘logc+logy_cd ’
() 50 ﬁi—éﬁdx:o“{o 1+c“y2'cd 1 4 cty? )
logy = - mﬂwd = ~lo c.l:lta.n“lcy]
: .io T+ e2yt y= 50 1 +c%y2 Y gC-1¢ ¢
1= wloge
= -logo . g= g

o a0 o0 - ﬂ_zdx
22. D(n)= ge ghiemide :|:x"—1 A we—”’):L) -+ L e %(n - 1)z

a
=(n l)g # e~ %dx,
0

since a2l %0 when z—w by IV. f, No. 25, and
xt—1lg~%.50 when z—=0 forn>1; .. I'in)=n-1)I{n 1)
for n > 1.

Henee writing # +1 for n, I'{n +1) =nl'(n) for n > 0.
= o0 \
But I‘(1)=[- e tdr = [ *x]o =1; . T(@)=1;
0
T(3)=2I(2)=21; .. T'(4)=31(3)=3! etc.;

thus if m — 1 is a positive integer I'(m) =(m —1)!
’ . e
10
23‘ f(ﬂ' + 2) = 50 %mﬂ+l . 232'6"”2 da? :[.:’_xﬂ-i-l ( — ewm&)‘JO
o]

0 .
+§ e"‘zé(n+l)mﬁdm=%(n+l)g e~ grde =L{n +1)f(n)
0 B o

since x™te~ 0, when x>« {see 1V, f, No., 25), and
gtie—%® 50 when x—0 for n > —1.

. 1 -1 n—1 dﬂ’:
24, (1) Put z=1-y, B{m, n)= gam (1 —2x)

R N L
“—“gly’“(l —y)"tdy =B(n, m};
(il) B(m +1, n) :E)xmu —z)tdy
mﬁw""l(l —z) 11 ~ (1 —2)} d
:X:x‘”‘-l(l — ) lde ~El:cm*1(l —zyndy

B 1 1 4m
=B(m, 7) -[(1 ) - %n_to+ go%d(i o
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13 .
=B(m, n) +L?7% Cam( —n)(1 - ) da
=B{m, n) —?%B (m+1,n);

hence B(m +1, x) . f1 +ﬁ} =B(m, n);

(ili) Pub x =sin?0, then dv=2sin 6 cos § .db and (1 -x)=!
={cos®)""1 =cos? 20 ; andB(m, n)

2

[ Sin?™20 _ os2R20 , 25in Hcos O . dag
o

e

{iv) By (i), Bim + L, v+ D=2
mAn+1

B(m, n +1)
m -

T T g1 B+ L m), by (i),

7 n .

TmEntl o Blms n), using (ii).

1 1 .
Tty y‘:S —dy, for x > 1,

ksmcel+y“—2y (1 —y)2>0,i.e. 1 +4% >3y,

25, tan 'z - = 5:6
4

ie 1 ! 7 3 1
N §;> ﬁgi, and Lé:—ydym-_flogx.
26, d sind fcosh —gin @ cos B {6 —tan 8)

<0 for O<f < ;

as & FH] = e "
sin @ . -
S steadily decreases as # increases from 0 to -
5] L
snd_ 1 - ‘ S
O >y for0<b<g; o ot 2
& 3 cosec < 55 < B Also

[11 a0 {1 I
0g; _—[ 0g 0d0= ! flog 6 - aJ —cloge - c+1:
but by Ex. 4 (ii}, p. 68, cloge—0 when e—»9, ¢> 0;

. the mtegralﬁe.l
1
o8 (e) 90

[(log2w10g9)d6 [Blogfz elogow}a

€

SR |
]

Also X log cosec 0 df <[

€

t~|=t

M%

z[ﬂiog ] }00—4 —elog-—

EXERCISE IVe (pp. 74-76) 81

2 .
but, as before, <log —‘-; —e(log 2¢ —loge)—>0 when e—>0;
T

E log cosec § d@, being positive and steadxly mereasmg'

43

as e->0, remains less than a fixed number, - log — , and so
tends to a Limit.
97, The existence of the integral has been_ established in No. 26.

Put § =12 ~ ¢,
: .
\"mg (sin 6)d S log {cos $) dep =5010g (cos ¢)dp;
o jid

sin 26
{10g(coaﬂ +log {sin 0)} db = ‘ log(-—_——>d6

—
in o

23

-_S {log (sin 26) —log atde.
Put 26 =1}, then

_g"

)
=2§ log (sin ¢) - Ld,
(]

PAEY

log (sin 26} 40 = g log {sin ) . $d¢

-
sinee log (sin ¢) is symmetrical about ==,

ii ’%
~logsingydg=1; =~ 21 :1»-§ log 246
.0
Tlog2; - |=-zlog?.
:l—-—z-log2, A 2log
Mog {1+ 7 putting @ =tan 0
28. i:io i dx =, putting
Z]-?—g(w--el sectd d@:rlog(l +tan 8)d0
0 sec?l o
3 T . T
:r log{l +tan (E ,,¢.)} d¢p, putting 0 =4 $,

B
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i-tan ¢ 1 2
=["10 f1+———————}d =} log ———r
o 8 TT+tand ¢ 50°g1+tanqbd‘f"

o

r
:iolog.‘?. .deg —L)log(l +tan @) de =—j—;10g2 -1

[
w|

K]

21 :E log 2.
28. By (18}, Ch. IV, if a,+ A, log (e JA)<a /A-1;

" ifral, @gs -.. » @, are not all equal, 3 log (a,/A)<n-n,=0;
L log (ag gy .. a JAMY< O L gy gy ... @< AT '

CHAPTER V

EXERCISE V. a. (p. 82.)
1. In eqn. (8), put x=1.
3. In eqn. (5), put x =2.
2n 1 1

' (2n+1)!“(2n)|_(2n+1)1;

series :(—!— ) ( )
21 4‘ 3 5'

=(1 -cos 1) ~(1 —gin 1}.

2. In egn. (8), put x =1.

5. In eqn. (6}, put » :;—r, series =1 wcos;j.

6. In eqn. (5), put # =2, lst series=1+sin2 =(sin 1 --ecos 1}

. 1 1 i1
2ndsenes:(l+1)-—(§~!—§-—3—!)+(E+§)—....:sin1+cosl.
1 1 1 1 T 3
T.cosl==l—o—4—— =3 — ¢ = il
ntn gty 8 sind St G 6 G5
xa

9, tanx ~sinx —tan {1 —cosx)=z . — =3ad

F
10. Sinﬂi:;}(l —os 20); pub =28 in egn, (6).
z 1 2 1
1, — == = 1 & x
sin @ l—xj a={-y) 1+y+y Where;y._E 36
6 120 .

12. (i) sin (E + m) cosT = —’\;— (sinx +cosx}cosx

2
=2 ,/2(sin 22 +1 +cos 2x) ;
use equs. (5}, {6);

EXERCISE Va (pp. 82-84) 83
(ii) Putg rm=y,
expression =gin y cos (y - Z") = ‘;}ﬁ siny(cosy +siny)
=1 4/2(sin 2y +1 - cos2y), use egns. (5), (6).

13. cos®z=21(3 cosx +cos 3x); use eqn. (6).

! ) 92 4
14, 2520 o in 6»-:—(3 ——+8—)

2 24

g 6 g 9‘)‘1
—@‘E+ﬁ@ (1-%+

g g5 63 B‘l) 62 9%\?
—(9‘* 120) [”(E—?ﬁ +(”€_7_2)]

. o3 95) gz g
_‘(6 % " 120 (1+6+72)
a® 2:05 1727
15. By method of p. 82, tana =& +3 + ¢ + 3157
T "a:“
hence tanz — 24 ’oan§=‘-—11m~—~3—+§w6+km7wherek>0

2:::3 % du?
by eqn. (5), 4 sinx ~ 15w== ~1lw — 30 T

2
186, cosec“:c——lg=(.w ) 12( --—5—111—3;)(1 +S_II_1_$_)-
T ginz/ « a x

1 22 1 gin 2 1_
TR T A R A Th

From p. 80.

y xlz(l_smm)_ . Also %—ﬂ Use cosects =1 +cot?x,
17, sin (8 +¢) =sin § cos @ +cos 0 sin o==sin 8 +a cos o;
sinf+a afl —cos0)
sinﬂ»l-acosﬁ— sinf+acosf
1-~cozs8

7}
.....]_+ W—l+am§.

18 First approximation is 1 —$6%=268; .. 0= -2+ +/6=045;
put §=0-4d+a; cos - 45) cos a —sin {+45) sin a =09 + 2a;

neglecting a?,
.. a[2 +sin (-45)] =cos (-45) — 0-9; -45°=25°47";
5004 - 0-9

T8y 4349

_expression ==

=-0002; .. 0=-4502.
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18. Put 3:3’2’5 ca=dTf; sin(4-T - B) =(47 ) . cos(47 — B);

. sin(47) = Beos (47) =(4-7 — 8) . [cos (4-7) + Bsin (4-7)],
neglecting 3%, —4-7cos(4-7) +4-78 sin (4-7) - B cos (4-7) ;
. 8 :Z{% —cob {47} =0-218 - cot 260° 17/=:0-2;
o G==4-7-0:2,
If we put 6=2-5 -y, we find in same way y==0-047.
tan(6—¢) . . . tan(8-¢)-tend A
tan ¢ P tan(d -P)+tand 2+A7
_ sin{f-24) A
TV N Y
. §-2¢==iAsing;

s tan ¢ ==tan (10 - }A sin 8)=~

20,

== 1A, neglecting A%;

tan 18 - 2Asin €
Vxtan 16 . Tasin 6
@ {tan 18 — 1A sin 6){1 ~tan L6 . LA sin §)
c==tan 6 ~ 1A sin 8 (1 +tan® L6)
=tan 1§ - Utsm 16 . cos 28 . sec? 18
=tan L8 - zktanéﬂ
1-cosx m)

21. (i) 2(! ~cosa)— = sin x=2smm(m—— -3

,
=2 sinx(tan%-%);

z .
but for 0<2<2 ta.n§>§ andsinz> 0.

(Y H y=x{2+cosz)-3sinx,
d
Exgm2~2cosx—xsinx>0 by (Hior b<x<w;
. ¥ increases as z increases; but y=0 when z=0;
L y>0for Q<<

Or By 1}{ {2(1 ~cosz) —wsinx}dr>0; evaluate the
'@

integral. _
2t 28

x -
22. Ift:tanE,tanx . smx:——l & TP

4f2
- 2 .. 2
1= t“)ﬁ 4 tan?® - >4(2)
Cootena  sing >x?; butsinz>0and x>0
tan-x x

= —_
x sm ¥

23. 6 =sinf +;

EXERCISE Va (pp. 82-84) 85
5
3151
in turn in this expresston.
1st approx., 8 =sinf;

Substitute successive approximasions

sin® ¢
2nd approx., § =sin & + 51 H
. . sin®f
3rd approx., 0 =sin 8 +§(si.n 6 4 1sin®6)y e
' . gin® @
=gin 0 +2(sin®6 + % sin®6) T

24. Same method as No. 23. ¢ =nt +esin P,

1st approx., ¢ =né;

9nd approx., ¢ =ni +esinnt;

3rd approx., ¢ =nt-tesin (ntte sin nt}
—ni + e sin 1t cos (¢ sin nt) +e cos nt sin (e sin 7d)
et +esinnt +ecosnt . esinnt,

95. e¥~1>0if 23 0; ‘(e-— Jit> 0 2> 0; - e¥-z—130;
B

; (ef—tﬁl)dt>0 i 2>0; o e‘”~—%—x-—1>0; ote.

26. f(@) =1-e~F>0 i £>0; folw) = 50(1—e~f)d::x-1+e—w>o;
x — .
falz)= g (t#1+e*“}dt:—2~_m+1— z0; ete.; . ason

p. 80, ~
' w1 -E L _L BT e
2' (8r - 1)1
T (EZ m2T _ .
<1 1' ...+(—2?j”!=‘—82,.+1,
L0 {Sapp )<(82,.+1-sgf)—>0 when r-—>w; .. by

the argument on p. 80, 8, and s each tend to e
when r—>w®.

EXERCISE V. b. (p. 86.)

1. (i} In eqn. {11), put z=1;
(ii) In eqn. (11), put x=4;
(i) In eqn. (12), put x=3%, sum = %100'
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2. {i} log{z +a) ~«logrz=]|.ogﬂJ Ta:iog(l +§) ; use eqn. (11‘);

. & —
(i) logz —logy = -Ioggz ~log (1 —%); ineqn.(11), write

@ — ' . x- -

- xyfora:; true if-1< Y <1, i if ~2< 2701 <0,
x x ’
¥4

. 1 x2-1
(iii) Left side=-log (1 - —) = ~log e ifa?>1;
2%

22 .2’

log -2
iy

1
ST ~lo8

< 1, which is true if 2> }.

right side --10g1 g, where y =

1
2 2
3. (ii} log (1 ~=2) +log {1 + 3z) ; expand each separately ;

(ifi) log (1 + 5 + 622) =log [{1 +2z)(1 + 3z)]
=log (1 +2x) +log (1 + 3x) ;

(iv) log (1 +x)? =210g(l +@) ;
+Iog2 1og2+log(1 += )

i ol ——

(v) log (x +2) log

{vi) log [(# + 1}(z +2)] =log 2 +log (1 +ix) +log (1 +§) ;

(vii} log (1 - 22%) —log (1 ~#); the first expansion is in powers
of 2% and ., eonta,ms a term z* only if n is even,

(vii) log {1 +x +2?) =log 1% =log(l - 2%} ~log (1 -—:v}.

4. (iv) Iflogyy N =, then N=10%; . log,N =log, 107 =z log, 10;

sz =log,N+log, 10,
8. (i) Expression =(1 —2x)[ —E?-l,;2”m“]; . the term in aM

.1 :
ig — = - 2°x" 4 22 . 1 . on-lgn-
n n-1

- (i1} {1 4+ 6z 4-92) . 2[( — 1)t 3"x"j toferm in a? g
G N R YL S ( ~1)m-2, “_lm . gr-lgn-1
n-1
. _!__ng . ( _ 1)71—3 . l - 37!"‘2:51]—'2
n—2

1 2 1
=(-1y»-1 g )2 __ .
(=D 8 {n n-—l+n_2}wﬂ’

6 () —

EXERCISE Ve (pp. 86-88). 87

wo-f @]
e @ 2]

T, if n is odd, put

if n is even, put Zr=n O =3
n-1

B

2r+1=nm or r=

1 1-p1 4 =
-*-a’,‘"*"l—m . If]x‘<1,x2+m3+x +... 1oz

7+l

__________ =log {1 —%) +%;
5=F 4 g(‘
xz

sum =log (1 —#) +& +7.3

. pr) o "
W En ) -1 2n
It |xl<1,
I 11 b eqn. (12) and
S e ke 0" y &4
1785
¥ ot SGsﬁ ~1{lo (1+g;)+10g(1"33}};
-S-T-% ... =}{log
( x)" _( _w)ﬂ»._ _x)"‘.
(i) ——773 1) T n+l
If || < I,
xZ  x®
+2 3-i- &

x® a®

1
.z —{z—log (1 +%)} for &£0.
and 5-3+% e los

if x =0, each term =0.

1
i
7. log A =log ——r~—$; write ! for z in eqn. {12).
. P -
1--
x
#n? nt

8. Expression =log [mm] =log——7

n? -1 __{>
= —log po ‘="10g(1 n?
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" 9. Expression =lo [Mﬁ _ 9 - 3x+2 1+y
Bl To e T Ir T ¥ e T Ty

where y = “_2____ . . ey - 2
T Gy |Re egr. {12}, Valid if (-
m —

if (2% -8%)% >4, if #5624 +922 4 >0, if
(o2 —d)(x? - 1)2 >0, if & > 4.
10 8, =(1=3)+G-Fh+o (5 -2 )=

; when 7 —
8, —1. n n+l en % -0,

1
n41’

I s, =(1-H-GE-H+EF-H~ +{w1)n+1(1_i‘)

n o ntl
=—I+2[1 r._}____+(m1)n+1.1j| (W_l)n+1‘“uL
7 n+1’
when n—-w, the expression in the bracket —log 2.
1 ¥ 1 3

"Rt n+2) n el nid’
92 —S(—l)“l[l 2 A
o n Rl n+2_]
R U e R S BT

=I—%+4[&—-_§-+-5-— +( - 1)%1-“1]
n,

3

+(ﬁ1)n.(_§__._.__.l_._).

n+tl n+2/°

when #n— w,the expression in the bracket—log 2 ~ (1 ~1};

S 2s —>l—r’+4{10g2—~-- =
1 i i

13, rL
(8n—-1)2n(2n + 1) 2n—1 2n+m; . asin No. 12,
sn:“'-‘1‘+Ij1"}+-.1~—.._+-_}__m__1_ ¥
B ) T Sn_1 2n +2n+1'
1 1 2 2 2

"w@n+l) n Pn+l 2n dm+l’
;%%:@A@HL¢HmA(L_mLJ

217_, 2n +1
""1"“*{1-;-4 -7, __1_+ 1 ]
2n Zn 1

15.———1———=5+—L-—ﬁm—21 S .

A D@Ee 1) n atl 2n+1“(§?1“2n+1+2n+2>;
.. asin No. 12,

stnz—%+2j};_.§.+_l__ __M}#_...\ +_._‘L_u.

& ‘ Srniif  2m+3’

when n-—»ow, the expression in the bracket —1 —log 2,

16, log

EXERCISE VB (pp. 86-88) 89

1+cosA

e ut x=cosA in
i-cosA’ P

A
cot

A
== Llogeot? 3 2 =1log

eqn. (12); put A=g and note that
cos A=1 and log cot 5= =log v/3=Llog3.

29
17. By No. 6 (ii), (1 +2)log (1 +=) + (1 —=)log {1 - x):EnM(2n 5
numeratorwlog(l+m)+log(1 x)-z-E_(m

_ —at) _,_f_“__rm.e(_, z_gi;) (a .xj)z_laﬁ,
=log(l —2?) +Z Brn=1) at -5 ety *

18, Put 1 —x =y and suppose ¥ sm }
. _y+log{l - y) {y+log(1 ~y) H1+ V(1 -9
expi‘essmn- =5 (L=

* AL
(g
~ 7 =

19. Neglect ¢ and let z=1+Ae -}-Be2
. log z2=(A¢ +Bet) — 1A%
substltutmg in the eqn.,
(1 +Ac +Be?) (Ae -+Be — JA%?) + Ac +Be? =¢;

equating coefficients of ¢, ¢, 2A = 1; ]
B-lA2+A% +B=0; .. A—J, B=—75

-1

5
20. The graphs of log  and } (2 7 - g) 0-84 - — show that there

are two roots, £==0-2 and w=1-2.

suppose a is small.
log (02 +a)=log (0-2) +1log (1 + 5a)=log {0-2) + &a;

log(02)+5a 054— £054—2(1—5a);

neglectmg o,
But log (0-2) = —~1-81; hence a-"'—O -03;
g a:-"-02 0-03=0-17.

Next putz=1-2 -!-‘ﬁ and suppose B is small ; as before,
log (1-2 +B)§log(1-2)+1og(l +§£>ﬁo-1823+%;
. 58 _ 2 _
L0182+ % 2054 - =T g=0-84 - §(1 6);

henee B==0-04; . #==1-24.
For closer approximations, put

# The error, for example, in replacing log (1-y) by —y-1iy* is, by '
sqgn. (9), Elyl ot da: which, for fy| <}, << 25‘ la;ﬂdm s(ly| P

Put x=0-2-+a and

z =0 17+'ya.nii:s:1 -24 + 8.
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EXERCISE V. ¢. (p. 89)
1. (i) Puby=3 in eqn. (14);

(ii) Beries =[1 -1 +1-...]~ [y~ Ly3 +1y°-...] where y:—L,
:tan—l(l)wtm—l(i)=fmf. v
v3/ 4 8
2. That wvalue of tan~(tanz)=x —rr which les hetween
ki ™
- Z and +Z-
4. To prove relation, see Ex. I1I. {, No, 29,

5. Use Ch. II1. eqn. (9} and Ch. V, eqn. {14).

6. Series =2{(§) -~ 2P +3(55 .. 1+ A - 33P0

=2 tan;i(ft) +tan‘1(3}) =7-r, see Ex, 111, f, No. 29.

+2 ¥ ot
7. By eqn. (12), %Iog = mx+ 3 +E+”" if 22<1; by
x“ ® .
eqn. {14}, tan "tz =g 3 +~g = ..., if 22 <1; add and halve.
‘ cosfl +sinf 1+tand Ny o
-1 - ~1 = —1 -
8. tan (cosB —m 6) tan T tan® fan [tan (6 —!-4/)]
T T
=nT 4 + 8 =nw +1 +tan~(tan 8) ; use eqn. (14).
xa x5 yﬂ.
9. m=y+—§wg; 1st approx., z=y; 2nd approx., x:y—:-E}

3\ 3
3rd approx., =y T%(y +%—) -3 =y + 5 (¥ 5 — Lot
If y=tan ¢ -} tan’0 + % tan®6, y=tan (tan ) =¢; then
tan 8 =z ==y + 19% + FyS=2=0 + 107 4 565,
3

10. x:e—tan—lxze—(m—%+...); 1st approx., 2z =¢ xz=1¢;

2nd approx., 2x—e+3x3~e+3(£e) w=fe by 3rd
approx., 2 =c + 3ot - da* =c +3({e + &) 33l

EXERCISE V. d. (p. 95.)
1. Put = -1 in eqn. {16).

1 1 1 i 1 1 1
—_p—1 =71 ___ —_—— *
2. e= 1+1,+2'+3'+ Py =1 1!~=-2! 3!+...,Subtra,ct.
Also addition gives -}(8 -{n:)"“l +21.+ 1 +.

EXERCISE VD (pp. 95-97) 91

n 1 1 .
=) (m-2) (m- 1

Snilﬁ‘(“‘l-i-i}-“!)*i“(%'l"g"!)'l'---’!‘un
1 1 1 i+t +...+-—1———};
{14«1 S TRt RET (n 1)t
. when n—o, §,—>¢ +&.
n 1 1
(re)t al (r+1)17
1 1 1 1 (EM_I)+ +U ZI-——L;
Sﬂ:(ﬁ_ﬁi' +<'2“!_§_!>+ 31 4! ” {n+1IH

. when a->, §,—>1.

4, u,=

nt 1 _1___J_>;
B, uﬂ:m=m_(m. {rn+1}!

1 1 1___1___>;
s, ""1+1r+ (ﬂn_l')!"( (n+1)!
., when n-—>w, g,~>¢ — L.
n? 1 3 1
s I T TR e LR TR

1
8, w1—2—(3—I~1|> (1+1'+ )+- +1t, ‘1
[1+ +. (n 31 ]+3[l+ (n 2)'11
+[1+ it 1),]
.. when n->w, §,~>¢+36+e&.

Z2n. 1 i :
:(2n+1)'A(2'ﬂ)' {2n -+ 1)!

(2i 3') o |) ver U

. by No. 1, s, —:-e-

7. u,

n 2 ]
8 un =i o (2n 5 (@ 2!

2__2+( Bty
[ tEn- 3)']”[“ et

3e 1
. as in No. 2, 23,;—»,-(9——) (c+ ) ,2;,
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9.

11,

12. Uy =

ADVANCED TRIGONOMETRY
%n(nﬂ)“%[( - 2)! _1)1}
oo 2e, =2 J,-(il +%)+(il—!+%>+...+2&n
:[1;11";* +(n_12},:|+2|:1 111«1— Him I)I:l—>e+2e
uﬁ_zn_'l:;:.!..zn_%,
sn4<11, 2~%—!)+(2~1; 22"{;1?>+ + i,
z(il—‘ 2+§1-!-22+ +% 2")
"(%§+§li+ ..+ni!>—>-(ez—1)-{ew1).
n? ! 1 1
e ("?TZ?J!J“(E?_W)"!);

1 1 1

1
sy =1 N ;
SRR TRE-TER +(‘n~2)!+(1 (n+1)!>

U, when n->®, §,->e+1.

nt 1 1 N i .
(2n+1)!”3‘[(2n—1)1_{2n)1 ' (2n+l)!]’

Cgs = XL L 1 1
- ‘u”“ 1!*2!+3[+...+(2n_1}!—__._{2n)!

", from No. 2, 4~a—>(1 —1)+[.L, (e —-1-) _1] :%(e -§).
. e z P 2 p

5n -2 & )
@mt @R e

3 [11, %**(fﬁéﬁ?}

' 2[21,+i,+ +(2;),]
He-3)
mz[%(wgl)-1]:;(6-2)—(@2)%.

el

FF

. Sp

whe

. by No. 2, s,—>3

18w ={ - )

'EXERCISE Vp (pp. 95-97) 93
nn+2) 1 11,
'(ln+1)s“‘{n—1)z+(n! (n+1)z>

1 1 11 5
[”1 "*“2'+ AT 1)]+1! Grr e
3 1 7.
15, w1 B0 +W+W!]’
11 11
8_,,,:(1—-I T )“3(1 it 3 )

' 1 1 1 3 }
+(1—1_!+é_!_".>->né—6+3.

- as in No. 11,

14, u, =

('n-i-l)3
n!

' 1 6 7 i].
:(_l)n_l[(n»3)!+(n—2)5+(n-1)!+n! ;
11 - L
", Snz(i—ﬁ'{“é‘i‘-...)—ﬁ(l—‘ﬂ-}"z! ---)

1 1 1 i\_l,_ )
-}-7(1—1-" +§T—...>+(T—2!—rg! [

@ |
|
&
P
& |
——
+
.}
/""\
\..___/
/"‘\
—
|
Al R
\._/
F-'
+
&=
L]

€, !
1\ 1\2
expression =% (e +~é> ~3le-)-

- ‘ 1 T 1)
18. AsinNo. 17, expression =\:%(e +;’) - 1]—‘*; (e -

(et - e+ 1)x(e ~ D) =g

1 2 1 (l,_ 1 );
19. ur:(‘r"ig—)z*(rmzp ro1)1 A\rt (r+1)
i asmNo 11 s, —+e+2e+e~i

r(rTl(2r+1} N ]
(rv-3)' (r ,‘12)l 'r—l)

20, 2, =

NG
soasin I‘IO 6, sn~—>~@(2e + 9e + Be).
1|r2(1'+1}2 4 2. ]
21 e = NTES) ('r 3}‘ (rﬂ-2)' (r—l)

- asin No. 8, 8, —1(e +4¢ +2e).
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- o
22, s :E x_.’_" +p____"’_t_:___*} :_t"_f «? il
" s ey 2l st st T

...1 1 z?
—5 +.’B+5+...

x" _(r4 1) =" z"
(r+2) r1 (r+2)0 {r+1)t (r+2)l°

td
by No. 22, S‘_ﬁ___:l(ez_lnm;

“(r+1)1
z x a3 gt
also g—i—z-!- wz 3:+ des, )

1
wz(l"‘m"' “i’“ + ) x—2(1+:17+2

. 1
andthls—->¥ -395—55(1 o +fa?);

- sum:i(eﬂ_l ! =
A - —-32)—1(3

-1 -z - Jat).
24. St.=>r1a§s;——m'"|.xz w3+nﬁ L Pl (va)® (v
3! 7! Vel 31 51 7
but 3 (e? —e7¥) = y-i"g, y +...; put y=+/m.

25, u, :"MM_ r 1
" (r+3)1 = T
(:"+1). ('r-L2 T+3)
From No. 22, E__xi_ == (e®
(r+1)! =
xT 1 - .
r+2)! {e -1 -2 —3%);

from No. 23, T~ _

similarly S0 = L (es

I PR - N |
o s e )

1
. series = [#*(¢® ~1 ~ ) ~ 2z (e* —1 -z —3a7)
+2(e" —1 ~2 ~ lz® — Jat)].
3 2
26. (2'*'395}(1+$+x—r+...)32+5x+_.,+a;n _2_+__3___ +
2! n! " (n-—1)I
27. (1+2m+3m2)(1_m+5'f_"_+(_l)ni‘f )
21 n1™ "
=l+x+3at+.g

coefficient of " is ( — 1)"[ li (_2_5 + (_3_2_]
nl (n-I)! (n-2)}

" an+l 1 1 1
_mﬂ—;(l +&) == e~ (1 +a).

#o ]

EXERCISE Vb (pp. 95-97) 95

2
28. Series =e®tl =g . e”ze(l +x +:-;—| + )

29, Expression —e** +¢72%; use eqn. (16).

30. (1 +2x —43:%[1 + {32} -}-—%(é—x)z Tt (—,,-:a‘)" +.. ]

bx 23:1:2
. =1 2 e T“. 3
cosfficient of a™ is
_1(1.)154_2 . 1 (1)n—1_4 . 1 .(1)n—z.
nt® fr—1)1'% (n - 2)r z

31. Series-(x*—-—w‘+;| —,__)__(yﬂ__y il ys )

=(1-e%) (1 -e ).
32, Series=1-e 19821 ~ 8t =1 -4,
33. Coefficient of 2% in

wz ol kel A 2 mA)n
[2(1+2‘+ +. )] 0rm2(1+2 +4:|
) z? 2\ n{n-1) [fa*
orm 21.[1%(21 )+ 1.2 (E)]
. n nin-1) 1 4
is an [4|+ T2 Z]'
z2 a?
34. If z is emall, e?+log (1 +a)—1 - 2x-(1+x+2+ 6)

z% x? . etxd  [iel 8
(x—§+ 3) 1 - 2%, with error<—4-+50 mdt,
by p. 91 and eqn. (7), =4x%, with error < x8 for |=] < L.

- 142, of. No. 34;

35. Putz=1+y so that y->0; loge=y
zlog?__ (I-HI)(:W*—) URR
=g =1 i
o
=14+ +5 =1-+y+y°
2

N Numeratorﬁ(y—%) (1 +y 4+ 1= -39

2

and denominator == (y ) —{l+y)+1= —?-t

T cltog(ga)

36. (1+=)1- “’*‘61 (1+m+m=)(z—-2—+§)¢e
xt  ba? 1 2?2\ 1
21+(cc+--+———w)+—(m+—- +—a®

2 6 21
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37. (i) By formula (18) in Chap. IV. with T for ¢, s <leg y—

. . 1
ifl-zizgpos. and+1; .. e”<1_mif O<ae<lorifx<0.
(i) See Bx. IV. g, No. 13, If -2<x<0, put x= -y then
2+y 2-2 24z
O<y<?2; e =¥ —= TR
y==s <3y sze 0722z

This is also true if < — 2 as the r.h.s. is then negative.

Or as follows:
A r x® ™
{i) 1+ﬁ+~2~—!+...+ﬁ)<(1+m+x2+...+a:”)—%a:2; ex-

pressions in brackets have limits e®and i—-l— HO<w<1;
-z

If £<0, let = —y, then
< 1 I
1+

1-x
. x ozt " x*  x® e
(11)(1+F+ET---T;;i){(l-i‘@*’“‘—é*i'é*é'f'...+‘2~§:i)——i.‘(§m3;

1 1
- gﬂﬂé_wm_lxz
TR ST

e¥=>1+y>0; ., €

and limit of seecond bracket is 1 + ;ﬁl if 0<wae<2;
—z

24+

1 .3

5y RN STy
If ~2<x<0, leb = -y, then O<y<2;
o e—m:ey<2_+_y:_2__':£; oe¥ > _2_2
o : 2—-x
This is true also if < —2 as the r.h.s. is then negative.

. e”,_<_

EXERCISE V. e. (p. 97))

I (i)In eqn. {5), put x=m; series:-:;sin T3

(ii) Series =} (1~} +4 —...}; put =1 in eqn. {11);

1 1w P .
(i) From eqn. (12), 5_logy— =1 g+ +oo0s PUEL = U5
P
vz 1 vE2+1
=i log — e
sum 73 og 1L V210gv2—1
4/ 2
1 (y2+10 1
el g WERDT 2 .
Vzo_g(VE—l)(v2+1) _\/21‘)%(‘\/2+1)
=v2log(v2+1)-

EXERCISE Ve (pp. 97-100) a7

- (iv) From eqn. (14) Tianty=1-22% o puty=—io;
{iv) Pr gt ,yan Y= 3% 3 P y_“—‘/?.'

. o1 . 1
(vie+e 1=2(1+§~!+4——!+...), geries =} e+;)~l;

o s 1 1 1
(Vl) SN 1:1—"3j+5—!"ﬂ+...;

1 1
te - “1)z1+3—!+g~!+...; add.

2z 24

. 28 )
2. st series =% Fi—ni T e -] =3(1 —cog 2)=sin®1;

2nd series =sin 1.

Siﬂe -1 92 94 82 6! -1
3. 6(30'53:(:080.(——5") ﬁ(l“’:‘?‘—!"'jﬁ)-(l"‘s—!'i'gi)

ﬂz 94 ga 64 62 64 2
3(1 ‘27“‘"19[”(“!‘7)*(5‘5) ]

simplify, neglecting 65, etc.

.0 . 8 1 /8 1 s\ R CA N
4. 851n§—s1n6_-8[§—§~!-(—2—> %5—!4 (§>]—(6-§~!+—5~!), this

6 s .
“Zg(-)) ; equation 1s

reduces to 3(6
' smoﬁ.g.;(83m2~sme)t

i . B e .. BB
. 4(}sm§_233m6=465m§cos§_,

— 20 .

.. B ]
. sm§:0 or 0085 =333

. =0 or —g-z +29°35°, 8=-459°10 =41-033%
5. Numerator —sin 6{1 — cos 2a) ~cos B sin 2a +sina
2
w=gin B - (220:) —coafl, (2a) ta
=a{l -2 cos #) +2a®sin .
Since a is a factor of numerator, but not o_f the de-
nominator, we can neglect terms in ¢® in denominsator ;

denominstor =cos 6 (1 —cos 2a) +sin §sin 2¢ +cosa
=ginf.2a+1;

a(l —2cos ) + 20 sin 6
} +2asin b
==[a{l ~2cos 0) +2a?sin 6] . [1 — g gin 6]
=gl — 2 cos ) +2atsin 6 - 2a?sin § (1 ~ 2 cos 8)
=qa(1 -2 cos 6) -+ 4a? sin § cos 0.
ALK, (4]

-, fraction==
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' gt Ayt
8. V(cosﬁ):[l— —2_~?Z—4)]

¢ 6 L.(-h) g8 )1 6= 0 &
(3o )t T e E

gz @ - (3 0 8
=1#Z“§E, . (3 +cos @) . +/(cos B)

gz ot g ot 36 o
‘—*(4"?5&)(1‘1 %)t g
gz g1y .
:1+3(1“—§+24)ﬁ1+300s6.
7. st approx., cos (8 +ua)=cosa —¢ cos Bsina;
- cosa —cos{f +a)=dcos Ssina;
. 25in§sin(a+§):qbcosﬁsina;

. @sina=¢cosPsina;
9nd approx., cos (§ +a¢) =cosa (1 - 1) ~ P cos Bsina;

- ¢}
. ¢oosfsina+idicosa=2 singsin(a +§)

2
. @sina=¢cosfSsina+idicosa -10%cosa
=¢cosBsina+idicosa w—{cﬁ cos ) cosa
= ¢ cos B sin a +1deos e sin? B,

(smavgeose)
=f{sine+_-cosa);

w .
8. For small values of €3 sinfx -« +eis +, —, +, — forx=0,
w T .
it 7 and .. has roots between those values This

may also be seen by drawing the graphs of smzx and

z —¢. A rough sketch of the graphs shows t.hat there
cannot be more than 3 roots.

. T
9. lﬁsml—é-—é 14112 12(12)+1mw+1—4-14159.

Put Bz-—2+a, lﬁ(sm +acos u)

=m +12a + 1, neglecting o® ;

w
a'(lﬁcos— —12) =1 — 16sin

12 12

=4:14159 —4-14112 =0-00047 ;

EXERCISE Ve (pp. 97-100) 99

S 3-46a= 0-00047 ;
3-14159

Loa==0-00014; 8=—1—2— +0-00014.

10. From Ex. 2, p. 82, ta.ng“__‘-

ﬁl*i,

T
3t
1st approx., gma;

2nd approx., {1+2) g =

x
. Eza_%‘xa:a_%(2a}zg27:20}%4(12;
3 2 7.8
3rd approx., (1 -+ -;-J_ﬂ(f f_)= . . B E x .
PP (1+x+3x?) 2-%-24 a; .. 2.;_2 3% =%
Loz Tx*
. §=Clr—%-$2~E=a‘-—%(20‘,_%2)2__;1_(2“)3
a3
= Qo
=q - 2a® + e
dth I 12 BN 1., 2
approx., +x 45z +€ §x+§i) =@}
L T '
T .
T LY
: ‘é:”’“%‘(% 40t g ) —ar(2a - 4af -3 (2a)t.
11. By No. 3, feos =12 &
. By No. 3, fcot —1—§—4—5,
[ g4
=3 —— = _Z .
e 5 36(1 45€),

. — e‘ .
. 8=4/(3¢). (1 _56;) » neglecting 66 ;
1st approx., #=4/(3¢);

2nd approx., 8 =+/{3¢) . {1 _ [\/(36)]4}

90e
Q)

= 4/(3¢) . {1 —"9%"} V (3¢} . {1 o) -
12. Series=1+(3z +1a? + 32 + ...} + (342 +1y4 +34° +...) where

r=hy=% zl—(ﬂ=+%-x2+—};x3 )+ (y+7;y3+gy5+

8]

1

= ~Llog(l - a:')+-— 1‘iog1 Z —%Iog(l-;—)+]ol—1§
)

=llogf +log3 -rl log (3 x 3%).
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. 1
so that 0< << 1; senes:E:n"(——-————

1
13. Write = for
n+l r T+l

. xZ  a? ) (m+x_2 w3+ )
M(Z+§+3+... - § 3_-|-4 .

= —-log (1l ~x) —:-E{ —x —log {1l —-=)}

=1+nlog (n:?: 1) , substituting for »,

ntog(P) =1 -tog (1+2)"
(1-5)
3(1——)

—logg-s-log(l —-) -—Iog(l —-)

=log-{5+%- \2) 3 (2) }'

+{§ +§-(§)z +%. (§)3+} »

valid if —1._<_2< 1.
.. 1+af
(if) log (1 ~x2-l~:tc“)=IcrgT—::;Z
—log (L+25) ~log (1 +a?) =, if 2% < 1,
(28 — lx12+ 1p1s ) —(2? - Izt 4 faf - )
Coefﬁclenﬁ of x" is zero if n is odd For » even it is

xz -2
14, (i) Iog( ) logx——w?;ﬁlog

(g_g)( - 1)72 if n ig divisible by 3, and otherwise is
2 n
G VT3
Z(-p
142 _
15. logztgzlogl—_é; use eqn. (12); valid if -1<%<z.
€
(x+R) (z +h)?
16. log xﬂ—_—(a: ToR og (——w—w-——x TR R
( +h)* = [ “h )z]
= - e = ] - — M
log (x+ k)2 og|1 (w+h

EXERCISE Vs (pp. 97-100) 101

<1, ie. if 22 +2xh+A%>FR?, ie. if
x (x4 2h)> 0.

valid if

hﬂ
(= +R)?

17. By eqn. (12}, ( 3193 )

_.Iog 1 ..log 30 =log 10 -3log 2;
log,, 2 =log 2+ log 10.
18. 3a+b+ec=log{(%)*. (3).(£})} =log2.
1 4 cos 20

19. By eqn. (12),

20. By equ. (12), series =§ log

21.

(i) w

series =} log for —I<cos28<],

1-cos28”
=4 log cot?§ =log [ + +/{cot?8)]. For 5 <B<w, coth is
negative ; + v/{cot?8) = —cot B.
! i

, for -1 < < 1, Whlch

1 1+a8
holds for ali valu&s of =;

. 1 I 42tz ] 1-a® 14z
. serios =} log | oo =hlog (T > 15

I +z 1+at i1 3 2
—}log—l —%lcl PR 22’_ , if 22l

If »n is odd, eoceflicient of #3* is 1 E
In n

(i) Beries =(1 -3 + (& -1 + (2 - 1) +... =log 2, by eqn. (11).

(ii) Sertes =(} -+~ +F-P +...=1-log 2.

o 1 1 1 3 .

"“"(4n A -2)(dn-1) 4n-3 In_23 dn-1’
R R At I A E R L RN

I Y
:(1 ~§+%~;}-+-§-—...+4n_1)

1
Y I T N .
(2 TFE — e +4n-2)’

-. when n—»w, 25, log2 -} log2=1%log2.
()= Z¥E 2 2 1
it (2r+1} nm I+l n+l

RANRER
T\n n+l on 9n+1/’
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10
snm(z-n-—ﬂ)w(;zw%%-
-»1+2(1 -log 2).
11 1
Alou =21 Y
50 Un (n n+l)+n(2n+1)
11 11
<(%”n+1)+%(n—1“5)’
uﬂ+1+uﬂ+a+...+u"+k<

1 1 1 1 _ .
(n i m) +%<m - ——%), which, for all positive

-

"2n+1)

values of k, <—u +3-= < (1 +4).
22, é
(2n - 1)(2n)(Zn + 1)(2n + 2)
B 9 2
T@n-D(En)(2rn+ 1) (2rH2n+1)(2n +2)
1 2 1

= @n-DEn)  EmEn+l)  Erl)en+2)

*. B(sum to n terms) = [ ragte (,q_n”}m_Qn)}

11.27374
_2{—1-+J¥—+...+—-i~»—,—}

2.3 4.5 2n(2n + 1)

11 1
+{&_4+3"7s+"'+(2n+1)(2f7ﬁ}

PR FAR I _1 )
™ S 2[(1.2+2.3+'"+2n(2n+1)
1 1
m+ﬁ_+"'+(2ﬂwl)(2ﬂ))}

{ 1
1 R e 1)(2n+2)}

PO SR PO T
on Gr+D)(2rn+2) U 2n+l =f
1 1 1
h [ RIS D eR—vS Yy WU S,
where 8y, =y 5t g g T Y e Ty eny 1 B TE

to Zn terms; Lim §,, =log 2; . sum to infinity is $log 2 -~ &

EXERCISE Vs (pp. 97-100) 103

3 b 2 ad
23. () Iog(1+x) u~log(1+:c) 1—§+ 3 4}

ateattoation-(5-5 D) 4G5 1)

z ar ad (snz B\ 2t

=% -

273 4 *\a 3/ 24
(i) sin @ «/(1+m=)-(x—"; v [1+%2+‘%“ %’m«]
=% +_3——5~; use eqn. (12) and simplify.

: . sinf g2 g
24, logsin 8 —»logﬂ-—log—e—-log(l % ~i~"l§a)
G2 §1 a2 2 e g4 g4
6120/ - ("e»"“') T T8 120772

lies between

. . x 1
25, By Exercise IV. g, Nos. 9, 10, p- 4, e Togs

x x+1 z . 2z . -
m—:—i—m and ;;“;_IMF———]., i.e. betweén % and
x
oo ) &
z+P 7 —~+
26. (i) Series:%{(lﬁ%;)-i-(%-——})-!-(%——TIT)+'...}=1}ta.n_1(1), by
eqn. (14).

..S.'”(maxsaﬂ ) 2 & )
(u} eries =4 x+3+'~5+7+... —(a:-3 5—74"... ;

use eqn. (12) and egn. (14).

/ x8 x3 x>
—1p —&i Ea - | — — = —-—3
27, tanix —sinx ( 3) (a: 6) 5

2
-2z +2log(] +:v):f_ha:3—2x+2(x_f,_§_ ;

a® 223
3)— 3
The moduli of the errors in tan 1z, sin 2, log(l +x) are

by pp. 88, 80, 84 less than } |«f|, 57[9:5|, Tat, respectively.

. 3 B
28. Expressmnm—ax(m -5t “1""2_0)

%b( L x(x f 2
334 720) R

b
coefficient of 2% =a +Z -1=0;
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coefficient of 2%

EXERCISE Ve (pp. 97-100} 105
e b +3=0; when n—»>w, 25, 5| 3 e+})— ] |
6 48 % . » @8 3 2 .
solve da+b=4; 8a+b#16- these give a=3, b= -8; i 4
A s —3[ (e—;)—1]=e+-e~"2-
coefficient of 28 = 120 1440 “i=1 iy -i=-31 . - . N
2. I Joosk =4, then cos2d =F; . “f“(r_2)z+(rm1):+““(f+1),:
1~k I-& .
. 2 . —tan—T1 .
. tan®¢ = T5r ¢ =tan ’\/(l-i-k)’
(ven exhression = tan‘l fi+cosacosf ~cosa—cosf
- 8 P {1 +cosacosl+ecosa+cosb
- {(1 - cosa)(l -cos8)
tan 1(1 +cosa)(l +cos )

| el 2 )

21 3]1+...+u,1
1
:8[1 +1r+
)
} :tan“l,\/<tan22 tan? —(—)

2
= 4tant (t&n z tan 9
1 1
30. ur=%[(2r_2)!+ ,

1
2)]+12{1+ o 1)']
1 1
2| gt Ty’
Whenn-~>oo sﬂ—>89+12e+2(e—1)—(e—2)
5teng) AR -
36. Series =e%tU¥ =% | €7 =g” +bz+—2—'—+
{2r - 1)1 37. Expression =e %[e!® — 43¢ + 6 — 4e72% + ¢~ 1¥]
2o (1 1) 1 1 . —e(e® — e F)t=e(] ) . (2u)8
Snm( 1 +(§+"3W! i . 38. Expression —¢t! T#0e(+2)
. 28, —>¢ when n w0, S
tr(r+1) i 1 1
I. =£ = E : =1 = 4=
Heow = oy o '—[1+11+21+ _1) ]"‘e
2 3 1
2wt o A

_ 1 3 1
‘8‘"=(3“1—!)+(2+1—!“Ir) (1' 2t 3)
1

(1+x)log (]l +a)==(1l +a){z—

x? ot
R, S T g
2+3> "

g expressionﬁ1+(:c+

2

576’
x? 8 1 i\ 1
276/ E (“’2) 3@
2
¢1+w+£—;——~€+é(w2+x“)+-}x3.
1 11
1 1 39. (1 +1)x=e21°g(1+§)«_»cz (o2
— = e s : x
2[1+1 +. '+(n—2)!]+3l:1+1!+'”+(n—~l)1] ‘ 1 1 .
— l i+ +1 . =g 22:26.6 ?..'F (]_wiw
whart e’ =
*. when n—>w, —>2e+3e—(e—1) 2. (1 1):n+é_ (:c+§)log(1+% o (:cH) (*‘“"'m)
33y (Tt Dl 1 ) ( ) =
T T e r‘ (r-i—l)‘ Tr+2) 1+ 7L ,'1_13 1
-'8_(}m+1+ +J_) 1 1 =e = (1+192)
ctmTALI T T Tt )T (n+2)° n B ~ a
(C$. V. 4, No. 11); when n—>a, s,—(e —1) ~%. 41. z =g tP=a.a "tP=g.e *1? , since g >0,
3 vy
I S ~a|ll--2 loga |, neglect
34 j @ (2r+1)'!] a|: nap oga] neglecting
. Tl 1 1 11 )
-2%—5[2_;* *rz"ﬁﬁ] 3[51%*“ *’(’2?;“;1“)'::]'

since

pz

n mnt’

o [«»Eloga:l
e (0D
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42, u =k +asinu; lstapprox.,u==Fk; 2nd approx.,u=~k+asink;
3rd approx., # =k +asin(k +esin &) =k +a sin k cos(asin k)
+acosksin (asink)=k+asink +a*sinkecosk;

. cosu=cosk,cos(asink +a?sin k cos k).

—sink.sin{esin k +a?sin k cos k)
=cosk.(1 —$a?sin®k) ~sink .(esink +o?sinkcos k)
=cosk —asin®k - a?sin k cos k.

EXERCISE V. f. (p. 100)

1. 26(9 +6cos8) — (28sin & +sin 26)
66% 60+ 66‘)m28(8 e &

=20{9+6-5+57 ~730 ~% " 120 5040
805 3265 1286™\ . . .
~(20 -5+ T30 ~ o) ~ ~0'(Fomade ~a)
. 9+6 f==15; i & 2
=g+ 9+Bcos . expression== - . 5.

&
2. zla+beosz) ~(a+b)sinx = g {a{l —cosz) — bxsina} dx.
o
I-cosz 1 @ z
B —=— —-= - ;1,
ut e %{ta 2-2}>_z for
0 z < LN b
< 2 2 T a!
. sinee =, sinx, a are all positive, @{l —cosz) > brsinz;
*. the integrand is positive; .. integral is positive, seo
p.7%; .. z{a+bcosx)>(e+b)sinx; but e tbcosx >0;
*. result follows.
.8 0 ]
3. §ing < 5 < tan 5

8 ] & e
. B =D COS ints 2V =2 28,
. Gsm0_2ﬂsm2cosz< 4 sin 2< 4(2) 0% < tan?8;

8 8 8 8
- { 6sin9d6<g 4sin2-d8<§ an26 do
o ¢ 2 ¢

0
—i (sec?@ - 1)d0=tan § - 6, for 0< 6<g;
in

(i)
. (sinﬁ—ﬁcosﬁ)<§ 2(1 —cos 6) d6 =2(f —sin 6) < tan 6 — 8;
]
3sin < B2 +cos B), i.e. §{2cosec O +cot 8) >3; also

38< 2sinfB4+tan b, 0< g is needed for the existence of

8
E tan®6 df.
a

EXERCISE Vr (pp. 100-103) 107

4. Radius 7, a=£; w=2rsinf, y=2rtand;

n 2nr . _2nr He e
§(2x+y)——?(2sm6+tm )= 3 {2(6 —§)+(6 +§)}

= 3nrf =2mr, neglecting 6.
5. Radius r, 0 =7—r ; A :%m-z’sin 26, B =nrtan 9,

%(A+2B)w %sm28+2tan6)

_*3—{1,(29 - ? 2(3 +§)}

=nrif =¥ neglocting 6°.
6. Let nf =7 =md; side :'r%,’ inradius =2—ln cot G ;
S.oarea=n- gﬁ 2—;001: Bﬁg(é - g),
2
from V. e, No. 3,:%(%-—3%); .

.o AN é Pays 1 1
.. difference of areas== T (?m"" 3_71) = E(ﬁ?,., ﬂ_e) .

. 7. 2log3+2log5~5log2 ~log7
_ 9x25 ass 1+ T"Q'M e La8
_10g32x7_log7—-—mlog1__n_ 2{x +La®+...),

where m:TfTiT; this differs from ﬁg by an amount
3
< 232 +§2° + 307 4. ) < ‘ETTTE; but
449° -1 450.448

—xf= =
1-o=—yi5 149°
1+tan2m
8.1 = =2 2 4t 1 10"
og sec x =log " {tan2+ a.n2+ 4 tan 2+ }
1 —tan?-
2
1+x+2* 1 —-2a8 1+:3:__1 l+x] 1428

S log TR T T T8 T, T8 T

£ a2t ot s
— g il 3 P
_2(w+3+5+.\.> 2(w +3+5+ )
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If % is even, there is no term in 2% If n=6p 3, coeffi-

.2 2 4
B T opris Bpes o nT®EL

coefficient of &% is .
op +1

(1+z)(1 -2%)
l-2

cient - of a™

10. log(1 + 2z + 2a* + %) =log

1+ 2 b B
- e —a — 3 —
l—a'+10g(l ) 2(m+3+5+...) (x +2+3+...)

=log
If n=0{(mod 6), coefficient is —g; if =141 (mod 6), it
2 2
is —; if n=3 (mod 6), it is ﬁ“g; if n= %2 (mod 6), there

is no z® term.

. 1 -
11. Beries =} log i t:, 22«1, =%Iog§~2~g~_—:~i%=% logacaj_ 1, but

a=b-Yl,e=b+1; . ac=b%-1;
o .
. seri%:%log%:%{?logb—Iogumlogc}.

12, If 22«1, log(l +=) —log (1 +27)
% 2t g X° 29
—(x—~2-+—3——...>—(x f“é‘“l*s-...),

—log (1 —x +ab) =Z%(:r —22) if |@—a?| <],
r

— n—1 — R—1
(=1) —( b =coefficient of

e.g. if ~§<=z<l; thus

3n
of 2™ in >, taking terms in order r=3n, 3n-1,
n-2,.., 7
1 1 3n-1 1 (3n-2){3n-3)
T -1 11 3n-2 21 T

=2 required sumn ;
=3n T ?

sum— L+ L2100
T 3n n

13, ~log(l —az} —log (I —Bz)= —log {1 ~ (s —px)};
. {ax)® (Bz)™ (s — pay® |
L = 2 ;

n

EXERCISE V¥ (pp. 100-103) 109

", }(df + ) =coefficient z° in E%wﬂ(s - px)*, and taking

n=>5, 4, 3, this is Ls° -1 . 4s% +} . 3sp2.* Similarly
11.10
'1‘1'5(‘113 +ﬁ13) :’1‘1‘:3'813 _"1'1'E -12sMp +TIT T §opt
10.9.8 9.8.7.6 8.7
oy S By DB DDt
14, log (1 —ax) +log (1 — Bw) +log (} —y)
=log [(1 ~az)(1 - Be)(1 —y=)]
=log (1 —s=® - pa®) =log {1 —2%(s + px]]
= — [@%(s +px) +FaMs +pe)t 4+ 32(s +px)¥ + .. ]
Equate coefficients of 2%, —Ha®+ % +y%) = ~p; equate
coefficients of a5, - +65+y%) = —(}. 2sp); equate
coefficients of o7, —Ha? + 8797 = —{(} - 3s%p).
15. Put Sa=p, S(af) =¢, Z(eBy)=r, ofyd=s; then
S[log (1 —ax)] =log (1 - px +gx® —r2® +s2)

= — [(pzx — ga® + ra® — st + {pr — gx"’...)2+%(pw...)3 +...];

equate coefficients of x?, ~33(e®)= —[r -pg +49%
- F(a®) - 3r=p® — 3pg =p(p* - 3¢); but p? ={Za)?

=2(a?) +23(eB); .. p° - 3g=2(a?) ~ Z(af).

16. a+B=p, af=q; (1 ~ay)(1-Py)=1-py+gy*;
- log (1 —ay) +log (1 - By) =log [1 ~y(p ~gv}] =,
as in No. 12,

— Zlyr(p - gy); equabe coefficients of y®, taking r=mn,
p

n-1,n-2,...;
1 -1

;a(an+ﬁn)—np oy S Tt A

,..___I Mﬁﬁ) n—442 _
T 51 PR L
; (-1t )
17. log (1 +gv2+y?) =, ——— 4 (v2+y)7; taking r=2n,
on -1, 2n-2,..5; T
1 1 2n-1
1 2n 3 - 2n 2n—2
coeflicient of *" is 2n(“/2) e T (v/2)

1 (2rn-2)(2n-3)
“2n -2 21 _

coefficiont in log (1 —y+/2 +y?) is the same, and that in
log (1 +y*) is zero if n is odd.

(V2P 4.

* Making the same assumption as in No. 12,
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18. log [(1 +2)**%, (1 —ap—¥]
=(l +2}log (1 +=) +{I —=) log (1 ~ )

=log [(1 +x)}{1 —z}] +zlog i fz =log (1 - =)+ log “; 12

x21’l wzn 1 xﬁn
=y T g Z'n(2n—1)’
for |z[< 1, and this is > 0 because each term is > 0;
but if log ¥ > 0, then y > 1. i

Put x:i—;—b, then [z|< 1 and z+0, since e, b are

positive and unequal.

Then 1+x=ﬂ and 1_3;:_29,;
o a-+b

+b
26 %
) 2q \a&-t+b 25 \e&+b 1 i 20 \a& 2h \b ]
. (a-!—b) (r.t+b [ (a+b) '(a+b) >4
x+z l+£ z 28
19.x10g5-—z=m10g lmZx( +3__3+ ) gince z > 2.
1-=
x

+ 1 1 1
mlogz z——legL=§3 l)+25 -—A)+...<0

=z ® F -x4 i
z \¥
since each bracket < 0; . log( +z) <10g(y+z} .
x -z ¥ —=/
3 3 g
20. (i) sin {tan—lz)=sin x%% 29;"%_31! =m_%;

+1
(ii) tan (sin—'z), by V. a, No. 23, =tan ( x +";—) =, by p. 82,
x3 3
® +E + 3ax? =T+
3 3 s
(iii) tan—* {tan~lz)==tan—! (m - % ) =g —% —fat = — f;;c— :

(iv) tan (tan x)==, by p. 82, tan (:t: +§)

22%

?;

3
Y +gad =z +
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. . x? % a8
(v) sin (smx)_sm(x —-6—)_.....1. -5°% — __3_;.
. . . xd Fd az®
(vi) sin~1(sin—'x)==sin"? (m + g)ga_- _;.E +_‘1§w32? +§ .

2 3 1
91, =2 % . writi in thi
U= (r+1)'+('r+2 5 writing out the terms in this form
2 .1 2 i
t e e .
we see that s, redl.‘u::es‘bol| 31 (n+1)1+(n+2)!’

. when n->®, §,—2 -3

T x
22. SBince ze® >0, using p. 79, rU {5 (me‘”)dx}dx]d:c>0;
ol.JoUo

T
also S xe* do =xe® —e* + 1.
0

1
AT Jog {1+
23. (1 +1) = °H( m)- but

1
1 1 )A _) . .
* og( + m( +tan T o if x is large,
1 1
2:v 3x%  4a3’
1 1 1 1 1 1

2y 133
T ( 2x+37:~) +§.”!'("§c) }

24, For two approxima,tions see Ex. V. e, No. 41.

loga
3rd approx., x =ae 2"‘“1"

1
== e Z
a,{l 2+p10ga, 2'(2+p)2(l Be )}
~ I TOR AN R
==aql —5(1 +—) loga +3p° (IOgG}}

2
=g l—é(l —~) log a +§p? (loga)z}
1 . .
25. z(ez)x1+e‘”+~2w| e+ .. +£i e’ 4+ ... ; the coefficient of 2™ in
1 23
— &' ig — 7;; coefficient of z in &7 is
r! n!
1 1 1 2 1 3» w11"2"3”
fimta mtsmt e nita st
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1
. e:c-i-ﬁsvz-%...

2 1
(& ):61+z+ﬂm*+... g
_,L.z
=6{1 +($ +ﬁ+ ven

the coefficient of x4 in this is
1arz, 1 L)L
etttz nt e 3:(21 o
Se

meldy o+ A =g

A S TR TR TR R

. Series :%E x 24 = 15e.

also e

1L 1 1 (=1
Zﬁ.g_e 1_1—1-1»21 g—!+...+ o
_ Ji\n+tl
+LL{1_J_ R S
(n+1)! n+2 (n+2Hn+3) {

but the terms in the bracket steadily decrease in gbsolute
value and are alternately positive and negative; .. the
geries in the bracket converges to a sum 0. such that

1
1 I -—;
o> nid

SO St | D T
13T T g man

to obtain result, multiply each side by n!

aT. log[(l +l> (HE) (1+_?LW)]

n 1+2+...+n
log(1+ <3 +——+ R R R
n{n+1)
“onE %*'

() () - (

i i
T—"']'nz te s
1+1 §+1 —+1

EXERCISE Vr (pp. 100-103) 113
_ 1. 2 n i 9 "
n2+1+n2+2+"'+n2+n>nz+n En por e
n{n + 1) . )
2(n2+n) =}i . product>ef = ye.
nxy 0 (-1} n’(n"l) -2 2 3 »
28, ene . 1 om Z+Te( e (x+x +;;1+ ) )

There is no term in 2™~! on the right side; .. coefficient

of «” ! on left side is zero; this is
1 f g T (n
e T

0T . 3 " »
(i) The right side x"(1+2'+3' )

:x"‘l:l +n(g+g+...)+LT;!_L_)(§+...)2+...]

(n -2yt }

I ot n{3n+1)
x +2x T:ﬂ"*”-&..
equate coefficients of ™" ; then.
T
] 'n,”~—-T~!{n-~l]ﬂ ( )('n 2) :|=l.
(ii) Equate coefficients of "+

1 by T .
m[nnﬂ_,_l_;(n_])nH";M( 7 —2)mL :|=§
! 2

(iii) Equate coefficients of ™2 and proceed as before.

29. ('e“we*fc)":enz_n_e(nﬂﬁ}x n(n 1) -9z

37 —.vi but -
-n .

(e“’we—”)":[2(a¢+§'l~ ):I m2"',x"(1-5-31—i~ )n;
" equate coefficients of 2™; then
r(n

poud n-n. (n-2)" 4+ —-—(———J (n—4)" - :l an,

30. e"’.(l—e”)”:ezwn.e”-i-—%—;}l - ... 3 but
I x? =
Z(] — B —p®f _gp o _
e¥(l —e%y} eka:zl )
‘:(—1)".6“’.&‘”.(1-*—21-{- )n

equate coefficients of 2” ; then

1 L3 n, -1 '

A T.X. "
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31, (e% 4 1) (e — 1 =2{c, . 6P~ D% 1¢, . e(”z" 3z +J{'}
2 n x
expression=(2 +a —1—;—! + ) - (x ~:h§—! + ) ; equate
coefficients of ®3; then
—;—!{cl(n — 1) +ey(n ~ 3)* + ...} =coefficient of ® in

2 . x8
2ﬂ+n.2n—1(x +%+ +>

31
nin —1) on—2 m+3:_2+f+,__)2+...,whichis
Fey 2173 )
w1 =1 oy, 2 nnoD0-2) op g
?’1:.2"_1.“3“-?4* 3 '2%2-5‘*' 37

™ . gn-2
n .2 Y+ 6(n—1) 4 (n—1){n-2)) zi';_g_ - (n? +3n).

(rn+1 4 a)nth
(n+zy
logy={(n+1)log(n+1+x)-nlog{rn+z};
~ldy  mtl  m _ x -0,
Cydz mAt+x nixz (ndlez)ntx)

32, Lety=

dy L
since >0 and n>0; buty>0; .. EE>O; Sy
increases steadily as x increases ;

{(n+1+a)*_ (n+1+£0)7H
{n+x)* (n+0)"*
n 4+ x\" (n+1+x)"“_
v ( n ) “\"my1 ’
z 7 € T+l
.‘. (1 +;—’L) <(1 +;{i{"’:"i') -
' (a3l -zl
33. Let ymw—,
L logy=(n+llog{n+1l-x)-niog(n-z);
Cldy —(nxl) -n &
N "g;dx —
g 2—?;>0for O<x<n,sincey>0lor0<a<n;
. ¥ increases steadily as x increases;
{n+1-z" (n+l1-0)71
(n—x)" (n-0)

forx > 0;

; also the .

EXERCISE VIa (pp. 108, 107) 115

(n+1 ~a\rtl (n—x\“
e i B e I
n1 ) n J

2+l n
. (1+-"’_ >(1—‘f) X
#n+ 1 n,

CHAPTER VI
EXERCISE VI 2. (p. 106.)

1-19. All these results are obtained by expressing each function

in i$s expenential form as on p. 105,

ch?x i
‘11. From egn. (6), iz g
12. Use sh 3z =3 sh x + 4 shdz, 13. Use egn. (6).
17. From eqn. (6), {chx +shz)(che ~shx) =1,
18. chz +shx=3}(e®+e %) + 4 (6" e %) =e®; 4 _
(ch:v-i—sha:)":e’m:ch(m)+sh(na:).
19. Asin No, 18, (chx ~sh 2 =(g=)® =g~"% =ch {nx) —sh{ne).
) ‘ _ thz+th(y +2) .  thy+thz
20. thizry+2) 15thz thiy+a)° Pub thiy+2)=7 Fthy.thz"
21. Lh.s. =4 (ch 2z +ch 2y) =3{(2chtx - 1) +(1 +2sh®*y)}.
chf+shg ef .
22. Lh.s. o she o-v 85 in No. 18, =62 =ch(26) +sh(26).
23, ch 6 is essentially +; . chf= + +v(1 +sh?6);
th # =gh 8-~ ch 6.
1 1
24. Che_sechﬂ_ TV SRy see No. 23; shf=thf.ch§.
25, shg= ++/{sh?0) = L 4/{}(ch 20 -1)} = v {ik-1};
c¢h 0 = + +/(ch?8) = + v{}(ch20+1)}
=++/{4{k+1}}; th#=shb-ch@.
26. sh o _2shi0.chlo and ch&:Chz%s +sh?16

" chflf - sh21§ Wﬁ; lel.de numer-

ator and denominator by ch?14.
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27. (w-f-vm)zm( ¥ )chhzv—inz'eJ:l;
sin u cos U,
(—J-g—;))"+(§%—:)2:smzu+coszu:l.
chl6 ch§ 2ch?}8 2ch?io-1 1
Tshif sh6~ sh0  shb  sho°
tanathB+cotathfS - th S(tana +cot )
29. tan (8 +¢) =7 —tanatﬁﬁ.cotathﬁ= T—theg
_ thf 1 _shfichf
" sech®fl "sinacosa sinacosa’
30, Lhs. =% { [1 +ch(20 +2¢)] {1+ ch(20 -24)] }
=% Teh(20 +2¢) —ch(26 - 2¢)].
31, Lh.s. =1 sin®8(1 4+ ch 2¢) +f cos*6{ch 2¢ - 1)
=1 ch 2¢ (sin?# + cos?B) + } (sin? 6 — cos?§)
=% ch 2¢ + % ( —cos 20).
2ch2ie +2sh{d.chig
N PEICS P YOS W ¥
_ _chid(chid +shig)  chid
T Tshiplshid+chig) sl
33, Expression=2sh(x +y}.ch{z —y) —2ch(z +y +2z)sh(x+y) -
=2sh(z+y){ch(z —y) —ch(z +y +22)}
=2sh(z +y){ ~2sh(z+2)shiy +2)}.
34. sin?x ch?y +costxsh?y =cosla +sinfa=1;
S (1 —cos?z)(1 +8hPy) +eosPz shiy =1
—costx +sh?y =0; but cos?zsh?y =sin®a;
. cos?x =sh?y = 4sin a.
35. 8%~z ;  sh{loga)=}{x~a); ch(loga) =4 (x+a?).
36. Lot sum=s, then 2s.sh}e=Z{sh}{2r +1)x—sh3({2r - 1}x]
forr=1ton, =sh}(@n+ 1)z —shix. Cf p. 127,

'28. Lhas.

32. Expression =

EXERCISE VI. b. (p. 108.)
1-9. Uso egns. (11), (12), {13).
' 1 1 1
. lsechile=— — e
10. thix ® sech?3e 2shiwehle shao

1 1
! . { —~cosech?z) = —

" 1+coth?z shiz fehiz  ch 2z
12. log{shz +chz) =log(e®) ==. 13-16. By inspection.
17. Usesh*x =3 {(ch2zx -1). 18. See No. 7.

EXERCISE Vie {pp. 108, 109) SNy
19. Use th*z =1 —gech?x and egn.. (13).
20. Use ¢oth®x =1 +cosech?x and No. 18.

2dt 2dt

21 Put thie=t, }sech®s.dr=df; .- de=—0=t . 2d¢.
b=t guechity . du=di; . de T-th'je 1582

1+

also from VI, 8, No. 26, chx =TS

dg
. int ral=25~—~=2 ~1t,
integ s tan—*f

22. Asin No. 21; shez= % H

& 14
23. Use shx.sh 2 =3 {ch 3z —ch ).
24. Use chr =}(ch 3x +3ch ).

25. {cosa:.shm—chm.si.n:r:)+(sinx.chzz:+shcr..cosx).

; integral =§ id; =logt.

26, Integrating 'by parts, p ES chzsinedr=sinz.shx —-¢, where
q =S sh z cos 2 dz, by parts again,‘ =eosyche +p;

‘. p=sinzshx -cosxchx —p.

27 E:‘2'—tmeh(m:)-{v-l’ms‘h(m: L h ; bnfch —nty
T ),Ezwoms (nx} +bnfch(nx) =ny
28. (i) By eqns. (1) and (2);

. 4 . .
(ii) I {shzj=chxis+; .. sh{a) increases with =

d
dn {ch z} =sh (=)

has the same sign as =, so ch {r) decreases with « if
"% is — and increases with « if z is +;
Lo d .
(iii) e (cha)=0if she=0, ie. if x=0;
. minimuam value =ch (0} =1,
Or cha=}(e?-e"¥)2.:1; - cha>1;
(iv) chz =1(e® +e~%} = when |z]—>w;
(v) shx=}(e®* —~e~*})~>0 when x—»w and shz— —~® when
x> —w; _ :
. .., ch -
(vi) and (vii} %;m%(l +e7#)>d when m->w; similarly
chx=%(ew+1).

P
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29, (i) th{~=z)= -th{z); .. th(z) is an odd function of z;
cothx o H '
(ii) 4 (thz) =sech®s is +; cothz steadily decreases as «
increases ;

2% e2% —

{iii) th = mi—-_—zx—ﬂ, when z->w; thae = —1 when

T

z—> —®; use cothx=—3;

_ 27 1 o wh th:co‘

(iv) t,hx:—e-é-é--mi—> when |z|—0:

(=) lim»t};—le ; . slope=1;
o}

1
. Jthz{<1 and coth:vu—thw.
30, (i) O<sechx<l; also when jz|->®, secha-+0; sechz
attains its max, value, 1, at # =0; sech ( — z) =sech {x).
(ii} cosecha has the same sign asx, When |z|->w, cosechx—0.
When 2> + 0, cosech &—> + w ; gosech { —x) = —cosech (z).

(vi) thz =1 ~sech?x < 1;

EXERCISE VI. ¢. (p. 112)

1I. If chly=%, y=chz=3%(e®+e7%); ~2y . e*+1=0;
1
- %= ®— 1}, but ¥ — 2ol m————
Soef=y V(¥ - 1), but y - /(y* - 1) YT
r=log {y+v{¥* - 1)} or —log{y++(¥* -1}
ef® 1
1+y

. The graph of y =ch™*x (i.e. z =chy} is the image of y=chx
in the line y =z ; see VL. b, No. 28; similarly for y =sh™iz.

. Asin No. 3. See VI. b, No. 29.

sechly _=ch“1(»y1u>; use No. 1.

. By eqn. (14),
osech-1y =sh=1 {1} =log |  + (1 +—1—>U
cosech™y = (y) =log "

R EEST S P

—_ 2
and =log [}w#—l—)] if y<0.

2, If th™ly =z, y=tha=

2 —

o
L 2z =log 1 t;

(]
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7. Eitheruseeqgn. (14); Or ifsh 'z =y, x=shy; .. 1=chy;(C;—;
but chy is +; chy=|+v{1 +sh®y)| = + +/(} +22).

8. Either use No. 1; Qr if ch %z =y, x=chy; .. 1=.shy.d—x;
but shy= 4+ {ch?y -1)= £+/(x*-1); ch—lx is a two-

valued function, see No, 1; the sign of -— (ch"l:c) iz the
samse as the sign of ch™tax.

9. Eitheruse No. 2; Or, if th- '@ =y, 2 =thy; .". 1=sechly. gg;
but sech?y =1 —th?y =1 —x?, dx
10. If coth™ix =y, w=cothy;
dy dy dy
- = - 29 mm = 2y — —_— = — 2 . —
Sl cosech?y T £coth 'y — 1) o (2* ~ 1) i

% 2
11, &) %—%:chﬂu—shﬁuzl;

(ii) Put u+fB=v; a—-B=vy; then x=ach(v+y}), y=bshe;

. ¥ L E Y
. Emchveh}r+shvsh7; A E—Eshyzchvchy;

buat - .
but beh v=shvehy;

e 2
. (g-—gsh'y) - (z—lch'y)
=ch?y (ch?v —sh?¢) =ch®y; expand.

12. 24 wch(u+a) +oh (u+ ) = 2ch(u+a—:;—§)chi:-§, and

b P
f—g=2sh(u+0H_ﬁ).sl'1ﬂt_B;
@ 2

v

b 2
4 ‘ (BN e B (7w 2B,
;. (a.+b> sech _2__(&_"5) cosech 3 =4;
i a hyperbola because the second degree terms factorize,
13. Chord is
x ¥y al=0 or z(sh® — sh rﬁ)—y(chﬁ—chnﬁ)
B chf shé 1 8- da -¢
. chh sho 1 =g sh (§ ~¢) =2a sh —L 2 ;

now use VI, a, No. 7.
14. x=achu, y=bshu; :

-8
area:iydx:] bshu.ashu.du
0

&
=§ab£ ch (2u — 1) du = dab (1sh 26 - 6),
V]
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-15,

16,

17.

18.

19,

20.

ADVANCED TRIGONOMETRY

If O is centre and PN is ordinate, ‘
AOPN=%}abch 6 .sh 8 =}absh 26 ;
and sector = AOPN — lab(} sh 26 — §) = 5&69

asech?0df 1fsech?
Integral _S —a®th?6 aSsechZB 6= Sdﬂ e’
1 1 1 ¥
—r‘—‘z:“("_+*—i):
a® -2 2a\a+z a-z
integral = élé {flog{a +x) —log{a — =)} ; see No. 2.
(i For x>0, putw=ja|.chf;

. || .shédd )
integral = g d|9 6 == —1(
B = e vinte -1y S

= ch“l(‘ :

(ii) For < 0, put x= —|a|.ch ¥4, then integral reduces to
m§d6= ~f= -eh~1("—“")= —cht(|?
tel a
Put z=|a|.sh 6. This can be done whether = is + or —.
=S§a§.ch9.]a|chl9d8
=%a2§(1+ch20)d92a2({;8 +}5h 20)

=%a2]:sh—1(lﬂl)+-x7,.1/(x2+a2)].
Ag in’ Exa.mple 4, p. 111, if z=2ch@, mtegral——[shzﬁ 24]
[Z\/(:t:2 4) -2 ch"l{lx):[&
=£.3-2ch™($)=15 -2log($ +3).
Put z==2ch6; 1ntegralm§28hed6=§d6=9

D since x > 0;

) since < 0.

Integral

2sh 0
[ch‘l(lx):l =ch~1(4 } =log (% +3).

Put z=-y; integralm§ dy; put y=3sh8; then

5 1
1V (¥R +9)
as in Example 3, p. 111,

5
~ infegral = [sh‘1 g:] =sh~1(£} ~sh™2(4)
4

.=10g(§~ + v

34 .
V) “togtd +5) by eqn. (14),
=log(5 + 4/34) —log 9.

21.

22,

23.

24

. cha+she=e%; efc.;

EXERCISE Vic (pp. 112, 113) 121
Put v =3sh 6; -
mtegral=§3s:h6.3ch6d6=§,~g (1+ch 20)do

rosaman=t{a- (33 (1)
55 v

Put x=|a|.ch @, since z is +;

integral = azg sh?8 df =

E{ch"6~l)d6

=%{% sh20 - 0}

S G - (@)

sh?8.ch 6d8
T T =1 20 - 1) d
3 25(011“9 )dé

=%(}sh2d —9):-}{;1:\/(1 +2%) —sh~iz},

) x 1+ .
Put tan 3 =%; socE = T and sec %d;r‘- dt;
22

Put x=sh ¢;
integral = g

31+ . de=dt;

by No. 9, if |zj< 1;
[£] > 1.

. integralz[ =2 th (1),
and =2 coth~%(i), by No. 10, if

EXERCISE VL. d. (p. 113.)

Lh.s,=e%.e¥; rh.s. =e%t¥,

2. Lh.s. =(ch®x — sh®w)[{ch®x —sh?x)® + 3 ch?z . sh%r] ; use equns.

. Lh.s, =

(6), (7); ch{dx)=1+2sh22x;
". expression =1 +3[ch(4x} - 1].

. st bracket 2shxchy+shae=shz{2chy+1};

2nd bracket =2chzchy+cha=cha(2chy+1}.
(chf+sh@)® (o9

- e gB8
(oh 6 —sh 05~ {a=epp ¢ =T

. By V1. ¢, No. 7,

o2 1
. _ 3
. diff., coeﬂ.f V{1 +z )+v(1 +w2)+ V{1 +22)
1+22

=4/(1 +l‘2) +W).
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]

@ 2 1 1
‘\/(.’52 _az):F a”. x2 . as
VG-

6. Diff. coeff, =+/(2® —a?) +

I
VI. c, NO. 8, »‘/(x- az) {32 _az +2:F a?}; - or +
sccording as ch™t (&) is + or —.
- . _shy dy
7. If y=sgech™x, sechy=z; .. —ch?y el

but chy-—w and shy= ++/(ch?y-1)= i,\/(%-—l)

et —a?)s -d_y_ 1
“:{Zw‘\/(l ;. :sz W.

chy dy
sh2y Tdz T

but shy=g and chy=!4/(1 +sh%y)|

8. If y:cosech‘lg, acosechy=x; . -a.

i
== .4/ (2% + %) since chyis +.

|2}
9. I y=x*b2, Jogy=she.logz;
Cldy 1
. Z—Jd—m—;z.shmﬁ—chm.logx.

10. Diff. coeft. =sh(bx) . ae®® + &%, b ch{bx).
11, By inspection, using the formula for differentiating a
praduct; Or by parts,

5 e*sech*r dr —e*th -[ eTthaxde.

12, shz.sh 22 .sh 3z ={sh 2x. (ch 4r — ch 2x)
=% [sh 6x - sh 2z —sh 42].

eﬂ?‘- eaz
13. pﬁje““shbmdm:shbw-—&——SF-bchbxdx, and

eﬂx ecm
qase“mchbxdxzchbm.—;—SF-bshbwdm;

8%

S w2 =2 pl, solve s
., . p= b Gl Z-P s solve for p.
14. Puat chm_u,

. du 1 1
mtegral:Sm—_;;) wg(mwm)du
=log(l +u) —log{2 +u).
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15, Fromeqns. (1), (3), ¥ q-1+2 +:::+. =1 +1® when x is small;

_radius of curvature = lim ————=1 (Newton’s formula}).
w0 2(?/ 1)

16. Curves cut where 1 +cha =¢®=chx +shx;
. sha=1; ' chlx=1+sh?z=2; ' cha=++/2;

slope of y=1+chx at this point is %; slope of y=e® is

tan—{e®} =tan"Y{chx +shz} =tan—*{ /2 +1} ﬂ%ﬂ— ;

3= T

difference of slopes = =51

17. ch=1(e? +e- ) > }(e? — e F)

& =0 g g
=sh8=6+§—!+..._ (1+3f+ )> ;

(—% {6 —th 8) =1 ~sech®f =th?§ >0;
-, 8 —th 0 increases as 0 increases, but § - th § =0 if § =0;
. 8-th6>0if 6 >0. . 4

18. By No. 17,
shaz” shx chzx’

for z > 0; but chx->1 when —0; ", E}%—)IWhen £—0

(-=) . = .

for  >0; but —h—; S -a)’ shas_ﬂ when 20 in
. ® x .

any ranner; also he =" chx—i when x—0, since

~ % and che each—>1.
shz

19, Proceed as in V. a, No 16. Here, from eqn. (5),

sha :r:2 zt 1
xa( 1) 3' ;ﬁ + ..., which lies between 3r

1 2 mz -1 s . in
a.nd3+5|(1_§) if |z| < 6, an encem;.i.

'20. For « small, sha -~ smm*(x-&——) ( E ___a::; with errors
< |Az5] asmNo 19 and by p. 80.




124 ADVANCED TRIGONOMETRY
21. By equs. {1) and (2), for # small,

x3 x2 -1
thao= ). il
x (z-}— 6) (1+ 2)
8 23
(e +5)( == 5

ad z3
. shz ~thz= il e = lg8
= (“6) (x 5 )=

22. By eqn. (2), for small

Z cosech 1 2\ Z\*
o o
+6 * 120 ( 120) ( )

23. Byeqn.(1),for|z|< 1,

chx<1+l 1,1 1 3 5y
2|+ 6'+ - +('ﬂ')+(‘f} +()

2

<142 =12,
l“r

24. By eqn. {2) for O < x< 1,
5

sha = w+ + r+ <t

5 + -

31

1.1 NG
<x(1 +3 +@+z@+---j=—§-

25, By No. 17, forx > 0, thg<g;

J 2(chx-1)s4shﬂi;

E4thg.shg.chg<4.;.%shxza:shx.
For < 0, put 2= —y, then 2{chy — 1)< yshy;
o 2[eh(~2) -1 < {-z)sh({ -2) =xsha;
buteh(—w)“chw
26, r=2thzx=2. 1,
2} :
" e”’(x, 2 +x+2=0; ;. 2=2 - (x+2)e2,
1st approx., #=2; '
2nd approx., £ =2 — (2 +2)¢~¢ =2 ~ de—¢
=2-4x-02=1-92=~1.9;
3rd approx., =2 —(1-92 +2)g~2*1'92
=2-3-92e" 38 — 9 _ 0.084.

27. sin 2z =

EXERCISE Vip (pp. 113-115) 125

2tanx 2thy
1-+tantz 1 +thiy

=th2y;

2th 2y
1 —th22y
=tan"1(2sh 2y ch 2y) =tan 1(sh 4y).
28. By equn. (14}, sh1(cot 8) =log{cot B + +/(1 +cot?8)}
=log{cot 8 +[cosee 6|},
since the positive value of +/(1+cot?8) must be taken.

. 2 tap~1{sin 2x) =tan"!

. _thu+thv _ o
29, (i) th(u +v)—m, put thu =g, the=y;: then
th~1z 4 th—y =% +v=th™?! (Eii?i
‘ 4y

(if) From (i), fjjy=thc =%, say;
oy — k() +1=0or {x - &)y - k) =k* -1,

a hyperbola with asymptotes parailel to Oz, Oy.

30. (i) Ordinates PN, QM; area of trapezium QMNP is
tab(sh 8 +sh ¢)(ch 8 ~ch ¢)
0+¢p  0-¢ 6+ ~p

=4ab. 2sh =" ch =22 2sh— gh =

=}ab.sh{6-¢)- {ch(b+¢)-1};

area under curve

]
=Syda: =§ bshwu.ashudu
®

8 . )
:%arbi {ch 2w — 1)duz%ab|:§-sh 2u—u:l
S ¢
=1 ab(sh 26 —sh 2¢) —}ab(8 — ¢)
=}ab{ch(d+¢)sh (6 -¢) - (0 -o)};
segment = difference of these two areas;
{(ii) As in V1. ¢, No. 13, chord is

zch%(e +$) -%sh%(e +¢)=ch (06— $)

&

and tangent is -x-ch?}(ﬁ+q§) —-%sh!;—(ﬂ+¢)=1'; theso
are parallel ;

(111) Polar of (£, ) is J“i—'%g 1; this is the same line as the
chord in (i} if £=ach}(0+P)sech (6 —d} and
n=bshi(8+¢)sech (8 ).
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8 5 6 .8
Chﬂé'rshzg 1422 2Sh§Ch§ a3
31. chﬂ:—--—--—-—9=l—t~é; sh § = 6' i e
hE o _whi s - 22 v -
ch 3 sh 3 ch 5 sh22

One branch of hyperbola is given by x =ach 6, y =bsh 0,

the other branch by x= -ach, y=bsh0, sincechd
must be positive; .. one set of equations in § cannot give
the whole curve. But if =2 is a point P on one branch,

1. . . . .
tem — 3 is the image P’ of P in the y-axis; .. the equations

in ¢ give the whole curve.

ds\2 ds
. I T e A - L 2
32.(1) —1+s}f:v-cha:, A _ﬁ;l:cha:, S, 8a=4shaifs=0

when x=0; ., & =shlr=ch¥r - 1=¢2 - 1.
33. y?=4a%sh*f =dax;
ds\2

%) = (20 sh 0 ch 8% +(2a ch 0)2
=(2ach 6)2 . {sh?0 + 1} = 4a? ch? § 5
(%%::_I—Zach26=:|:a(1+eh26); S s=tea(8+4sh28)

if 8 =0 when 8 =0.

EXERCISE VI, e. (p. 115:)
1 Sh2.z;__sin2y“ch2x-k_cos2ywk -

e - b 1 ;
e =sh2 2% +sin® 2y + (ch 2z + cos 2y)2
) at+bt+1
_2ch?*2r+2ch2rcos2y 2¢h2c. k.
- a4 b+ 1 S
2ch 2¢ _khsh2x
Tat+btel” T e
Also 2 :(ch 2z + cos 2y)2 - sh? 2z —sin® 2y
1 —a? bt
__2c0322y+20h2xcos2y_2cos2y.k.
R T T-aflpE’
2 cos 2y __k_sin 2y-

T l-af -2 b
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. . cot A th
2. tan (¢ +y) =202 :h_if;# 2
thp. (ban A +cot A) . ch?p
B ch?p —sh?p
sin®A +cos? A sh2p
sinAcosA  sin2A°
3. Left side =tan { tan™—? wl%}
2sinashBeosachf
T cos? ach? 8 —sint a sh: 3
sin 2a sh 203
1 +cos 2a) . ch? 8 - (1 ~cos 2a)sh?® 3 .
4. sh®u=ch®y—~l=sec?f—1=tan*8; . shwu=-Jtanf; also

=shu.chp.

=right side.

sec B =chu=+; .. ~§<6<—2ﬂ:; also u and 9 have the

. w
same sign; .. if <0, —%<8<0, and if u> 0, 0<B<§;

. shu and tan 8 have the same sign; .. shu=tend;
Loet=chu+shu=secf+tanf; .. u=Ilog(secd+tanb);
% chu—-1 secf@-1 1-cosf 9 ..
Z = = =tan—. Similarly,
abso the = =08 = g \ My

if %6 is negative, when uw< 0, 0< G<g and when u> 0,
—g< 8<0; ., shw=—-tanf, ete.

5. Put ar+b=v, axy+b=v;, ac—b2=k; then ay*=v'+1k,
ayf =v +k; also a.de=dv, ay.dy=vdv; put
axzy + bl +x;) +¢
Yy :
. ayy;sechz . dz tay, thz. dy=v,dv;
but  (ayy; sech 2)? =a*yy,? - (ayy, thz)?
= (02 B) (0, + &) — (v, + ) =E (v — vy)%;
" ky(v-v)dz =y . (ayy, sech z)*dz
ay®y, (v, dve—ay, thz . dy)
(v? +&) .y de —y, .ayy, thz. ey dy
(0% 4+ k). vy adr — gy (vw, +0) L wde
={2* + k). oy vyde —~ (vo, + k) vy, - ade
ayy dae{o(v? + k) —v{ve, + &)}
ay,die k(v —v);
Loy(oy —vldz =ayde; but o, —v=alx, —2);

=thz, then ayy thz=ww, +k;

Il

I§

il

*. y{x, —x)dz =y, dx; expression =d—z-
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integral =£

but n >

00— a0

9, ..

small,

6. From Ne. 5,

lv] i

she 2

ADVANCED TRIGONOMETRY

1
(x — 9?1)\/ ax? -+ 2bx +-¢)
:_1 th 1axz1+b(ac+x1)+c;
% dx Y

' hence result.
7. Putzx=sho;

1 1

® w :
(ehﬂ—shﬁ)”.chﬁd@:!‘ e (e e %)db
o

[ (== 18 L —lnt 1oy 4g
0

RS 11 S A
l: n-1  n+1 Jo
>1; o e ®-1U8 gngd ¢~ FU? 4ond to O when

.o —l -1 — -
. 1ntegral—-2-{0 ( po b

T
" } {uchu—-shu)du>0;
o

but: Suchudu:uShu—[shudu;

)}“nil'

’ z
[ushu—chu—chu:l >0, for ¢ > 0;
0

L axshax —2chx +2>0;
x .

" [(ushu-2chu+2)du=02>0;
JO

8. By VI.d, No. 17, s >tha, ie. xchx ~shx >0, for x > 0;

T
[(uchu—sh'u)—2shu+2u] >0, x>0;
B 1]

. wchz-—-3sha+% >0,
T the «2fche-—shir 2xfchz-{ch2x-1)

fxsh %z zsh 2z

4 4
2t (1 4 Jx?) ~ j~+16x a?

! -_— .
2 4! 6>0

22

10. For 0 small, by V. a, No. 11, cosec 0_6 (

2 744
VI. d, No. 22, cosech f =3 (1 —-— +-w) ;

360
(cosee 0 + cosech 9) = g (2 s

5%
6

76%
180

==, if x is

791
360) by

).
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11. From V1. a, No. 35, equation becomes

1 2
%(w-i-—) (x )+4, Loat—To+6=0.
= z, 2 =

12, 2e* . L(e® - *) =3 +a;
e =4 ta;

. 2z =log (4 +a) =1og4+10g(1 +Z)

a® 1 a? )
m210g2+(¢ T

sinee o is small.

13. As @ increases from 0 to o, thme increases steadily from
0 to 1, but sin x oscillates between. +1 and ~1; .. there
are 2 roots of sin x =th ma in each interval,

Zhr<w<< (Zn+1)T
If mx is large,

_ p— e
1feime ’
©. for a l1st approximation, sinx=1; . z=(2n —I—%) T

Put @ =y +(2n +1)7; equation becomes cosy =th (my +u)
where u =(2n +3ymm. Then §
siny = /(1 ~ cos?y) = tsech (my +u);
. 2nd spproximation, since % is large compared with y.
is y =+sechu= 4o, For 3rd approximation,
1 ay L 1
chmychu +shmyshu ~—chu 1+mythu

giny =+

= +sechw. !
- 1Thmy’

gince th u=xsl — Jg—2mu
oy=t+sechu (1 —my)== fsechu {1l Fmsechu)
=H4a(l Fina) =t a-ma

" 14, Lh.s. =(ef)* = enf =chnf +shnb.
215, (cha —sha)*=(e~*)" =¢"* =chna ~shne; now use No. 14,
- '18. From No. 15, 2ch 5z =(chx +shz)® +(chx ~shz)%; expand

and put sh¥r =ch?r ~ 1, shixr =(ch2x - 1)%.
17. As in No. 15, 2sh bz =(chz +shz)® ~(ch # ~shx)®; expand
and put eh®z =1 +sh?xz, chiz =(1 +sh2z)?,
18. As in No. 17, 2sh 6z =(ch® +shx)® —(chz —sh)*; expand
and divide each side by ch«; then put ch?a =1 +sh?z, ete.
A T.K. I
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19, 64 chiz =% (2cha)? =1(e® +e%)7
=3 {e™ + Te5 + 2165 + 356% 4 356% + 215 4 Te~5% 4. g72)
=1{(e7 £ + T(eT e 57 4.},
Similarty 64sh’z=4(2shx)"=1(e* -e*)"; expand and
) proceed as before.
20. 32shiz=2({2shx)® =1 (e® ~¢"%)%; expand and proceed as in

Neo. 19.
.0 68 B\
21. I.h.s._(2ch §+23h§ch§)
__(2 he)” (ch6+ he)n— h.s. by No. 14
={2chy) . g tshg) =rhs, by No. 14.
[i] 6. . og\n (1A% 7] o\
o 27 — - = . —_ - .
22. ].h.s.-(2sh 2+2sh20h2> (25112) .(sh2+c}12) : use
No, 14,
_ - Bty
23. Apply the formula, tan—z +tan—ly =tan 11—4@;
' th 2¢ ‘ tan 8 i
o -1 -1 -1 —tan-1
Lhs. {tan (tan‘zﬂ + tan 1}+{ta,n (th¢) tan. 1}-
th2c;b) tan §
=tan— 1 2t -1
tan (tan26 +tan (thdn)
T th 2¢ th ¢ + tan 20 tan 6 _
‘“ tan 26 th ¢ — tan § th 24
. %thé 2 tan 6
Qh = T P
but  th2¢ T3’ tan 26 = ——

2th* (1 ~tan?0) + 2 tan?8 (1 +th2 $)
2tandth ¢{(1 +th*¢) — (I —tan?6)}
th?¢ +tan2f -
tanfth ¢ (th?¢ +tan? )

1
=tan~t{ ——_ ),
an (tan@th d))
24, S=Zshra, for r=1 to n; then

a - a
28.sh§:2},shm. shE:E[Qh (r+3)a ~ch (r -§)a]

. expression = tan—!

=tan™!

e
2.

=,asonp. 127, eh(n+4}a~chla=2sh (n-i‘l)gsh
25. By method of p. 127, if S =X ch [a -+ (r — 1)8] for r == 1 to 5, then

28. shgz?{m:h fa+(r-1)8]. shg}
=2{sh [a+(r -3B8] —sh [a +{r - §)Bi}
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=sgh [e +{n ~1)] —sh [e - 1]
:2ch|:a +{n - l)g] . shn_z‘B.

chin+4)0

“3eh36

=} chnb coth 6 +§ shnf -} coth 16.
Differentiate w.r.t. §; then given series

= g sh nd coth §6 ~} ch né cosech?}6

26. By No. 24, sh@ +5h 20 +... +shnf = —~Icoth 6

n

tz

ch n8 +1 cosech2}6

=1 cosech®}0 {2nshnf chgsh-g ~chnf
+ 2nchnbsh?16 + 1}

8
=} cosech? 6 {2nsh -2—(sh nf chg +ch ng sh g)
_ ~(ehné - 1}}.
Or reduce given series to form of Nos. 243 25 by multiplying
it by ch 8 - 1.

=e%, (g~ 17 pelayr = Ntz (2 ch —g)n

27. e® +n. e

Change = to —z, and add ; ch ( — g) =¢ch (;) :
n
‘. twiee given series :(2 ch g) . {elint 1z +3—(%n+1)z}

\"
_—,(2 ch§) {2 ch (In + 1)
\ 020 026
28, 1 +ef +‘2*“‘1“ +...=e¢? and 1 +3_8+——2T'+,_, =eg_ﬂ; a,dding’
twice given series =e® 47" =gth®+shA 4 pcho—she
meM? (NP 1 e~ h —gh? (9 ch (shO)}

28, As in No, 28 ; subtracting, twice given series
=00 =8 oY 195k (sh 0)].
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30. Put ™ =ux, e‘B:y, then l<x<y; . 0<—£<£<.1
k4

zy
el el w1
4 . ~1 :r_l x X
Series =1 ” 3 7 +%. ™ —J
i

e et

1
=110 (1+f -1 (ng)
_{ g o) o8 b
1 =
Yy Y
=11 1 f'f) wy Lo T T Y
_+y

X

31. For |z| <1, tan~lz =2 —da® + 1zb -

series :%{ tan ! (ic) —tan—! ( i) 1
Y ) f

| 1

oo x - - ¢ pmo

=1 tan~! y_= =1 tan! — =1 tan-1 & °

x 1 % 2 ef . g- B
14— Y+
o 020 Y xy Y

", &in sin - )
32, w4+ u® g Pt =2, e first put @ =e’, then put
m’:e”a, and add; .. twice given series
:89 . 63‘95&19 -I-B_B i ee-ssine

=ee . esin@(ch8+sho) +e-—-8 ] esin&(che-she)
:851n0.ch9{88+si{195h6+eu~8—~sinﬂsh6}

=8 h6(9 oh (0 +5in 6 sh 6)).

33. Put ¢* =a, then, for >0, ¢ > 1 and 0<!2‘}<1<1. (fHfa=1,.
@

we have a =0 and sha =0, so that each side is zero.]

. 1 1
Serieszv}{<a ~a/ +x(a2 —&—) +m2(a3 —&1—3)+...}

2
=1{a(l +za +x%a® 4 .. )—1(1+§+£+...>}
@ a o

{
1fa.
|

i

1
l—mamg' x

Hence, as in No. 30,
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. : x
sinee |we| < 1 a.ndlEL< |l 1,

a 1 2sha

1 —_
£l =gy -

If -a is written for a, the sign of each term of the
" series is changed, and so is the sign of the right side, but
the necessary condition becomes |x|<e”.

CHAPTER VII
EXERCISE VIL a, (p.121.)

B, (i) 4cos{¢ +7), Scos(w —8), 3 cosg; (if) for cos read sin.

6. (1) ccos(dz + = ) ceos (¢ —m), ccos(ei) -
(ii) for cos read sin. :

7. AD =2a, £ (AD, AK) =a +7—;; CF =2a, £ (CF,AK)=a +.

8. (i) 3cosa+2cos (a +—12I) s (i1) for cos read sin,

Q. 4cosﬂ+2oos(7r—a)+3cos(g—bz) +2005(§2f—a—,3> the z-

eoordinate of D. For C, omit the last term. For the
y-coordinates change cos into sin.

13. Use cosine formula for AABC; ZABC = 4 (8, - 92).

14, 0+(wp}+heosa+kcos(g—~ )

EXERCISE VIL b. (p. 126)

1. The same proof holds for all figures.

2. Draw perp. PH from P to Oz. £ coordinate of P =projection
of OP on Of =sum of projections of OH and HP on
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Of ==z cos (27 —A) +y cos (g - ) ; 7 coordinate of P

=z sin (2m —A) +ysin (g - ) .
3. The same expressions as in No. 2. :
4. In the proof on pp. 123, 124, write —B for B everywhere ;
cos (A -B)=cosAcos( —B) -sin A sin ( ~B)
=cos AcosB -sin A.( -sinB).

5. OA=0B =1, ~AOM =3LAOB=1(f ~d); . OM :lcosB;d)

also £20M =1(8 +¢). Projection of OA +projestion of
OB =projection of OM -+ projection of MA +projection of
OM +projection of MB=2 - projection of OM, since pro-
jection of MA - projection of MB.=0; for projections on Oz,

6 -¢ 8+9
2

tcos B +1cos ¢ =2 cos S COS—g— .

For (ii}, take projections on Oy.

6. From No. 5, projection of OA - projection of OB =projection
of MA —projection of MB=2 | projection of MA ; for pro-
jections on O,

. B G4¢p
l —_— = — — __'3=,
cos 0 —lcos ¢ =2sin 3 cos 3 +2/
for projections on Oy,
.- . oy = . O+
lsm&—lsmqhgﬂsm-——é—.sm -2—+§)

7. Pentagon ABCDE ; let AB make 5° with = axis, then BC, CD,

DE, EA makes angles 77°, 149°, 221°, 293° with x axis: sum

of projections on « axis of AB, BC, CD, DE, EA is zero. For

(ii) project on y axis.

€08 {5° + 144°) . sin 180° —0; (i) sin (5% + 144°) . sin 180°
sin 36° ’ sin 36° :

9. AAA; .. A, is a regular n sided polygon; let AA, make

8. (i)

. 2r . .
angle § with = axis; then A,A, makes § +—E with x axis,

eto. ; project on x axis. For sines, project on ¥ axis.
n-1 27 . fn 2w
cos (0472 2T) -sin (=)
- .

sin —
n

10, (1) =0 since sin 7 ={) :

(ii) asin (i),
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11. (i) Lhs. =Z{2sin 8 . cos (2r ~ 1)}8} for r=1to =,
=Z{sin 2rf —sin (2r - 2) 6} .
=(sin 28 — 0) + (sin 46 —sin 20} + (sin 66 -sin 46} +...
+ [sin 2n@ —sin (2n — 2)6] =sin 2n0 ;
(ii) cos 6 +cos 36 +... +cos{2n - 1) B
cosnl .sinnf sin2nb
=T e@n6  2sno
12. (i} As in No. 1}, Z[2sin 6 , sin (2r — 1)6]
=2 {cos (2r —2)8 —cos 2rb}
‘=s{eos 0 —cos 28) +(cos 26 —cos 40) +...
+[eos (2n — 2)8 ~cos 2nd] =1 —cos 2nb ; .
1-cos2nf . sinnd.sinnd sin?nb
2ainfd () sin 6 T osin@ T

‘. series =

EXERCISE VIL ¢, (p. 129.)

i} . 6 .8
cos(n+l)g.sinn— —.}[sm(2n+1};—smz]

4
1. By (13), 3 = )
o
cosi;z . :sin3—7TI %(sinﬂ' —Sinri)
2. By (13), sum = = T
Sin-i Sln?
bwr |, bw-
COS-ﬁ- - Sln"ﬁ
3. By (13), sum = — e
smi—l

1 10r
numerator = Sm—lT =2 381N e
7

2
4. Asin VIL b, No. 9, with 6 =

(n+l)yT nwT

€08 "5y .s1n2n+l.
5. By (13) = — ;
Sm2n+1

™
numerator =% (sm T SNy I)'
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sin %0 sin{n - 1)

ST

6. By (14), numerator =

'S. /)
ng

ne 7
cos? . sin {5 — 1)§
by (13), denominator =

8in -
2

7. Series =cos a + cos [a +(f +7)] +cos [a + 2B +7)] +
(1} sum =cos [ _;..:12{2,1 _ 1){ﬁ +7)]

. 8in 2n ('8 :‘; ) cosec (B + W)

={ -1y, sm[a+(2n—1)ﬁ] {-1?sinnf3, cec g
(it) sum =cos [a + L (2n)(f# + )]

.sin(2n+1)(’8—2t) eos'ec(ﬁ-wr)

=(-1)%. cos(a+nf). (—1 "Loos(n+3)83. sec[—:g
(iii) see answer.

8. Series =sin a +sin[a + (B +)] +sin[a 2B+ + . use(14).

ey

]
9. 20{335(0039ucos“20+00333—...}
_ ;] 360 38 50 56 76
7(cos§+cos—2~)—(cosE +cos? + cos?+cos~2—

o (=11 cos (nu—.})&—f-eos(n+:1_,)8}
=eos§ +( - 1}"cos (n +416.
10. 1Z(1 ~cos 2rf) = 5“2(‘305 20 +eosdd ... +cos 2n8)=, as in
7 1
Ex. 2, 129, - L TRin (20 —gin #7
X P 5 4sin&[sm( 74+ 130 - sin 6],
cos nl . sin nd
sing
12. Z[cos 70 . sin {r + 1)6) =32 [sin (2r + 1) +sin 6] ;

11, Last term is cos®; sum =

no. . .
sum = sin 6+ 1sin 30 +8in 58 4 .., +sin (2n + 1)67 ;
use {14).
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3
13. Series=cos 6 +cos (2& +g) +cos {38 +7) +cos (49 +~§~> +...:
use {13). ‘

14. Series =3 cos? {0 +(r - 1)¢] =1Z{1 +cos [20 +2(r - 1)¢]}
=3 +§,—{cos 26 +cos (20 +2¢) +cos (20 +4¢) +..};

use (13).
15. Series =Z sin®r§ . sin (r + 1)8 =4Z(} —cos 208) . sin {r + 1)8
=33{2sin (r+1)8 —sin (37 + 1)8 +sin (r - 1)6};
use (14) for each group.
18, Semes T eostrf = %E(eos 3rfl + 3 cos 0}

=i‘£~{cos 3n + 1)§ . sin?;—a?cosec —-

6 . nb ]
+3cos(n+ I)Q . sm% . eoseeé}

. 36 30
:%{I:sin (3n +3)6 —sin mﬁf] cosee —

6
+3 |:sm {n+4)0 -sin 8] chsec 2}

17. Series =% cos? 70 =Z [{{I 4 cos 2r)]?
=Z}(1 +2 cos 2rf +cos? 2rf)
=25(2 +4cos 2r0 + 1 +cos 478}
=2{3 + 4 eos 208 +cos 476)
3n + cos (n+ 1 sinnd | cos(2n +2)8 . sin 200

sin 20

=+, -
§ & sin 6

+3
3n . R
=g +31 cosect [sin (2n + 1)6 —sind)
+ 75 cosec 20 [sin (4n + 2}0 —sin 26].

]
18. By (14), sum =gin {(n+ 1) g gin %9 coset 5

=1 [cosg —cos(2n+1} G] . cosec 9

2
cos (2n+1}§
]

sin -
2
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‘ 6
6 cos(2n+1)-2~

‘. second series = ==z % ot - 5

sin —
2

7]
L= - s b 5
} cosec 3 _

.8 ] ] ]
—%(2n+l)sm§-sm(2n+1)§—%cos(2n+l)§.cosﬁ
8

sin? -
2

={reosec3§{—2 +(2n + 1}[cos nd — cos (n + 1)0] 1
+ [cos (n +1)8 +cos nb]}.

19. cos 8 +cos 30 +cos 50 +... tonterms:c—oM |

. sin B
_18in2nft sories = _ g fsin2nb
® sing * 46\ 2sin 6

20. 2(1 —cos ) . C =Z2r {cosTa +(r - 1)8]
~cos B . eos [a +(r - 1))}
=Z{2r.u,_,; -7, —TUy_g},
where u, = cos (a +’rﬁ),
=Z{{{r+ D,y ~re) -~ [ru, , —(r - 1jetn_i1}
=[{n+ 1w, 3 —nu,] —u_,;; hence result.
Or Zsin(y+7B), for r=1 to n, by (14),

=sin (—y +——ﬂ) sin ——cosee'g
Difig. w.r.t. B, 3rcos(y +78)
_1 @ feos(y +1B} —cos (y +1B +0f)
~+5( g
z Wh:z%_ﬁ{ —3sin(y +3B)sin 1B +
(n+1)sin{y +4B +nf)sin 1B ~

2eos(y +1f)cos 1B+ eos (y +18 +nficos 18}
“I cos Byl o8V H

n{eos y +nf —cos y +nf + ) +cos (y +n8)}
~and put y =g -f3.

. tan 28 —tan § =

. Identity is proved in Example 4;

. 1
’ COtﬁ"tan{[a +7f] ~la+{r-1B]}
_lttanfa+rB) . tanfe+(r -]
T tan[a+rB] —tan[a+(r -1}
‘hence E{tanfa +r8] . tanle + (r - 1)F1},
for r=1 to n, =—result in Answers.
. tan 26:£Ea£1—EJ—; cL tan 20 —~tan?f | tan 26 =<2 tan 0 : hence
1 - tan®6 _
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21, Sum to » terms =C,, =cos 6 +cos (38 +7) +cos (56 +2m) + ...

= Cos [’nﬁ +{n — I);i] . sin (nﬂ +%) cosee (9 +g)

:%{sm (2716 +nm —'g—)-l-Sing} -sec §
=} ec@{{ -1 "+1cos2n9+1}

also for ~Z< 6<Z’ 1€ secl< 4/2, and

O0<( -1t cos2nf +1< 2,
S 0€C, < v2. 2= /2; (ii)follows byintegrating w.r.t. 6.

EXERCISE VII. d. (p. 132)

sin 26 cos § —sin & cos 29
cos 20 cos 0
_ sin(26-8) sin®
T cos20cos B cosf
series =2 [tan (218} . sec {270}))]
=3 [tan (270) - tan (2716)]
=, ag in Example 5, tan (2’"0}—tan 6.

sec 28 ;

series ={cot 8 -2 cot 26)+3% (cotg -2 cot 0) +

1 g 7}
+§ﬁ“—’1 (cot Pt 2 cot 2n_2)

=—200t28+ 1 cot( 0 )

n—1

tan?0 tan 20 + 1 tan? 20 tan 40 + L tan? 40 tan 80 +.
—(tan 20 -2 tan B) 4+ 3 (tan 46 — Ztan 20) +...

{tan (2%8) — 2 tan (2710)] =result in Answers,

071.1
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[} é 0 7}
5. sin®* - Zsin®— =4 5in® > eos? > _ 9 ainz ’
sin*f - 2 sin 3 4 sin 5 cos 5 2 sin 3

@ .
:2Sin2§(20052g—1):2&&1132.00565;
6 - -8 7} g 7}
h 8. gin% = 4 = sint - —Lsinf- 4
ence cos [S1al 2—L2coszsm +4 eos4 s 8+

‘,—(smzﬁ 2 sin® ) (san*MESm i)wa- .

+ 2n—2 ( sin? 3 n@_

., 8 .
1 — 2sin® T =result in Answers,

_cosrfsin(r +1)6 —cos (v + 1) sin 6

- sinzf . sin (r + 1} 6

_ sin{{r+1)8 —»8}

Tainrd . sin (7 +1)0°

(i) hence, series =cogec § {(cot B ~ cot 26)
+{eot20 —cot36) +... + [cotnd - cot{n + 1) 6]
=cosec 6 {cot § ~cot (n + 1) 6}

sin {(n +1)0 - 8}

sin 8 . sin (r+1)6"

6. (i} Lh.s,

=cosec § .
7. Use the identity of No. 1 with g for §, then

5]
tan —sec § =tan 8 —tang

) 3’
. i} 8 &
hence, series =( tan & — tan é) + (ta_.n 5~ tan i) +...

(tan 9 —tan 6)
)
. in 30 $sin 0\
8. A(Ltan 36—t :.a(sm _Zsmn#
F(3tan an 0) =5 cos36 cosf

_3 [sin 36 —3sin 0 (4 cos?s - )}

"t cos 38
}(3Sin8-4lsin36) Isin (1 ~4 sin?@)}  sin %
1 cos 30 Teos36°

hence, series =3 {{1 tan 3§ — tan 8} + (% tan 99 - tan 30)
+i(2 ban 970 — ~tan 96) +...3.

. in

9. As in No. 6 (i), ta - =Y
s m No. 6 (i), tan (r +1) tanr@ cosr i) 0 cosrl’
hence senes——%{(tan 26 —tan 0) + (tan 30 — tan 20) +

+[tan (% + 1) - tan n6]}

10,

11.

12,

13.

14,

15.

16.

17.

EXERCISE VIIn (pp. 132, 133)

ﬁ{tan(n+l)6 — tan 6}
1 sinfn+1)0-0)

“sinf cos(n+1)Bcosd
In No. 3, put e =3 =48,
“tan 8 . tan (r + 1)6 =cot § {tan (r +1)8 ~tan+6} —1;
*. series =cot 0 {tan (n+1)6 —tan 6} -n.
cot (r+1)0 . cotrf +1
cotrd —eot (r+1)80 °
", cot 0 . cot {r+ 1)0 =cot §{cot v6 —cot{r +1)8} -1 ;
-, series =cot 8 {cot 6 —cot (n-+1)0} —n.
1 1 .
cos6+cos{2r+1)0ﬂ2(zos (r+1)0.cosr8’
", series =1 serieg in No. 9.
sin (36 - 0) ‘sin 26 =2sin9_
cos 3Bcos 0 cos3Bcosf cos36’
‘. series =1 {(tan 30 —tan 6) + (tan 90 —tan 38) + ...}

cot {(r+1)8 —r0} =

tan 36 - tan ¢ =

0 &
By No. 2, tan 8+ fsan2+ tan4+

= —2 cot 26 + 2V " cot (2170) ;
differentiate w.r.t. 0, given series

N teénns.

=;_9 { -2 cob 20 + 277 cob (217 6)} ;

Or use identity 4 cosec?28 —cosec? () =sec?f.

Beries =(sec®d — 1) +§12 (seezg - 1) +...=, from No. 14,

| 1 1 1 .
4 cosec? 28 — 43" cogec?{2"8) — {1 taat ot 5271:2} ;

GR.={1 ~(}r{1 -3},
- 1

Lh.s. :tan“l% =tan—1 T’ hence,

series =(tan~12 —tan~11) + (tan™3 —tan~12) +...

TS
=tan—*(n + 1} —tan~*1 =tan Tomel Al
| 2 _ {(2r+1)—(2a~—1)]

t"”’—1[1+(21»—1)(2'r+1} . 1+(2r - L(2r+ 1)f

=tan—t (2r +1) —tan™? (2r - 1);

141
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hence,
series =({tan~13 — tan—11) + (tan—15 ~tan=13) 4 ...

=tan~(2n +1) - tan—11 =tan—1 20t 1)~ 1

1+ @ 1)’
18. tall—l(n+ IJ —t&l’l—.l(ﬂ - 1) )

wtap-a PHD -1 L2
R eyt l\a?);
hence,

series = (tan—2 2 - 0) + (tan—13 — tan—11)
. +{tan~t 4 —tan—12) + .
={tan 24 tan~1 3 + ... +tan~1(n + 1)}
—{0+tan~? 1 +tan=12 + ... +tan— (n - nk
=tan~ln +tan~*{n + 1) - tan11.

» 7 terms,

19, tan-1 %12 _pana =2 30149 ~Rn -2)
2 2 144 {n2

2
=tan! % =cot1 (’l)
n 8
- hence,
seties = {tan~1% —tan~1( ~ )} + {tan—1% - tan—2 0}

+{t&n_1% _tan—l%} F.. +{t&n“lﬁ~;——2 _'taln__ln ‘2]

2

= {ﬁan‘lé‘- +tan=14 ... +tan—t 2}
- ¥ 2
- {ta‘nﬁl( - %) +tan™10 + ta.n‘“1{; . +tan™? Z?J_zu_z}

gr~-1 #, n+1 2
=tan T | tan—1— -1 17 F
) n 2+tan 5 +tan~t ——

<4

—tan~*{ -1} —tan—10 —tan-11 ~ tan? L.

[ 7 n-1
20. tan-? —tan-1 P ] Rl 1
11 n n——ll
. 1
_ n? —{n® - 1)
=tan~1 — -
n(n-t—l)-}-n(n—-l)ﬁtan 1( )-—cot @)

hence, series =(tan—11 —tan—10)

+(tanﬂ 2 tanm1 1).
n+1 n

+(tan=1% —tan—11) 4,

10.

2 : .
. Sum=;‘,§—Es.inlﬂnE =, by (14), } . sin
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EXERCISE VII. e. (p. 133.)

. Projections of AB, BC on Az are cosa, cos (a +%) ; AC=+/2,

projection of AC on Az is +/2 cos(a+§) =sum of pro-
jections of AB, BC on Azr. Maximum value is +/2 when

T
a+z—0.

. In Fig. 63, let AB=24, BC=7; then AC:=+/(7%+24%) =25,

24 gin a + 7 cos a =projection of AC on Ay (perp. to Ax);
.. max. value =25,

. As in VII. b, No. 5, projection of ZC =% sum of projections of

AC, BC; but projection of AC on AD =AD =bsinC sand
projection of BC on AD =0.

. Put a=rsina, b=rcosa, then r= + +/(a®+b%) and

sina:eosa: l=a:b:++/(a®+b%;
zeosd +bhsind =r{sinacosd +eogsasing);
r, o are the polar coordinates of point (b, a); max. value

. T . . T
is r, when 6+a:—2—; min. value is —r when 0 +a= 5

{(n+1r | T
+gin 7 .cosec — =0,
n n

. Sum :%E{I +cos (26 -!-é?ir)} =, by (13),

2 1w 2
ﬁ+J§.cos 20 +—2—= (n+ )™ . sin 27 . cOSeC = 4.
2 n 2

. Series =§Z{cos (2r + 1)6 +cosf}

=1, cos (n +2)8 . sin nf cosecd + Ln cosl
=1{sin (2n +2)6 - sin 26} cosec 8 +4n cosd.

Series = 3% {cos —cos [2a¢ +(2r + 1)B]}; use (13).

. Zein(r-+1)0. s H{r+ 1) = %Zsm(r+1)6 [ ~ cos (r +1)8]

=4Zsin {r +1)8 — 3 sin (2r +2)6 ;
use (14).

2gin g{% +Z{cosrl)}. %
zSing +Z{sin (r +$)8 —sin (r - £)8} =sin (n + 1)0;

-, series =1 +={cos r(a + B} +cos r{a - £)}
={} +‘3‘ cosr{a+ M} +{} +Zcosria - B)}
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=S (n+§)(a +p)

sin{n +1) (g —
e 4307 43 )(a - B)

2 sin Zsina-B
2
:%—Lﬁ___.x
Zsmha+ﬁsina;ﬁ
fan =B
{sm 3 sm(n+-§~)(a+ﬁ)+sina;rﬁsin(n+32~)(aﬁﬁ)}

“ 1
_m{cos {na+n+18) - cos (;b—:_la +nB)
+0e08 (e —n +18) ~cos (n + 1q ~nf)}

e ——— —
cos B = cosa{cos neeosn + 18 ~ cosn 1 Lg cos nB).

11, 201 —=¢050) 7 sin 16 = 2r sin 76 i
- ' = ~7{sin (r + 118 +sin {r - )9
={(r-+1)sin 16— rgi —{rsi i5
et :;ﬁé;;é),e} {rsin (r—=1)6—(r- 1) sinrg}.
21 —cosG)E(rsinrﬂ)w(n-H)si i
= 078 - nsin (n -+ 114,
12 Or find =(cos rf) by (13} and differentiate w.r.t. §. )
. (1—cosB)rzcosr0:2rzcosr0wrz{cos(r+1}6+cos(r—1}6}
:%{:+1)2cosr6—rzcos (r-+1)6}
—rteos(r—-1)0 —(r - 132
_ Putr=1,2, ... # and ad(g; for-n 0RO} =B oo 10
S 21 - cosB)T(re cosrf)
:(;z + 1) cos nb ~n® eos (n + 1)6 -1 - 23 (cos ra)
But sin-2~(1'+22 cos r)
N
_sm~2-+2{sm (r+1)6 —sin (r —4)8} =sin (n +316;
S 2(1 —eos 0)3(r? cosy 78)
={n+l}zeosnﬂwnzcos(n+])8—sin(n+

) 1
Or differentiato w.r.t. § the value of 3(rsin )0 . cosec 16.

78} in No. 11,

s . B o . @ o
13, sin § =2 sm-z-cosé:%smz cosz cosg

.8 é
=23 gin P cos g cos gcos g =gte.
Tak logs of each side 3

- : by 9 .
.. logsin® ~logsin (2—?) :nlog2+E_logeos (égr')’

. 8 :
S EIog cos (27‘) =log sin 8 —log sin (%) ~nlog2;
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differentiate w.r.b. 8
1 ) # 1 7
.'.‘ 2“2“;.( - 1) . tan (E";) =cotf —Z—n cot (2_”)
Wote the slternative method in VII. d, No. 2.

14. Series=log{cos 8§ .cos20 .cos48...n f_actors)
- sin 28 sin 40 sin (378 ) -1 fsin(izn_ﬁ_)]
OB\ Gem 6 Ten gt S (20 T S Bsing J

15, gy =eg=gy=...=1; sy=g=g=...=0;
LSy b8yt by 1 =8 TS+
=8y hEy .+ 8 =D

8y +8;4...+8 . .
2R 21 if wis even, and
= 3
n+l, . .
= ifnisodd; .. it->1i,
n -

7} &
18, s, =sint(n+1)8. sin% cosee 5, by egn. (14},

1

7] [t
=21 cosec = - J'005* —cosl(n+5¥0 };
e 2 1772 #0f s

|
9 8 '
oSSt +sn=%cosec§ {n cos —Zcos(r +f})ﬂ} ;

L S tEy Sy,
) %
=1 cotg— éincosecg - cos (fn +1}0 . sin knd . cosec g—;
- i1 g .
but moedualus of second ferm < I E™ cngec? e and this - ¢
when n — «, for 0+ 2rr.
(ii) By eqn, 13, unless 8 =km, ‘ .
. g, =cosnf sin nf cosec 6 =4 cosec § sin 2nb;
LoS=sy sy b 8, . .
=1 cosec B (sin (% + 1) 8 sin n¥ cosecd),
but |sin{n + 1101 L, [sinnd| g §; . Hm (8fr)=0.
1 2{1 —tan?®) :
17, cot & —Zcot 20 TS S v =tan §;
*. series =(cob 8 — 2 cot 28) + 2{cot 20 — 2 cot48) +...
+ 271 [aot (2720) — 2 cot (276)].-
AT, x




146 ADVANCED TRIGONOMETRY
18, From No. 17, by differentiating w.r.t. 6,
sec?f +4 sec?26 + 4%sec? 44 + 43500286 + .. 4+ 4n-1gapt (2%-19)
= —cogec?f + 47 cosec? (270) ;
but tan?0 —sec?§ - 1;
. given series = —cosec?# + 47 cogec? (278)
—{l+d 4424 | pqn-r)

19, sinf= SSmg»«ism

— - a
|:3"’ sm3 )] 3. sm( ) ~ 3™ 1sin (3,,*1) ;

. _ 2 7 &
. series = (3sm§ smﬂ) (3 51n§——‘3su13)+... .
Differentiate w.r.t. 8, then

I
2{37_1 - ;?F_

=37

., 0 ] .. B
.3sm2~3~;_. cosé;}ztl. 2(311125;- cos:%)

3 0S5 —cosﬁ:cos;ﬁ —~cos 8.
20. Take Az along A,A, and Ay perp. to AyA, ; each exterior angle

. 2 . -
of polygon is % —a=0. . Projection of AA, 1 on Az =sum

of projections of

AjAg, AyAg, .oon Az =e[l + 0056 +cos 20 +, - heos (n—1)6]
=c¢cos §(n—1)8 sin $né cosec 16 E, say.

Projection of AA nia O Ay =sum of projections of

ArAz AsAg .oon Ay =c{sin @ +sin 20 4+ ... +-sin (n-1)8}
=csindnf . sin k(- 1)6". cosec 36=1, say.

Then AA, 2=k + B =csin?ing . cosectld;

. 27
. AA,a =csin dnf cosec %8, where # =5, @

21. If OA; makes angle 0 with the line and if circumradius =R,
sum of projections

blr i
=R[cosﬂ + cos (9 ~L?) +cos (8 +~+~) Foon ter'ms]:(),

as in VII. b, No. 8. QOr OA1+OAn+
by M.G. p. 52,

22. If @, is projection of A, on OP, PA o~ =PO% -+ 0A2
but from No. 21, Z0a, =0;
Or by A.G. p. 62.

+6T,z=n.0_520

-2P0 . 0Oaq,;
g "PAZ——n PO*+n. RE.
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23. If O is circumcentre, R eircumradius, and £ POA, =260, then

T 3 -
LPOA_ ., =20 +2ra where a =m; PA,; =2Rsin (6 +ra);
", expression

=2R{sin 6 —sin {# + a) +sin (8 +2a) - ... +sin {0 +2na)}

='§a§§"ia{[sin (6 +3a) +sin (6 - §o)]

m[sin (0 +3?a) +sin (8 +%~a):|+...

+ [sin (8 +}(4n +1)a) +sin (0 + F{4n — 1}a)]} '
=R sec }a {sin (# - {a) +sin (6 +$(4n + 1)a)} =0, since
+4{dn+1a=60 ~Lta+m.
and ON,, ON,, ... are the perps. from P, O to
2(r~ 1)

by, Asg o oo I 2L PON; =0, LPON, =8+ ———3

PM,%2 =({a ~ OP cos0)® =a® —2a . OP cos 8 + OP% cos?f
=a® —2a . 0P cos 8 +3OP2 (1 +cos 26}
=q? +JOP? - 2a . OP cosf + $0P% cos 26 ;

2 24+ 10P?) - 2a.0P.Zcos ‘6+ﬂ?‘—_-—l—)—7r
. ZPM,® =n(a? +$OP?) - 2e¢ . QF . n

24, PM,, PM,, ...

4{r — )w
+§op2.2co£[2a+-———("n ) }

for #=1 o n; but as in VII, b, No. 9, the sum of each
series is zero.

EXERCISE VIL £ (p. 135.)
1 g.BK=p.KC; .- g. KB +p.KC=0; but AB=AK +KB,
AC AK+KC " q.AB+p.AC
=q.AK+p. AK +¢.KB +p.KC =(g+p). AK; )
. projecting on BC, {¢+p). DK=¢.DB+p.DC, taking
account. of senso of lines ; _
. {p+g). AD cot AKC =g¢. AD cotB —p . AD cot C. -
2. (i) Let BOAE be base of box ; proj. of OD on OP =sum of proj.
. of OA, AE, ED on OP =sum of proj. of OA, OB, OC on
OP=0A.cosa+0B.cosf3+0C. cos y.
(i) If OA’, OB’, OC’ are edges of box for which OP is diagonal,
A’, BY, C’, being on OA, OB, OC.
OA"=0P cos a, OB"=0Pcos 3, ete.;
then from (i),
OP.cos0=0Pcosa.cosa .
+O0Pcos 5. cos B +0Peosy. cosy.
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3. Proj. of AD on BC=b-acosB -ceosC; proj. of AD on line
perp. to BC=asinB —csinC;
oo d¥=ADE n(bl—acosB —ccosC)* +(asinB —csin C)2
=b* +a?(cos? B +sintB) + e%eostC 4 sin? C)
~2abcosB — 2be¢ cos C + 2ae {cosBeoosC ~sinBsinC);
but cos B eos C —sin Bsin G =cos B+G)
=c03 (27 —A —~D)=cos (A +D).
Or, use scalar products of vectors; thus d? =¥ =45 +5)2
=a% + b2 ¢ + 2ab cos (7 — B) -+ 2be cos {r—C) + Zoc cos 6,
where 6 =the angle between AB, CD = (7~B) +{w-C)=A+D
[cf. Lamb, Statics, Ch. VII].
4. From No. 3, )
AC? =e? -+-d? +¢? - Zed cos E — 2ed cos D + Zec cos {D+E);
but AC* = + 5 - 2ab cos B. Qr, as in No. 3,
(@ +b)E=ACt=({z+d +7¢)?, oic.
9. rth term =4 sin rz {cos #(y —2) —cosr{y +z)}
=Hsinr(z+y —z) +sinrie -y +2)
—sinr(w+y +z)+sinr(y +z —a))
But Zsinra=sin(n+1) Fsin . cosec = ; hence result in
Answers. 2 2 2
6. cos® rf sin? rf =} sin? 290 sin r =£(1 —cos 4r0) . sin
=55(2sin 76 —-sin 576 +sin 3r6) ;
then as in No. 5.
- costrf=R(1+cos2r8)2=1(2 +4cos 2rf + 1 +cos4r8); hence
€0s® 78 =1(3 cos 7 + 4 cos 270 cos 78 +cos 4r8 cos rf)
=4 (10 cos 0 + 5 cos 378 +cos 5r0).

But Zcosrf =cosL(n + 1)8 sin 3né cosec g
=¢{sin (n +3)0 —sin }6} cosec‘—g

=%_;sin(n+%)ﬁ.cosecg—-};
hence resul$ in Answers,
8. S=n+(n-1)cosf+,..+cos(n-1)9

=Z(n -r)cosrf for r=0 to n - 1:
n 28{1 ~cos8)

o :E(n—r){2cosr6—cos(¢+1)6—cos(¢~-—lfaﬂ};
m general, coefficient of cos+# is

2n-r)~{n—-r+1) ~(n-r-1=0,
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except at beginning and end ;

28 (1 —cos 8) =2n(1 ~cos §) +(n — 1}{2 cos 6 —-cos26—1)
+{n—2}(2cos 28 —cos 36 —cos B) +...
+2{2ecos(n-2)8 —cos{n--1)§ ~cos(n ~ 30}
+{2 cos (n — 1}f —cosnf —cos (n-2)0}=2n—-{n-1
—2ncos @+2in—1}cos b - {n—2) cosf - cos nd
—=n+1—7cos § —cosnl =r(l —cos §) +{1 —cos nd).

Or, use result in Ex. VIL e, No. 18, and subtract it from

nicosnf +cos(n—-1)8+cos{n—2)0+... + 1}

‘ =n,cos%ﬁ.sin%,-(n+ 1)8 cosee
9, Series =cos(n—1)8 +2eco0s{n—~2)06+...
+(n - 1) cos § +n =same as in No. 8.
10. Series =n +(n —1)cos®d +(n ~ 2) cos?28 + ...
=1{2n +{n - 1)(1 +c0s 20) +(n ~2)(1 +cos 46) + e}
=Hn+r-1)+n-2)+..+1] + [+ (1 —1) cos 26
4 {1 - 3) cos 46 ... +cos (2n ~ 2) 6]}

i - 2nb
_a f(n+1) 1 1 -cos
_?{ 5 T " T T cos 26 {f°
sin?nd

putting 24 for § in No. 8, =% lnz +n +n.+—————} .

E.

sin? @
i1. Double series in No. § and subtract ».

12. Use method of No. 8. Qr, from Ex. VII, e, No. 11,
(n+1)sinnd -nsin(n+1)8

sin B +2sin 20 +.., +nsinnl =

2(1 ~cos ) ?
. . n . sin ${(n +1)8 . sin ind
also n(sin 6 +sin 28 + ... +sinnf) = "
sin§

L {cos 16 —eos(n+1)6} . sin ;0

. o
2 sin 3

. n
T2(1~cosh)
subtract.
13. In general, coefficient of 7 is
cosrd —2cos 8 . eos{r—-1)8 +cos{r-28 =0,
except at beginning and end ;
product =1+ (cos § ~2cos f) .
+ a7+ [cos(n —1)6 — 2 cos § cos n] +x™2 cosnb.

- {sin 8 — sin (n + 1)8 +sin nb} ;
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14. In geneéral, coefficient of o7 is
sinrf ~2cos § .sin (r - 1) +sin (r - 2)9 Q,
except at beginning and end ;
product = sin 6 + 22 (sin 26 — 2 sin § cos §) .
+&™? [sin (n ~ 1)8 — 2 cos 6 . sin nb) +a:‘n+2 sinnf.

15 In result of No. 13, putz =cos 6 ;
S (1 —2cos% +cos?) . (1 +given series)
=1 ~cos?@ — cos™ 10 cos (n+1)6 4+ cos™28 cos nh
=82 § + eos™ 10 [cos 6 cos nd —cos (n + 1}4]
=5in%d +cos™ 6 . sinnbsin 6;

I S 1 s
. given serles = -1 +§Tu-13—8 fsin®8 + cos™*f sin nB sin 4.

16. Inresult of No. 13, put = =sec ¢, B=d¢;
" {1 -2sec ¢ eos ¢ +sec?) . (given series)
=1 —s50C ¢ ¢0s b —sec™ ¢ cos (n -+ 1) ¢ +sectt? ¢ cos ng
=sec™t? ¢ [cosnd —cos ¢ cos (n+ 1)$] ; but
cosng =cosf{n+1) ¢ — ]
=008 (n-+1)pcor ¢ +sin (n+1) ¢ sin ¢

. . J— 1 i
. Beries —S—B—C-z*—q*b'"";—l . Secﬂ+2¢ . Sin (?’E-E— 1)?5 sin ¢.

17. sin®aeosa =1 sin?asin 2a
4 . =1(1 —oos 2a) 8in 2a =} sin 2¢ - L sin 40 ;
. series =( sin 20 L sin 40) + 3 (1 5in 46 — L sin 86) + ..

1 .
+o b Sin(278) ~ L sin (2n414)],

i8. sec(2r +2)0 ~sec 2rf
__c0s2rf —cos (2¢ +2}8  2sin(2r +1)6 . sind
cos 2r8 . cos (2r +2)6 ~ cos 2r6 . cos (2r +2) 0
wosin(2r+1)8 . sec 2r8 . sec (2r +2)0
=4 cosec § {sec (2r +2)6 —sec 2rf};
", series =} cosec 6 {(sec 46 - sec 20)
+(see 680 —sec 46) + ...

sin 4r8 2 sin 2rf cos 2r6
sinrf sin r8
hence as in No. 7.

+[sec (2n+2) 0 - sec 2n6)}.

=4 cos 70 cos 2rf =2 (cos 370 + cos r8};
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sin 3¢ cos a —cos 3usin a

20, cota —cotda= : -
gin a sin 3a
sm(3a a) 2cosa
“simasinda sinde’
" cos g eosec 3a =1 {cot a —cot 3¢} ;
-, series =1 {(cot 6 —cot 36} +cot 38 —cot; 96) +
4 [eob {3%18) — cot 3“6)]}
21, chx ~sh?x=1;
cosech®z —gech?x =cosech %z sech?z =4 cosech®2x ;
- thtz=1 -sech?x=1+4 cosech? 2z —cosech®z

. 1
- sum to » terms of senes:}+1§+... +
x
1 (4 cosech? z — cosech® -2-)

Sl
+yi (4 cosech2 = —cosech®; 22) e

1 x
+ & ( 4 cosech? i casech? gﬁ)
H z
=1 (l - al;‘-) +cosech?x - @}coseeh2 T

1 x
but when n — o, 1 —0 and eosech T
P 4n oy

1
*osum ton terms—>31; +cosech?x — e

T . =
22, R =circumradius ; AA; =2Rsin o A;A; = 2R sin T ste. ;

R LT
© AR FAAL L AR +AA2=4R? . Zsin? Y

forr=1ton-1,
=2R? 'E(l —cosz—rz)
n

sin(nml)“;: :
=2R*{n -1 +1}

=2R%- n—1-coST.
sin —
7

. n . w\
sincesin (r ~1) —=sin{ T —— | =90 —;
n n, n
*. given expression =32R? . n - 2AA.5

T
and R =1A;A; cosee P
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23. Let OP=c, £POA, =6, then - POA, =g+ 2/ 17 ;

%
PA2=R? — 9Re cos § + ¢ =R? 1—6(20;)86 %)}:

2c080 2cos 8 &
. - _a ; _ _r.ef=
. PAI_R{I 2:’( R Rz) g-e( = ){
a

e €
:R—ecoseni-z—észmﬂ:ﬂ—ecosﬂ—a—iﬁ(i —cos 26} ;

o 2 2(r- 1w
. }.PA,&n(R +£§) ~ €S cos [e +J1“—)-}

n

o i~ 1)7 4}
iR = oS [28 +__ﬁ_] (R +:;ﬂ:ﬁ

sinee the sum of each series is zero, asin VIL b, Hos, 9, 10,

24. PM,, PM,, ... are Perps. t0 Ay, AgAg, ... PA, is diameser of
circumcircle of quad. PM,AM,, e, of eircumeircle of

L PM M, ; 2

. MMy =PA, . sin M,PM, =PA,; . sin —;

%
. .27
" required sum =sin? ——
from VII1. s, No. 29,
25. R =radius of circle; £AOQ,=28,

2
. ZPA, :sinzf a(R2 + c2),

]
LAOQ,1:8,[_AOQ =t LABQ, 1 =55
" BQ1 BqQ,... BQ, = (2Rcos ) ("R cos—) (2Rcos —)
:(2R)" . 00s§ coséu2 cosg_ﬂ=R”

- 9
gin (§E
by VII. e, No. 13; but AQO =92R sin g
and AQ, = 2R sin é%’ - AQo sin 6

" AQn SID(Z )

CHAPTER VIII
'EXERCISE VIII. a,

{p. 139.)
1. Commutative Law of addition,
@, b +{e, dl ={a+c, b+d) = [e+a d4b

=[e.dl +{a b]; [1+2, 5+3].
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2. Cormmutative Law of multiplication, '
[a, b} x e, d] =[ac —bd, ad +be] =[ca - db, cb +da]
=e,d] x [a, b] ; [6-20,8+15].
fe(e+c) ~Fflb+d), fla+e) +elb+d)]
=[ae —bf, of +be] + [ce —df, ¢f +de]
={a, b} x {&, f1 + e, d] % [&, F1. ) _
£, (i) [5, 0] ; (i) fa+e, 0] ; (i) [6, 0] ; (iv}[ae, 0] ; (v} [5a. 5b1
{5, 5D].
5. [3+a, 5+b]=[7,8]; .. 8+a=7 and 5+5=28.
6 and T and 8. Use eqns. (1) to (4}). .

9, By eqn. (3), [cos 0 cos ¢ —sin B sin ¢, cos & sin- ¢ +sin 8 cos ¢].
10. By egn. (3), [amc-bd, ad+bc)={0, 8]; .. ac —bgi mé).
T adcbo=0; . (@B e 40 = (ae ~bd)? + (ad +bo)t =

- either a® +b2=0 or ¢ +d2=0; but, for all values of %,
: k'£>0 ;L at+b8=0 requires that e*=¢ and 5 =0
sin:ilam"ly ¢ +d? =0 requires that ¢® =0 and d?=0.

3. Lhs. =

EXERCISE VIIL b,

iand 2. Use [a, ] =a +bi.
3 to 12. Use eqns. (1) fo (4) or ordinary algebra.m operations.
13 to 18, See pp. 1580, 151. L,
18. (z —cos B)% — (isin 6) =% - 2w cos O +cos? § +sin® .
20. (x 4sin ¢)? — (¢ cos ) =a* +Zrsin ¢ +sin®¢ +cos? .
21, 1428 +4*=1+2¢ 1. . -
22, (3}~ =1 20308 =1 20— 1= —2;
{1 -z)3— - 211 —2) = — 2¢ + 242,
23 to 25 Use the method of Example 2, p. 142,
(z +i2. 20
17 1-1t
27. As in No. 8. 28 and 29. Use Example 2, p. 142.
Ltz+iy {0+ +igh{(t ~2) +d)
30. Tz —-dy {(1-2)-{(1-2)+iy}

{p. 144)

26. By No. 21, .; use Example 2, p. 142.

1w -y iy +2y +y )
= (1 —x)*+yt ,
o - - i 1)—2_,_:!.—_@_=--%'L"
81. (i)By No. 21, (1+i)f=2; . (1+ % o :

similarly (1 -¢)2= +34; )
(i} (146t ={-}i)P= -} and (1 -9t =)= -}
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32, By p. 143,
@ +b% = (@ + bi)(a ~ bi) = (2 + 35)(3 — 44)(2 — 36)(3 + 44}
=(2+3:)(2 - 34). (3 +44)(3 - d4)
=(4 +9).(9+16) =13 x 25,
33. Squares are }( -2F2i4/3)=4( -1F¢+/3); cubes are
. H-1Fiv8) . J{ -1iv3) =31 +3).
34. (if) Write x — 1 for z and % — 2 for ¥ in (i).
35. By p. 143, e - bi={x —yi)*;
Sooa? b ={a +hiYa - bi) = (v + i)z —yi?
. ={{x +yi){x - yi)}"
I n=2p, term={1 + 11 +( - 12} =2{1 + (- 1)F} =4 i i
, = ~ 1P} =4 i
even and =0 if pisodd; if n=3p +{1, £ =i4)”ﬂ}Lﬁ :z';z }z 115:
. term =(1 ~ 1j(1 +4m) =0. ’
3T 22 +y +2+4(3y —w)=0: . 224y +2=0 and 8y-z=0;
solve, _ ' |
38. 2 -8=(3, 4] ~[3, 0] =[0, 4] ;
L E-3R=[0, 447=[-16, 0] = -16;
similarly z ={3, —4] satisfles (z -3)2= -16..
39, T+yi=(A+Bi)2=A—B2+2ABi; .. x=A? '
;S x=A%-B% and y=2A8;
'NO“E s;)lv;ﬁ =A? —B?, 12=2AB; these give A% — 5A2:£i 36 =0
ie. (A2 -0)A2+4)=0; . the onl iti Y
PRy v (positive) value of A
If +/2=A+Bi, as before A2 -B2=0, 2AB =1;
Aemed
2 :
40, B2 +2(a+ib)k +c+id =0, ie. k*42ak+e+i(2
h s LG bl +d :0, -
quires that k2 +-2ak +¢=0 and 2bk +d =0 for the) samerz.

d 4 %ad
If b0, b= — = T te=0. Iib=0, then d—=0

2p° @R 2
end (k +a)? =a? —¢, this requires e* > c.

EXERCISE VIIL e. (p. 147)

1to 2:4. Use'the method on p. 146 or write down the answer b
inspection. v

. r
25, (i} For -§< a< 0, cosa>0;

oxpression =cosa (cosa +4 sina);
*. the modulus iz cose;
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(ii) For g< @<, cosa<< 0; expression must be written
( ~cosa)f ~cosa —¢sina}
=( —eos a)jcos {a L) +isin{atw)}
since the modulus is essentially positive; also here
la —w|<fa+w|; . the principal value of the ampli-
fude is ¢ —7;
(iii) For ~w < a< mg, as in (i), cosa<<0; .. modulus is
(-cosa); but |a -7|>la+m|; . the principal value
of the amplitude is a +7.

26, 1 +4tan g =sec a(cos a+isina)
=( —gec a){cos (a +7) +isin(a+ )},
according as sec a is positive or negative,

. a Ery T 3
ie. as 2am —— < a< Bnw -t or 2nr g <o< 2nT +
3 2 2 2

97, 1 +1icot a =cosec a (sin a - cos a)

= ul tsi T a)

—eosec a4 cos (—2— )+ sin (2

. 3 .8 (37

=( - cosec a) cos(—g—a +1»Sln<—2-— )

according as, (see No. 26), _
nr < a< (In+ 1w or (Bn+liT< a<{2n+8)w.

w28. tan B -1 =sec B(sin § —i cos §)

—see 8oos (B -5 visin (B -5) |

- ={ —sec ,B){cos (B +g~) 4 sin (,3 +g)}
according as etc., see No. 26, .

30, Expression =2 cos?® g + 2% sin gcos 3
:20039.(cos9+'ising)
2 2 2 :
5 00s ). [ ] (8
:(— cos§>. LCOS(Q-HT) +'bsm(§+w>}

according as, (see No. 26},
2nr -z <E < dnrr -i-g, ie. (4n -1)7w <0 <(4n +1)7 or ete.
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31. Expression, asin No. 30, =2 cosg . (cosg —% gin. g)

=2 co 4 eos( ¢ P st (—MG
= 55 —§)+zsm f..")

- 0y § o 6\
. -..( 420055) . {cos(?r —§) +zsm|\/7r _E)}
according as ete., ses No. 30,

32. Write g - 6 for 8 in No. 30

33. (cosa -cosf3)+4 (sin g +sin 3)
=2cos(a+pB)eos J{a—F) +2isin} (a+F)cos] (a—B)
=2cosf(a~f3) . {eos(a+f) +isini(e+B)}
={-2cos{(a -} {cosila +B 4+ 2m) +ising (a +f +2m)3,

aceording as ete., see No. 30.
34. (cosa—cosfi) +i(sina—sinB). Write 8 1 = for 8 in No. 33.
38, I 1 +7cos ¢ +ir sin ¢ =s{cos ¥ +-isin ), by p. 145,
&= 4/{{1 +7e0s $)2+risin? p}
=+ /{1 +27cos ¢ +7% (cos? ¢ +sin? $)}
I
and _cogv,b:;(l +rcos ), smy'/zg - 7sin ¢.

38. Origin0; OA=1, .
— 2w .. 27 j— I R ¥ 3
OBm(cos? +zsm—3—) , OC h(eos g +12 8in ?) ;

then ABC is an equilateral triangle, circumeentre O ; and

OA +0B +0C =0; i.e. O is centroid of A, B, C. This holds
for any equilateral triangle in the circle ;

2. {cos O +isin 8} +{cos (6 +2-§~7r) +3gin (6 +2§)}

+{cos (6 -i-%’f) +2sin (6 +4—;T)} =0.
It also holds for any regular polygon in the circle ;
E{cos (6 _i_gfff) +ésin (0 +Er)} s
n n
for r=0to n -1, =0.

37. Origin O; OA=1, OP=cos § +isin 6 ; AP is a chord of the
unit circle, centre O; the mid-point M of AP is given by

o a —
oM :cosé . (cos g +isin g) ; relation is QA +OP =20M.
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38. Origin O; OP,=r{cos 0; +isind,); OP, =7y(c0s 8, +1sin 6;) ;
comaplete parallelogram P,OPN ; then

e . J’ T Th
ON =0P; + 0P, =sin(f; —8;) - tcosg +'e.sm§l{ ;
. ON is of length sin {#; — ;) and ON is perp. to Ox;

T ks
S LNOP1=§ ~ 0, £PNO = LNOP, =0, —g o
LOPMN=7—(0,-0;);
. from AOP;N,
N =Sin (92“‘61):1: T3 .
sin (92 —;) sinda -0 gy (’-23 ~6,)

FEXERCISE VIIL. 4. (p. 149)
1. (i) Draw AP equa}_a,nd wgara_l}gl t0 BO;
OP=0A +AP=0A ~OB=a-§;

(ii) Bisect AB at @3 0Q@=}(a+8); e
(iif) Draw AR parallel to OB aud =20B; OR=0A+AR =« -L:,@ ;
(iv) Draw AS parallel toBO and =3BG; E)-S :CE— +AS =a ~3f.

2. Asin 1 (i), OC +0A=208; .. OC=20B-A."

3. AB=HO +OB=0B ~OA=f8-a; BC=0C-0B=y-f; but
AB=2BC; .. S—GZQ(T—B)- h

oP that

=z: to represent az+b, produce OP to G so

* OPOQ.Z =g .OOP I;nd draw QR parallel to Oz and =b, then
OR =0Q + QR =a .2+b. Each part of No. 4 is a special
case of this construction.

5. In Fig. 69, N

i rlesl = R=0P =|z|;
(i} 12, +2,] +]2:| =OR + 0@ >Q 1 ~
(ii) SP =PR —0Q =250 < |21 2l +]%| =08 -l-.SP‘>OP-_}z11.
8. (i) In Fig. 69, if R lies on OP between O and P, i.e.if Q lies on
PO produced and if 0Q < PO, then {z; +7,| =[21] ~ |z} ; this
is equivalent to am{z,) = LT +am{z,) and iz‘zié_-lzll 3
(ii) In Fig. 69, if S Hes on OP between Oand P, ie. if @ he{s on
OP between O and P, then |z, —zi=[z]-|z]; this is
equivalent to am (2,} =am {zg) and. |z.|< Izli.. o
9. Asin No. 4, if |z| =1, az is represented by & point on a circle
! Agcl;.’ltrz 0, ra(li.la : ’az +b is represented kfy a pom_t on the
sirele obtained by moving the former cirele a distance b
parallel to Ox, i.e. & cirele, rad. @, centre (b, 0).
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8. If |oz—b —ei|=d, then

z "(§+E’i>’= 4 ; this means that
a g ja|

. . . b .
the distance of P from the point which represerits E+£Z’
i.e. coordinates (g, 2) equals & ; .. Plies on a cirele, centre
b . . .
(E’ 2), rad. IZ! No. 8 {i)-(v} are special cases of this fact.
{vi) am (2) =0 means that OP makes a zero angle with Ox;
*. P lies on the positive half of the z-axis; the negative
half is given by am (z) =,
9. Use the general statement in the solution of No. 8.

10to 14. Xf |z ~a —1b| <, the point P representing z iz inside a
circle, centre (@, b), rad. ¢. Since |z ~d} is the distance of
P from (d, 0), the greatest and least valucs of |z ~d} are the
distances from P to the cirele, centre (a, b), rad. ¢, measured
along the diameter through P ; Nos. 10-14 are special cases
of this statement ; e.g. in No. 14, P Hes ingside or on the
circle, centre (0, —3), rad. 1; the distance of the centre of
this circle from (4, 0) iz V(£ +3%) =5; . the greatest and
least values of |z ~4| are 541 and 5 - 1,

15. [z 4+2 -8i| =iz - (-2 + 3i}| =distance of P from ( -2, 3).

16. As in No. 4, the point representing 1 +z is at distance 1 unit,
measured paralle! to Oz, from the point representing z,
which by the data. lies inside the circle, centre. 0, rad. 1.

17. By No. 186, the point repregenting 1 +z lies inside the circle,
centre (1, 0), rad. 1; . the angle OF makes with Oz lies
bet: > and +7 '

etween -3 an -£—§-

18. As in No. 16, since |z} =%, the point representing 1 +z lies on
the circle, centre (1, 0), rad. £ ; the tangents OP, OQ to this

-g with Oz, these are the extreme

circle make angles .5..7.'.‘, -
lunits for am (1 +2).

19, The point is { 151+ ”llwi@’f); it divides the lino
iy + 1y WMy +my
Joining {z,, 4, to (=2 ¥2) in the ratio m,: my and is the
centre of mass of m, at P, and Ma at P,
20. The point @”i"’ 2y

. . . Zmz
S m), 1.e. the point which represents S

is the centre of mass of W 86 (@1, 1), My 8 (3, y,), ete., or
my ab z;, m, at 2, ete.
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EXERCISE VIIL e. (p.153) B
Numbers 1-14 are direct applications of egns. (12) to (17). As
explained on p. 152, cis 8 is a convenient abbreviation for
cos § +isin 6.

1. ciisj::eis (20 - a). 2. %: cis {8 - (- )}
3. Eqn. (17). 4. (%é;——f}:cis(——(ﬁw2¢).

. ﬁ%:ois(sa +a). 6. H:cia( - 48 +26).
7. ‘Ls(fl—‘;—;i@ 8. E%——fi):cisﬁﬂ—( —o)
9. {cis (- 6)}5. 10. Egn. (14).3

11. {‘ﬁl—;gﬂz:cis{nzemsa}. 12, ie—l—;%—_l—;g)—}:cis(-—ﬁﬁ—l26).

13. Eqn. (14), cosm +¢sinw. 14. Eqn. (14), cos 3 +4sin 37,

13 ; 37‘.-
{cos (g . 6) 4z sin (g - B)} =¢is (3 - 36).
AN L 5 ) T
16, {cos(ﬂ —g) +isin (8 wT—;)} :013<59 ——2> =cis (58 2).

1

o

"~ 17. By VIIL ¢, No. 30,

: 6 . 6y3 A
(1 +cosB+isin9)3:{2cos-é.0155} =(2cos§) Sels 4.

.. @ O
18. 1+1Jsi118—cosB=2sinzg+2zsm§cesf

2
"
) a ] . 8 =0 .. &6
=2s‘mg(sin§+zcos§>:2smé(cos 3 +14 sin 5
.8 70 in No. 17
-w—n"'smé.ms 3 ; then as in No. 17.

19, As in No. 17, numerator =2 cos @ . cis 8 ;
' fra,ction:2——cos_e'cme:2 cos 6 . cis (0 —26).
cis 20
2gin?B +2sinfcosf  2sin 8 (sind +icosh)
" Bcostl - 2isinbeos§ 2cos 6 {cosd —isin b)
"sin 8.4 (cos 8 —isin 8)
~ Tcosb(cosf —ssin )
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21. By VIII ¢, No. 32,

T ] 4
numerator = {2 cos (__ - @) . CIS (— - 6)
4/
', denominator = f:‘/} cos (— ~8).cis ( - 4 (3‘>\i '
L 4 ) it /)
writing —4 for 3 ’

. fraction:eisfti(f—ﬁ)—é(__ .3.9}

22. 1 - H—i f=1 - ) —isin! = —
sin 4 cos cos(2 9) 'Lsm(z 9)

2 sin® i’_f)_ s (1'_9) (E'_?\
Zsin (4 5 21 sin iT% 2os i 2)
e {f. (= @ T 8
wﬂsln(—é——)«{sm(lin)Azcc:s<g—-é }
= Sl}"(jz_..e>fcos(:..}.§>,...isxn(ﬁ“_‘_e\] .
TN T8/ 1‘5)[’

1
erI’eSSlO"l =
J’2:5}|.t1<- 3)]3 ;ci( il 6>13
.2 deisd T2
L 2/{ % 173/ f
i (37.,.39) :
g g

cis 150 . eig { ~36)
¢is 106 . cis 66
24, By Example 5, p. 146,

=cis {156 - 30 — 106 — 66).

1~cis =1 ~cos ) —isin g =2sin . 0136;”;
by VIIL. ¢, No. 31,
1+eis{-6)=1-+cosf wisinexécésg.cis<mg);
f_xs

. 8
2 sin 5 cis =5

F

', fraction =

8 . 8
l2cos§-ms(—§>
g fe—-x B\B [¥] 3ar-
o= — - —— o = 2ol —_——
{tan 3 ms( 3 +2)} tan 5 Cis (36 3 ) .

25. By eqn. (14), cis8, ecis(d +2r), cis (0 +47); each=wcis®;
. cisg cis 8 + 2 o 844
. 3’ '———3 » GIS 3

are the 3 cube roots of cis 4.

\Jf =cig (& - 86).
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26. By equ. (14), cis4q, cis (4a+27), cis (da +47), cis(da-+6m);

) cig {a + ), cis (a + —) are

sach =cis 4a ; cis a, cis (a +2

the 4 fourth roots of eis 4a.
27. cis (A+B+C)=cism =cosm +is8in 7.
28. By eqn. (14) and p. 152, {cosnd +4sin nd) - (cos n@ ~isinnd).

29. By eqgn. (17), :?=cosﬂ--isinﬂ; also 2" =rcosnf +isinnd,
%:cosn&—isiﬂnﬂ.

30, L. 950

? cis¢
n
31, (sin 8 +4cos B m{cos (g - 6) +14 sin (g - 6)} , use eqn. (14);

=cis(f — qb}, eis(#)~6)mcos(8—¢)m'£sin(8~¢:).

also as in No. 21,

. f (T 98 T B)
fraction =cis {H(Z_2) n( 4-}-2}

=cis (% - nﬂ) . s

Or (sin @ +icos 0){1 +sin 8 —2cos ), expanding,
=1 +sin # +icos b,
32. (i} Take Q on cirele, |2| =1, so that arc AQ =2 arc AP where
- A is {1, 0), then @ represents 2?; produce OQ to R so
that OR =20Q ; R represents 2z%;
(ii) Take Q on circle, |z] =1, so that arc AQ =3 arc AP, then
Q represents 293
(iif) The image of P in Oz, see Example 8, p. 153.
33, (i} If in Fig. 72, p. 151, @ coincides with P, K represents 2% ;
(il) Move the point K obtained in (i) parallel to OX, 3 units ;
(iif) Construct R, representing z + 1 by moving P 1 unit parallel
to OX; then, as in (i), construct § so that AQRS is
directly similar to AQAR;
(iv) In Fig. 75; R represents 1/z; produce RO to R so that
RO =0OR’, then R’ represents - 1/z.
34. The points that correspond to the position (z;, 0) of P are, in
the four cases, (& -+x,, B); (amy, 0} ; {0, y); and (ax,, bxy).

As #, changes from —1 to +1, these describe segments of -

st. lines as in answers.
AT.E. I
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35. The position of P at time ¢ after passing the origin is given by
x=ut (for "i £t < é) Positions of @, R representing 2%,

1/z, are given by &’ =u%?, w”:i—i—t. @ moves from (1, 0}
to the origin and returns to (1, 0) with initial velocity
&’ = — 2u® and acceleration &’ =2u®. R moves from ( -1, 0}

with imitial velocity &= —;1; and decreasing acceleration
2 .1 . ; ] .
w for time o receding to an indefinite distance along the

neg. z-axis and returns along the pos. xz-axis from an
indefinite distance to (1, 0}

36. The point representing 1 -z moves along the wx-axis from
(2, 0) to infinity {+ ), and then moves along the z-axis,
from - w to the origin. Henece z, moves from (4, 0) in a
negative direetion to —~ o0 .
zg= 1 — 2, and this decreases from 2 to 0.

37. (1) By No. 32 (i), point moves anticlockwise round the circle
|z| =2 with twice the angular velocity of P.
{(ii) By No. 32 (iii), point moves round the circle [z] =1 at the
same speed as P, but clockwise.
(iii) z - 2 describes the circle, centre (-2, 0) rad. 1, anti-

clockwise; as in Ex. 8, p. 153, descr\bes the

image in Oz of the inverse w.r.t. the circle |z|=1,
- of the circle traversed by z — 2. The inverse isa circle,
centre { — %, 0), rad. ;. The image of this circle in
Ox is the circle itself. The inverse of z —~Z moves
clockwise; .. the image of the inverse of z -2 moves
anticlockwise.

(iv) The point P’ representing z -1 moves anticlockwise
round the eircle, centre ( —1, 0), rad. 1. If {=, 8) are
polar coords. of correspending position of (z - 1)3, the
polar coords. of P’ are {4/, 16); but P’ lies cn circle,
centre { — 1, 0), rad. 1; P

Lo4/r=2cos(w -30)= -20085;

- r=4coszg=2(l +cos 6);

the sarme cardioid as in HEx. 7, p. 152. Point describes
cardioid anticlockwise.
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38. (i) z ~ 1 describes circle, centre ( ~ 1, 0}, rad. 1, anticlockwise; ’
(i) Asin Ex. 8, p. 153, z—iwi describes the image in Ox of the

inverse of the circle z — 1 traverses, w.r.t. the circle
|z} =1; the inverse is the line x = —{; .. the image
is the same line; the inverse pmnt tra.vels down. the
line from +®to —w; .. the image travels up the
line from — o0 t0 +;

(iii) From {ii), o 2 1 describes the line x = — I, upwards;
Z + ;: 2 1'+ 1; .. from (111) describes the hne =0
I
upwards.

39. (i) z +2 describes circle, centre (2, 0), rad. 1;

(il) Az in No. 37 (m), descnbes the image of the inverse

circle w.r.t. §z|ﬁl, ie. the circle centre (%, 0),
. . 3 . .
rad. ¥, anticlockwise; .. oo describes homothstic

circle, centre (2, 0, rad. 1, anticloclkawise ; this is the
same cirele as in {i), but the points are always
diametrically opposite one another ;

(iii) _2z_+m152 -3 ; by (i), -3 describes circle, centre
242 z+2’ z+2 9%+ 1
(-2, 0), rad. 1, clockwise; . ) describes circle,
centre (0, 0), rad. 1, clockwise;
L az+b @ k d bec —-ad R
' (iv) mﬁg+;—+—f where _f:—-g, k= R the loci de-

1 k a
z+f z+f ¢
succession as in (i)-(iii).

40, If f(z) describes a locus o, if(2) deseribes the locus obtained

+L are found in

seribed by z-+f, P
by rotating ¢ through angle g about O, anticlockwise,

{i) 7z deseribes circle [z} =1, E ahead of P;

(ii) 2 +1 describes circls, centre (1, ), rad. 1; ., i(z+1)

describes the circle, centre (0, 1), rad. 1 anticlock-
wise ;
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(ifi} 1/{(z+- 1) by method of Ex. 8, p. 153, moves down x:%
from y=0to —o and +w to 0; .. 4/(z+1) moves on
y=4fromx=01t0 v and — » to 0.

(iv) z +% describes the circle, centre (0, 1), rad. 1, anti-

. 1 . . .
clockwise; .. o describes the image in Ox of the

inverse of this circle w.r.t. [z] =1, i.e. theliney = -},
from right to left; ., —*  describes = +4%, down-
wards. bt
or & i - t(cos 8 —isin 8 —1)
z+i cosf+isinf+i cos?@+(sin 0+ 1)2

cos &

=i+ g YW

. point moves on ==}, and y > 0 for O<ﬂ<’§r;

3
y<0for7—r <8<—Tr; y >0 for ?f—< &< 2w,
2 2 2
.2 . . .
41, 2, = —dd o The point z —7 describes the st. line from

{-1, —-1}to {+1, —-1}; .. by p. 153, the point —l—; de-
z—

scribes the image in OX of the inverse of the segraent,

w.r.b [2]=1. The inverse is the lower half of the circle on
(0, 9) (0, —1) as diameter; its image is the upper half of

that on (0, 0) (0, 1). Thus ;—%—% describes the upper half
of the circle on (0, 0), (0, 2) as diameter. 2z, is 1 unit

below z%. and deseribes the upper half of [z] =1.

8 .
Qr, Put z=tan 5 then 6 increases from w;: to -;-g and

oo ] ¢ ..
l_tta.n-é cos_é—zsmé .

z = g = 5 7 =t (cos § —~isin B
ta.né—'b —z(cos§+'bsm§)

con(Z0) sisin(3 -0);
—cos(é— +zsm(§— ),

*. the point z, moves along the upper half of |z| =1 from
cism to cis 0.

42, zy=——
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1-dzy {z-d)—s(l-w) 1 ves as in No. 35 Zyy

Z,—1 (l-iz)-t(z—%) =z
similarly, _i. By No. 41, l describes the image of

the inverse of the upper half of {z] =1, i.e. the lower half
of the same circle from ( — 1, 0) to { +1, 0).

43. In Fig. 75 take Q on the bisector of £zOP so that 0Q* =0P.0A.
Then if the polar coordinates of Q are (r, 8) those of P are
{r2, 26) ; but OP =0B . cosBOP; .. r*=2cos26; .. locus
of @ is the lemniseate, 8 =2 cos 26.

EXERCISE VII. f. (p. 156.)
1. For 0Kz <1, sin %z has a va.l_ue between 0 and g inclusive ;

for — 1 £z <0, it has & value between wg— and 0 inclusive;
these are the numerically least vdlues; sin—lx is undefined
if j=] > 1.

2. ¥or ¢ L g 1, cos™% has a value between 3 and 0 inclusive,

and a numerically equal value between ‘—% and 0, but the

positive value is defined as the principal value. For
~ 1< @< 0, cos~1z has no value numerically less than the

value between = and--g (a.nd that between — 7 and —;) H

the positive value is chosen, by definition. For x= -1,
in the same way, the p.v. is 7,

‘3. For all values of z, tan—1x has one value between —g and +T—;;
"there cannot be any smeller numerical value.

4. By definition. See p. 146.

5. The gra.phs are the reflections in the line y=x of the gmphs

of sin z, cosx, tan 2.
6. (i) For 0w <1, let sin~x =0 where 0 8
then x =sin § =cos (w e ﬂ) .
2 s x*
s eos™ip =3 — 8 where 05 3 o< 3
so that g — @ is the principal value of cos 2z

", sin~lx +cos o =0 +(% - 6) ]

<
2
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For —1 << 0, Iot sin~% = ¢ whe —1; < ¢ <0, then

x:smd;:cos(g—(f,);
.. cosiy = — ¢ where f<f_¢<.,r
2 272 ’

. T . -
s0 that 5~ ¢ is the principal value of cos™lx;
*.osinlx +cosTly = -i-(g - qb) .

(ii) For &€ >0, as in (i), if tﬂn—lx=6, where (1 9< 12:., then

™
cot7lz=_-—0. For a< 0 if tan~lz=¢ where

T . _ T E .
——§<q':<0, then cot 1x=(§ —q‘.;) —T=-g — ¢, sinee
™ kial . " _ k8
0= ——2—ri>> g tan 1z +cot Im=¢+(—§—q5>-
7. (i) For 0 Sz <1, equal since each is between 0 and Ig in-
clusive; for — 1< & < 0, unequsal since w%<sin"':‘~x <,

T
but§<cos—1\/(l - g} < T

(if) If «2+1, ;4( cog { — /(1 -} <w; .. unequel, by

No. 1, Ha=+1, eachis—g; a1,
. T "
sinLp = -3 and cos™3{ ~ /(1 ~2%)} = +—2.

(iii) As in (i), equal for 02 a2 -~ 1, since each lies between 0

and —721 inclusive.
8. (i) Each lies between —g and -%—;—r;

...
(i) S <am(z+yi)< 7, =< tanL< 0;
2 g P

(ili) —= < am (z+y4) < -z » 0 tan1Z T
2 ¥ 2
9. Graph of am(z) is the positive x-axis and the part of si. line

T if z< 0,

y=m for which z< 0. If >0, a,m(e:x):z;

10. (i) am(z +iz) =
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am (tr) = —g; *. graph is two half-lines, y:% for z >0

and y= T forw< 0. am(z +yi) is undefined for z=y =0.
—E for >0 and am (x+ix) = —%? for x<0;

. . K 3r
graphlstwoha]f-hnesy=-; forz>0andy = vy forx < 0;

(i) am(z - iz) = -g for z> 0 and am{z —iz) :i—' for z < 0.

11. For m>0, tan—lm lies between 0 and g; by No. 6 (ii},

tan—lm-}-tan—-llﬂ?—r; n>—1—. For m <0, tan~lm lies
m 2 m
T
between 0 and ”g; o ten-lm +tanin is always < 3 -
1.7 . for

Also by No. 6 (ii) for m <0, tan—lm +tan—? po
I T

p—< 0, tan~dm +tan"n< — 5.
m 2

12, Put tan—? AN I ma< 1,
1-mn

{tan~tm +tan'n| <|tan—'m| +|tann|
T
< |tan—m} +|cot™im] =5
- left side lies between +g T, o k=0 If

and —E;
1 . ™
n>f—n>_0, by No. 11 (i), 1r>tan"1m+tan—1n>§; but

mEn <0; .. —7_r<T<0; Sok=+1 Ifn<%}<0(and

1 —mn
so mn> 1), by No. 11 (i), -7 < tan~im +tan~tn < —5

butm+n<Oand 1 —mn<0;
. min =>0; 0<T<f;
1 -mn 2
13. 0 =6, + 8, +2%w where the integer & must be so chosen that
< By + 0, 2T <; also since 8, and 6, are principal
values, ~m < B <7 and —T < BTy .
~ 2w < B+ 0,2,

k=-L
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() ~2r <O +0:.K ~r; L 0<B +0, 42 k=1;

(if) —~m<®, +0,<7; - k=0;
(iﬁ)”<61+32<2ﬂ'; S wm< b +0, -2 <0; k=1,
414. By No. 12, putting m=n=uz, 2t3ﬂ"1x=‘707r+té,n-11_?_%§,

where k=01if ~l<a<l,k=life>1l, k= —1ifzc—1;

Sographisy= -wfore< -1, y=0for ~l<a<l, y=vw
for x> 1; function is undefined for z = 4- 1.

15. Put cos % =§ where 0 0<7, so that x =cos §; then
: 2z% — 1 =2 cos?0 — 1 =cos 20, where 0< 26 <2n;

. cos™1(2a% 1) =20 if 0<26 <, i.e. ifOé_Bs_g, i.e. for
1z220; and cos™ {22 — 1) =27 —20if 0< 37 -~ 20 < 7, i.e.
if;_’,:egqr,i.e. for 0> —1;
coeos™H (272 - 1) =2 cos%x for 12 %> 0, and

cos (222 — 1) =27 — 2 cos 2z, for O a3 - 1;
-, function =0 for 1 2 > 0; and function =4 cos 'z — 2,

forO0>z2 -1, = _4(; ~ecosly } = — 4 sin~1z, by No. 6 (i).
16, (i} Sin—lrincreases as x increases if
T . T
2nmr — - < 8Bin~tx < 2nT + -,
2 2
L buti
V(1 -2}’
2nar +g< Sin—lx < Inw +%T )

d 1
—(S8in )= - — .
g (Bin~le) Wit
(ii) Cos—2x decreases as « incresses if

) 2nmr < Cos™lz < (2n + 1),

d
: Co e
and ., dx(Sm T) = +

-a‘nd (;iz (Cos™z) = ——-—ﬂ1--—' but if

V(1 -a%)7
(2rn - 1)1 < Cos™ 1z < 2nm,
d 1
= —1 ) .
dw(Cos x) +‘/(1_$2),

(iti) Tan~?2 increases as x incresses for any range of values
over which the function is continuous, i.e. excluding

Tantx =k +;—r .

R s D
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EXERCISE VIL g. (p. 157.)

: . * .. T
1. {i) cos - +ésin—;

4 4
() 1+i=+2 (cos

T .. 1r)_
Z+'r,s:mZ H
B nwr , . nT
S+ =22 -(cos——4- -H,ng) .
. L
2. 1+@\/3=2(cos~3-+zsm§);
. a 8 . . 8 28((’08&”531-11%)
expression =2 (cosvg +zam—:—3—)+ 3 3
x23_23038—3‘n_-=2_5‘2_(_%):_28.

g .0
3. By VIII. ¢, No. 30, 1 +z=2cos_ . cis;

2 2
. ! ( se—ising)
T30 8 \%%% 2/
2cos§

Also by Ex, 5, p. 146,

5

L 87, 8 A .. 8,
l—z=25111§(3m-2--_—’1«00$§)——-—2@3}.{1-2--(3]3

2:
3 6 .9
142z ~°9%g %83 1 .6 1 ¢ .
v —um_._..—..z——‘cot,—; —s=— =1,
tl-z % s 6 . & z 2 i %
~Zising . cisg

. . = nT o . . onw
4. From 1 (ii), (1 +f¢«)"=22(«:osf4 +4 sin—- J;

n . ®
(1-i)n=22(cos%’5—£sm%’_’); add; 2. 22003”{.
5. Special cases of Ex. VIII. d, Nos. 19, 20;
(i) Put my=m,=1;
(ii) Put my =mg =ms =1;
(iii) Put m, =k, my=1-%.

6. AsinNo. 5, Eis §(a+f), Gis §(y +8); .. mid point of EG is
Hia+B +Hy +8)}=He+B+vy+3); similarly the mid
point of FH is }(a+f +y +3) and the mid point of PQ is
$(a+B+y+8); .. themid points of EG, FH, PQ coincide.
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7. X &, B, C, D represent a, 3, ¥, §, then %(a+y) and HB+8)
t mid points of AC and BD; .. these points
i.e. AC and BD biseet each other.
8, (i) LengBh"of AP =|z — a} =|8| =constant ;

(ii) Length of AP =]z —a]=|z — 8| =length of BP;

(iii) Length of AP =3 times length of BP.

9 AVl OP={A[LH(- 120 ={£i}2=-1; .. the

roots of equation 2= -1 are
1 i
&=+ VG im ;

wetria(e e gy) (it )
(r75- 7)o+ va* 7o)

E{(m-% 2+%}{(x+m&1—2>z+é}.

10. (i) @ +& =(cos 2¢ +cos 28) +4{sin 2a¢ +sin 28); then a3 in
Ex. VIII. ¢, No. 33;

(ii} Write g +f for Bin (i), {cos 2u—~cos 28) +i(sin 2§-si31 26)
=2eos(a -3 —E) cis(a +8 +1_T_) .
2/ 2,7
(iti) By (i) and (i), (2 —c}{b +d)
=2sin(a~7y).cis (a +y +g> . 2cos (8-38). cis(§ +8).

11, gb=cos{f + ¢} +isin {0 +}; i:.::cue.(6+ﬁ,’>) —isin (B +H);
add, ab

12. As in No. 5 (iii), the point z=a+#{8 -a)=tB+(l -fa
divides tho join of a to B8 in the ratic #:1-¢ and
. represents any poiunt on the line joining e to 8. Cr we
may say the point ¢ +#8 — a) is reached by moving from a
in the direction 8 —«, a distance t. |8 —e|, i.e. along the
line from a to 8.
13. z=cosf +4sin b, where it is given that ~7m<f<w;
. 1-2%2=1-00s820 -4sin20 =23sin?f - 2¢sinf cosb
=2sinf(sinf —icost);
.2 1 _ sin#+icosd
" 1-2% sinf(sinf —dicosf) sind (sin?0 +cos?f)

1 i 1 R T
e ‘“5(5 “")f(‘s——me) : “‘S(_E‘B)‘
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For 0<0<w, cosecld>0; .. {T%z—alzcosecﬂ; also in
. T_ % r 3 2 N\ _7T
this case §>§ -6 "“_'2- EN a.m(—l—_—;—z>_r2~ .

== —gosecl ; alsoin

For —m<0<0,cosec0<0; . \_2,
1-z%
. T .0 T » 2 T
this case -2—> —§—9> g &m(l—za)_ 5 0.
14. In Fig. 69, OR=lz, +2y| =|% ~2|=08; ' AOPR=AOPS,

T

3sides; .. LOPR =3 *. OP and OQ are at right-angles.

15. (i) am(z - «) equals angle AP makes with Ox; .. P lesonthe

half-line from A parallel to OB;
(ii) The angle AP makes with Ox exceeds the angle BP makes

with Ox by % : . Pis a point such that PB rotated

anticlockwise about P through an angle % takes up the

position PA; . P lies on the major are of & circle
through A and B, centre K, such that an anticlockwise

rotation g transforms KB into KA. s

Compare Ex. VIII. k, No. 15.
16. (i) Congruent curve found by displacing = an amount OhA;
(i) If ¢=ga.cizsa, and z=r.cisb, then az=ar. eis (B +a;);
-, if B=az, |B|=or and am (B) =0 +ay; . B moves
on eurve cbtained by magnifying Z in ratio [af : 1 and
rotating it about O anticlockwise through angle
aro {a) ;
(iii) As in Ex. 8, p. 153, zi describes the reflection in
Oz of the inverse of T w.r.t. [2] =1; .. ja|+z={a| %

deseribes this curve, magnified in ratio [al: 1.
afe +dz) +hzy(c +dz)  afe+dz) +bia +bz)
Te(c+dz) +dz(c +dz)  cle +dz) +d{a +bz)
=a(b +¢) +z{ad +b?) m_—_& it
ad +¢ +d(bte)e ' =z
ad +et=0 and -—a(b+c)=ad+bi=d(b+e)+0.
As b+et0, a=—-d; .. &= -ad=d%; also
d(b+e)=ad +b%= —d* +b%; . if c=d,

17, z,
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d=b-d orb+d=90, and if ¢c= —d, d=b+d or b=d. _

Thos e:b:c:d=-1:2:1:1 or —-1:-1:1:1 or
wliQ:z=1:10r —-1:1; -1:1,

but the second and fourth give no solution.

a(b +c) +z(ad +b%) _1 i

_ ad+cet+zd{bt+e}’ 2z

ad +b8%=ad +¢*=0 and e(b+c)=d(b+c}+0. Take d=1;

Soae=l; o BB=c¢t= -1, thus b=¢=4¢ or b=r= —12 to

avoid b +¢=0.

18. Asin No. 17, 2, =

19. Perpendicular from (0, 0) to 3z +4y=p is ;1:“, no real
>{¢| or (p) >t

20. (i) 'w“wl__(w—l)(w2+w+l) 0, but w-1£0;
" w"-+w+1—~0-
(i) () =wb =(w?)? =1
w4+w2+1=w3.w+w2+1=w+w=+1=0b~y {);
(i) {(wa +wib)wra +wh) =wia? +-10302 + ab{w* +w?)
=g + 5% +ab{ — 1) from (ii). -
2. (Y ldw=-w?; [ (lewP=-—ub=-1;
(if) 2w +2u?= —2; . expression=( -1 +w?){ -1 +w)
=l-w—-wi+twd=1+1+1+1;
{iti) If n =3p, sum =(1 4w +w®) + w3} +w +w?) +...
+ w31 +w+w?)=0+0+...4+0. X n=3p+1,
sam =040+, +0+w®=1 If n=3p-1,
sum =040 +.. +0 @Rt = 33 op? = _ g2,
22, (i) (g -bw){e —bw?) =a? +b%w® ~ab(w + w?) =a® + B* — ab( — 1)
=a’+ab +b%; expression=(a- b){a®-+ab+b?). Or,
~P=0ifa=bora~wbora=w; " a-b,a—wh
a —wth are factors ; ete.;
(i) (a + bw +cw?)(a + bw® + ew) = a® + b2 +c2uw® + ab(w + w?)
+be(w? +wt}) +ca(w? +w) =a? +b% +¢? —ab - be —ca,
from No. 20;
expression =(a + b +cla? +b% +¢? — be —ca - ab).

golution if {

EXERCISE VII. k. (p. 159.)
1. By VIII. g, No. 10 {ii),
Ist bracket ={2 sin §{a — ) . cis[}{a + 8 +m)]}*
=2"gin* }(a - ) . {cosnb +17sin nb}
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where 8 =3(a+8 +7); writing -4 for 4,
2nd bracket =2%sin® (e — 8) . {cornf —isinnb};

n
.. expression =2 . 2%sin® 1{a - B).cos (e +8+7);

also

. m nr . n . AT
cos%(a+,8+1r)=cos§(a+ﬁ)005—2-"Smi(a'!'ﬁ)sm?'

. for n even,
n
L
: cosg(a +8+7) =cosg(a +ﬁ)cos%—r ={-1)2 cosé(a +8);
for n odd,

) . n . T
cosé(awbﬁ-i-'n‘)— ~sin g (a +ﬁ}sm—:2—

n-1

. I)T.sing(a+,3).

2. cis 20 +cis12¢ =cis 26 +cis ( - 24) =, by VIIL g, No, 10 (i),
2eos(f+¢).cis(f —¢);
v, left side =2cos(0+¢).cis{(0—~¢).cis
=2cos{f +¢).cis {6 b + ¢}
3(2 +-cosf —isin0) 3(2+cosbh) +i( -3sinf)
(2 + cos6)® + sin?8 5+4cost
VIII. e, No. 3% (ii), put z =co0s8 +isin 8, thecircle |z ~ 2| =1
in the answers is the same as
. {~2%4+y2=1 or & +4°=4x - 3.
4. p+ig=reis(a+0) +ycia(f+6)
={x cos (e + ) +ycos (B +6)}
+i{wsinla+6) +ysin (B +0)};
. as on p. 143,
p®+g¢?={mcos(a+0) +ycos (B + )}
+{zsin (a+60) +ysin (5 +0)}*
=at +y2 + 2zy{cos (a +8) cos (B +6) +sin (a +6) sin (5 + 6)}
=22 +y* + 2wy cos {{a +8) — (B -+ 6)}.

5. & =cis(a ~f) =cos (a — ) +isin (@-f),
b 1 _ B i —-:
;=c_is_(-m—)_cos(a B) —isin(a - B);
-5 i(bta?)
g 2isin(a~f); .. sin(a— ﬁ)—gmb —('m"

. In

3. Expression =

.
b
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6. (i) a® -bf =cis 4a ~cis 4 =, by VIIL g, No. 10 (ii),
2g5in (22 —28) . cis (2& +28 +g)

or ={—2sin(2c:z—2,6’)}.cis(20:~|~2‘8m:9«‘JZ .
The second form must be taken if sin (2a ~23)<0,
that ig, if (n — )7 <(a - Br<nr.

(ii) ab —ed =cis (2a + 28) —cis (2y +28) =, as in (i),

2Sin(a+r3—7—3)-ciS(a+/3+y+8+g)

or :2sin(7+8—a—ﬁ).cis(a+ﬁ+y+8—g),-

(iii) abed =cis 2(a + 8 + v +8) =cos b +4 sin 6, where
1 1

O=a+B4+y+8; | s
R e % s, Mg ey

=cosf —tgind;

. abod ——>— =9i i =2 sin . s

abed
or =(—2$in6).cis(-g .
1. By VIIL. ¢, No. 30,

. 6 .86
1»{»0136:20035.0135 and 1+cis26=2cos6.cish:

. u+'£'u=2cosg. cisg. 2eos0 . cisf

/] [}
=4 _— — .
cos feos [13 1) ( + B) H

. u=4ecosb cosgcosg—; and v=4cosﬁeosgsin 5
(i) Divide ; (ii) Square and add.
8. A+Bi=1+4.Z(x) +i25 {2 5,) -+ P¥rymen,
=1 = T(zym,) + {2 () — 2ym,r} ;
LA=1-E(mr); B=3(x) —zm,7,;

B _Z(z) ~ayapm,
CAT L - (g
p. 220.

Or, put #, =tan8,, z, =tanb,, ete.; then
A+Bi=(l-+itan, )(1 +itand,)(1 +4 tan ;)
=sech, . sech,.secl;. cisf, . cish,. cish,
=gecl; secl;secly . cis (8, +0, +6,) 5
S A =secl seclysec0, . cos {6, +0,+8,);
B =gech, seclysech, . sin (6, + 8, +06,) ; divide.

=tan {Z{tan—1x)}. Seep. 173 or E.T,

EXERCISE VIIIE (pp. 159-161) 175

9. PQ= -a=AO; .. Q describes a congruent curve obtained
by applying the displacement AO to the given curve.

10. az describes the circle, centre (a, 0), rad. a; .. az4b+tci
describes the circle obtained by applying to the former
circle the displacement b-+ei, that is, the circle, centre

{a+b, ¢), rad. a; .. as in VIIL e, No. 37 (ii),

az +b+ei
describes the image in Oz of the inverse w.r.t. [z =1 of the
circle, centre (@ +b, ¢), rad. a.

11. Tf A, B are (1, 0), ( ~ 1, 0), the lengths of PA, PB are jz ~ 1],
lz+1]: .. PA.PB=lz~1].[z+]|=|22-1{=2

12, 2z 422=(z+1)2 - 1. 2+ 1 describes the circle, centre (1, 0),

rad. 1; .. by Ex. 7, p. 152, (z + 1)? describes the cardioid
r=2(1-+cos8); .. 2z+2? describes the cardioid obtained
by moving r =2(1 + cos 8) one unit in direction 20.

13. 1f P, C, D represent z, ¢, i, that is C is (0, 1), D is (0, - 1),

JE— —_— —7 P
CP=z~-4%, DP=2+%; .. |Z|= z——i =9-; but P is above

z+¢| DP

Oz since y >0; ., CP<DP; . |Zi< L
14. If A, B are (1, 0), { — 1, 0) and if Q,represengs e®.cisy, then Q
lies on the right of Oy, since ¢* >0 and —E2< y<7—;;

A .

also |zl=%§, but QA< QB; . 1Z|< 1.

15. If a.m(f—_—?-) =8 where 0 < 8 < 7, and 1f P, A, B represent z, a, f3,

the lines PA, PB are so situated that an anticlockwise
“yotation about P through angle 8 moves PA into the
position PB.
(i) P lies on the major are of a circle throngh A, B, containing

an angle g, so drawn that an anticlockwise rotation
of i; converts PA into PR, i.e. the centre K of the
cirele is situated so that an anticlockwise rotation

Qr .
of 5 converts KA into KB.

" [z -—ﬁ k) Z-a T
(ii) If a,m(z—m_ a)w -G am(zm_,_i)= +§,
change everywhere A and B; the major ares in (i)
. and (ii) are equal and Lie on opposite sides of AB.

. in (i) inter-
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(111)Ifam( B)w-w-—— m(Z{F)z%r; soasin (i), P Hes

on the minor arc of a circle through A, B containing an

2 :
angle %’, so drawn that an anticlockwise rotation
2 . .
of %r converts PB into PA, ie. this arc and the are

of (i) form a complete circle.

-8

= %;I forms with the

arc of (ii) a complete circle.

16. z. = Czylay —ag) +2(a5 —ay) =4 (a; —as) +2,(a, - q))
e W~y (@ ~az) +(as —a;) '
. by VIIL d, No. 19, z, divides the join of 2, to z, in. the

ratio (@, —a,) : (@ —G3).

17. |8 —v| is the length of BC, etc. ; .. @, b, ¢ are the lengths of
the sides of AABC ; but the in-centre of AABC is the mass-
centre of masses a, b, ¢ at A, B, C, see Ex. 1. ¢, No. 20.
Hence by VIIL d, No. 20. Also the e-centre opposite A is
the mass-centre of —a, b, ¢ at A, B, C, see Bx. I. e,
No. 2i. Hence by VIIL d, No. 20.

18, I A, B, C represent o, 8, ¥, |a —y| and {8 —y| are the lengths
of AC, BC; but

a—yl a-y\
I=1 and am( =—:
)8 =7 B-v/ 3
‘. AC =BC and, as in No. 15, AG, BC are so placed that an

anticlockwise rotation of g converts CB into CA; .. AABC
is equilateral and the sense ABC round the triangle is clock-
wise.

. Bx
Ifw-—cls—?’— s

wzzcisé%r and 1 4w +w®=0and 1-+w? +wt=0;
but;:‘;mms?,_ _0154;1'_ —w?;
)8 '}’ I JB —-a —ﬁ_ -
wh 1+t w

(B 7)3+(}' ~a)? +(a-B)2=0.
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18. If A, B, G, L, M, N represent a, 8, y, A, g, v, as in No. 18,

CA NL
BR =ML — and equal rotations converf AB into AC and LM

into LN; ... As ABC, LMN are directly similar:
(@ —y)A —p) =(a~B)A~v);
Loalp vy By —A) +y(A —p)=0.

~ 20. Let C, D be the points (g, 0), (@, b) so that D represents a +b;

rotate AOCD about O through angle ?g anticlockwise into
position AOC’D’, then D’ represents
2 . D . . 2 2
(a CO8 — —bsm—) +z(asm—-—+bcos—u);
n n n n/’
*. this number and {¢ +¢b) have equal moduli and their
. . ' 2 '
amplitudes differ by ——5:; .. their nth powers are equal,
since their amplitudes differ by » x 2% =2,

21. Using sccentric angles, if 2z, =a cos ¢ +¢ . bsin ¢, then

Zp= (asing —i.beosd); . 2,2 +2,.2=a®-b2=d",
2%. Take the reflections of y=cosec x, y =sec, ¥ =cotz in the
line y = ¢

(i) undefined for jx|<1; as x increases from -~ to -1,

iy .
_ y decreases from 0 to _Q; a8 x increases from

+1 to + w, y decreases {from g to 0
(ii) undefined for |#|<1; as  increases from — o to -1,

. " .
Yy increases from 3 to 7; as z increases from

+1 to + =, y increases from 0 to %;

(iii) as x increases from - o to 0, ¥ decreases from 0 to —%;

. T
as @ increases from 0 to + «, y decreases from 3 to 0.

23. Equation is 2eoswcosy +cosz + cosy =0 or
(cosx+3){cosy +4)=1;
Draw the curve (X +}}(Y+3)=3}. This is a rectangular
hyperbola, centre ( 4, —3), asymptotes X = -1, Y= -1;
curve pagses through origin. Since :
jcosz{< I and |cosy|< 1,
ATE, M
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woe want only that pari of the hyperboela for which
IXi<1 and }Y]<i;

the lower left branch of hyperbola contributes the single
point X= -1, Y= —1; the upper right branch is cut by
X=1 at Y=-% and is cut by Y=1at X= -3}; .. all
points on the are from (-}, 1) to (I, —3) give possible
pairs of values for cosz, cosy.

If cosw= -3, x==109°28"=1-91 radians. When cosz

increases from -} to +1, i.e. when x decreases from 1-91

to 0, cosy decreases from 1 to -1, ie. y increases from
0 to 1-91. But cosz=cos{-2) and cosy=cos{ ~y);

', we must take also the reflection of this arc in Oz and in
Oy and through the origin. The result is an oval curve,
symmetrical about each axis. (Differentiation shows that
it cuts Oz and Oy at right angles.) There is also the isolated
point given by cosa= -1, cosy= —~1, i.e. (w, ).  The
oval Is inscribed in the square formed by z=41-91,
y=-1-91. There is & congruent oval in every square
formed by x = 4+ 1-91 4+ 2mw, y = 4: 1.91 4 3nw, also isolated
points (Zmmr +r, 2nr +), for all integral values of m, =n.
The points (mx +r, nr +4r) do not belong to the eurve
since sec }m is meaningless.

24, If 2kr —wr << 2w +m, s (cosz +isinz) =z ~ Ahw ;
. :c—am(cism)_m‘—(x—Zk'r)

27 2 =k;
but @+ (2n+1)w; . 2kw<x+m<2kr 42T,
R oy e
Sk p- <k+1; .. k“[—”z,r ]

25. Put z=tan }6; then 0 increases from -—g to +:2E.

(Z+3)ein46 =(1+Zi)cos b ;

o Z(sindf —icos30) =cos}0 —isin}6;

- Fois{ — 1BV i ) =cis{ T ~9);

S Z=cis(—-48)< cls(%ﬂ 2) cxs(z 8),
. Z describes the upper semicircle from cisw through
(:is‘;-r to cis 0. B
2={1+Z)J(Z +%) and Z=(} +2,4)/(z, +1) give

: 1

2=y 0+ H 1+ 20} {(1 +243) +i(zy +1)} ;26[(2@'21);;-;
1
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.. z, describes the part of the z-axis outside (£ 1, ). Also
2y =(1 +2,8)/(2, +17) gives
_z-1 _ein}d~icosdf . ( 7r)
%277 -z pos 48 —dsin }0 =cis( 6 A
50 2, describes the lower semicircle from ecis{ —#) through

cis ( - ;_r) to cis 0. =z, =zl—1 =z, 2, :;; =Z, ete.
26. If n=3p, wi=l=w™; if n=3%p+l, w=(w? w=w,
w=wi; i n=3p+2, w'=(wd?.w?=w?, w—ylzw;
now use w2 fw= -1,
27, If w=yw, (z+y)® —2" —y*=y™(1 +w)" —y " —y"
- n{( _wz)n —pp® — i} :yﬂ{ ¥R gt 1},
since n is odd, =0, since by No. 26, w? +w?= -1 if n is
not a multiple of 3; " x-yw is a factor; similarly
x —yw? is & factor. But
(x —ywle - yw?) =a? - wy(w +w?) Ly =a® +zy +yh
28, I x= —yw —2w?,
(22 + (5 - g)" ={2 +yw +20%)" +{ —yw - 20 —y)"
={yw — 2wy + (yawt —2wi)”,
singe 1 +w +u? =0, ={y—z)™uw™ +4*} = - (y -2)*,
by No. 28, since n is not amultiplo of 3; ., = +tyw+z2w?is
& factor of (z ~x)* + (x - yy* +(y —2)*; similarly = + yw? + 20
is & factor, But :
(z +yw + 2w}z + yu? +2w) =Z(x?) - Z(yz),
see VIII, g, No. 22 (ii).

29, %{(3’ ~2)% +(z ~2)" + (% — Yy} = ~n(z -2} +nle -y,

which when & = —yw —zw?, becomes
~n(z +yw + 21 fa( —yw - 2wt — il
= —n{yw —zw)" ! +n(yw? — 2?1,

sines I+w+ut=0, = —n(y —2)" w1 —ywin-2}
= —n(y —2)** {w*® - w®}, since n=3p +1,
= —n{y —2f1i -1} =0;

o e+ywtzw? is a factor of d—i{z(y—z)"}; but by

No. 28, it is a factor of Z{y —2)"; .. (= +yw+2w?)* must
be a factor of Z(y —2)*; similarly (x +yw® +2w) must be
a factor; then as in No. 28,
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30. By VIIL. g, No. 22 (ii), (2 +yw + 2w} (@ +yw® +aw) =2 (0" - 42);

but 2 +y® +2% — Swyz = (x +¥ +2){Z2® - Zyz}. Let
A=2"-y2,B=y? —22,C =22 ~my;
then expression = A% +B® +C? — 3ABC
=(A +B +C)}A +Bw + Cu}{A +Bw® + Cw);
but A +B +C=3(x® ~yz) =(z +yw +2w?) (& + yw? +2w) ;
and A +Bw +Cuw?
=g - yz +(y? —2x)w + (2® — my)wt
= (x +y +2)(z +yw +2uw?);
and A +Buw?+Cw
={x +y +2){& +ywd +2w);
. A?4+B?+C - 3ABC

=(x +y +2). (T +yw + 202 (2 -+ yw? Faw)d

31, (i) r=3p,ax" +a,(we) +a,(wz)"
=aa {1 +w*® W} =aa"(1+1+1)=3aa";
if ¥ =3p4- 1, coefficient of =¥ is
@, {1 +uwtPE L PE2) =g {1 +wt! 4ot} =0,
1 1
since } +w+w?=0=1+—+-=;
W ow
*. general term = 3,77 ;
{ii) If 7 == 3p ~ 1, coefficient of «* is
al +w. wPt 4l wt
=a,{1 +w*? +w?} =g (1 +1+1)=la,;
if 7 =3p, coefficient of =7 is
a1 +w . w® pw? . wP =q {1l +w +u?}=0;
similarly, if » =3p + 1, coefficient of 27 is 0;
*. general term =3y, , ¥

CHAPTER IX
EXERCISE IX, a. (p. 168.)

. .a . fa . . fa
1. The square roots of cis a are cig 5, cis (5 -z-';r) , Le. +ois (5)

2

i
-
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And the given expressions are

(i) cis20; (i) cis(—36); (i) cis(g—ﬂ);

{iv) cis%; {v) cis( -g) .

2. The cube roots of cis a are
Clsa msa+21r cisa_l—h-—cis a-2r
3’ 3 7 3 3 7

and the given expressions are

(i) eis 30; (i) eis0; (iii) cisg-;

(iv) cis(—g); (v) cis(-8); (vi) eis(ﬂ-—;).

3. (i) (ciz 1r)“z =cis gl{ , cig— dm , Cl8 61:-

3 3

(i) [cls(—*)] [Cls »«f)] mels 3” 2:7 ;

(iii) I+z=\/2.,clsz; .

(iv) I—ivszzcis(_i).

(1—14/3)3 [22015(———] =34. ms(

(v} [27. cis (2?‘#)]%.
4, (i) @ =(cis 2rm)};

21r+2ﬂr
i5 b

(ii) = ~1=cism, &= CIS(Z-I- 21# ﬂ;cxs . icis%_r.
5. See Fig. 77, p. 166, vertices of regular polygons;
(i) Points on [z] =1 for which a.m_;i, x, _g;
(i) Points on |+| =1 for which 0 =7, 5_;’ _%’r, _i;‘.";
. L 2rm
(iii) Points on [2| =2 for which 8 = r=0to 4;
(iv) -5 ~12{ =13 cis a, where cos\a: - sina= -1,

s —wr<a< -g; (=5 —128)% =138 cis 3a.

181

__),
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6. E ression_ciséﬂ' i( 2 =els 41'—-;-2“')-" i
. Exp = g Teis /= 5t =T

7. By p. 165, the principal value of the square root of
¥ (3 :

. s\ L

[:cis —7—-)] is the p.v. of FC!SL —:):l , and this is

( —W) by p. 164 ; it is not the same as the p.v. of

‘\/[cxs _Ur :|, uhlswouldhe ,\/I:els :t—c}.s -

ression =cis —1—)—818 cs( Hor n-) cis{ —w).
P - 12 12"\ T/

e . T AT
8. (i) c1s§,cl.s—§

(i) cls—] [ 8"] ( +—) the p.v. is

. : 2w
cis ﬂémx-g because —7r<?<7r.

9. (i) p.v.iscis (3{- Y _Z'T),

(ii) p.v. is cis( —-2;—'- x%) , beeause

. 4T 2 . L Zir
10, (i) —1r<(?-21r): —g ST L pV.is cm(—fg—x%);
(ii) p.v. is cis (gxé)
11, (ei.?.?r}%:(cis 21:')%’; .. the wvalues are ci32—5—m, r=0 to 4;
product:cis[gg:(ﬂ+l+2+3+4):| —cisdr=1;

2 .
Eeos?:O:Esmgg—r, r=0 o 4,

see Ex., VIL b, No. 9;

. sum of roots=0. If z=(cis 27:)3, 25=1, 25 -1=0;
hence product of reots =1, sum of roots = - coefficient of
z2=0.
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2
12. o8=1ifx= czs—gz

b~ 1=1l xncisg—?z) r=0, +%, +2;

b.ut kS cls-—:H: —eis mmg

2a:cos—5——1—1, cos-mﬁi(\/ﬁ-wi)
see B.T., p. 263 ; ’

. similarly [ —cis ——:“:w cls( :]

=g 2xeos?+l cosé— -3 (v5+1).

1
13, & =(cis 2rx)"; then as in No. 11;
(" -l)=(r~1)(z* 2 +a" 2+ .. +2+1)=0 is satisfied by
z=aqa, where a+ 1. 0r the roots are 1, a, o, ..., a® ! and
their sum =0.

03
14, ac2+sv+lsi_—_11 for z+1; .. roots of x®*+x+1=0 are
#
cisz:;r, cis — 3 ; but roots of x8=1 are 0132_6—#’ r=0to 5;
. B
exclude ms—éw, ms? ‘
15, (z+éft=(x -4 .cisw; .. (x+i)=(xr —1).cis @, where
2r -1 ..
=(L6——)—t,r=1toﬁ; S #{l —eosa —isina)

=gin il +cosa); = Zsing ( sine —ico a)
=gin g —% a); x. 3 5 —teosg
—2naoscjl-(asiniz icosc); .. w=cobe
- 2 2. 7 A

16, 1 4a=(1 —m)—.cisawherea:gfnf,r:Oton—l;

W 2(l+cosa+ising)=cosa—-1l+ising;

Lo 2cosa( CT'+f:3-in2l)— Zsina(sina % co! a)‘
P AN g leosgtising )= 3 5_092’

2 cose cis 2 2 sl 2 e'sa_w
X, =.Ci8—~ = ~2gin - . ei§ ———;
2 2 2 2 °

" w:—tang.cis[cfmf—a —tan — (‘.IB( W).

2 2 2 2
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17. (2™ —eosna)® = —sin® na;
. &% =cos na i sin ne =cis (4 na);

. 2rr
. X =CIs iaJrﬂ-;-%— , r=0ton-1.

18, (& —1)(z* +1)=0; then as in No. 4.

\20059 (cos6 i st 6)
19 l+2 1+4cosd+isind 27 §+ Sm§ . tﬂ'
"TZ2 T I-cosO~ising 0 (ine_i . 6) ey’
5 - {sing —icosg
(i) For 0 < 0 < m, cot-g>0;
(o) 5D
. 'V I_z _/J 2 » ClS-2w = CcO 2 -8134,
(i) For v < 6 < 2m, cot6<0
IJFZ) \/( cotﬂ) \/[els(wﬁ-)]
. T
m,\/(weoté)-ms(—z).
1 2pw
20. ﬁ:ma cis ’; p=0, 1, 2; (=i "*CIS—GT‘ c}.szqr,g =0,
"1, 2. There are % combinations of p, g, but 3 of thera give
the same sum, zero. The product =cis M

has only
3 distinct values given by p +¢=0, 1, 2,

21. 1 4cosd +isind=2 cosg . cls g;
6

g T
(i) For — v <f<m, cos§>0 and —g<§<§;

A% 7]
. P.v. =(2 cos 2) cis (2 b3 g)

for 7 <8<3m, cosg<0,

H

1-+c0s6 +'£Sin€=( —2cosg) . cis (gwr);
b 7} T
also for w< @< 3w, —§<(§—7.—)<—2-,

PV, :( - 2 cos g)% eis [(g - 7.-) X g-]
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22, As on p. 166, see Fig. 77.

23. . (i) 2z describes circle, centre O, rad. 2, anticlockwise from
(—2,0)round to { —2, 0)again; .. w=2z -3 describes
circle, centre (3, 0), rad. 2, from (3-2, 0) anti-
clockwise ;

{ii) 4z describes cirele |z =1, keeping } of the circle ahead of P,
. 4z +2 describes cirele, centre (2, 0), rad, 1, from
(2, - 1) anticlockwise ;

(iii) z%z=(cos 26 +1 sin 20) descnbes circle |z| = 1, twice anti-
clockwise, starting from (1, 0); .. 32® describes
cirele |z| =3, twice, starting from (3, 0).

24. (i) z%={cos 30 +7sin 30) describes ecircle |z}=1, three times
anticlockwise, starting from (-1, 0);

(ii) From (i}, 2® +1 describes circle, centre (1, 0), rad. 1, three
times, anticlockwise, starting from (0, 0};

] il ] ]
T v ..U Y P L.
(ii1) 2 ﬁ(cosz -c-zsm2> or [cos (2+r)+'&sm(2-|::r):], J.oas

in Example 3, there are two positions of Q, say Q;,
Q.. for each position of P; Q, describes the hali circle

|z] =1 from 6= _11'2_ to 0= +g, @, deseribes the other
half circle, each moving anticlockwise.
1 1
25. (i) %z is the principal square root of ot B describes the
circle |z|=1 from &=% to 8= -7 clockwise;

i 2 describes the half circle jz| =1 from 8=" to
vz 2

= — % clockwise.

{(ii) z + } describes the circle, centre (}, @), rad. 1. If
(z+1)2=rcis, .(Vfr, g) lies:ﬂ on the circle, centre
{1, 0), rad. 18; Soor=2 €os 5. (Cf. Ex. 7, p. 152);
Lor=4 0052§ =32(1 +cosB), a eardioid.
When P moves round the cirele,

& s § T ™,
5 varies from 1 to +§,
. @ moves on the eardioid so that & varies from
-7 to +7r;
(i) 22 + 22 =(z + 1)% - *. @ moves on the cardioid obtained
by moving the path in (ii) one unit to the left.
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28. (i) Asin No. 25 (i), if v/(2 + 1) =r¢ish, then (%, 26) is a point
on cirele, centre (1, 0), rad. I; .. »*=2cos28, a
lemmiscate ; +/(z + 1) describes the loop obtained by

. . " T
making § increase from % to +Z;

m: % . eis { “'6), when +/{z+1} de-

scribes one loop of 7% =2 cos 26, anticlockwise,

(ii) Since

_v
VE+D)
deseribes the image in Ox of the inverse w.r.t. |z] =1,
1i.e. one branch of the rect. hyperbola, 2r2cos 20 =1,
le. x% —y* =}, downwards ;

(iii} As in Example 3, (z + 1)% represents either square root of
(z+1); .. there are two positions of Q for each
position of P; .°, both loops of the lemniscate in (i) are
described simultaneously.

27. cis 2a — cis 28 =(cos 2a ~ cos 20} +4 (sin 2a —sin 23)
=2sin{a+B).sn (B —a) +2icos(a+B8).sin{e - )

=2sin{a - B). cis [7—; e+ s o (o - ax)lay —ay)
=4 8in {@; — ay) sin (a; —a,) . ois [# + (@) +ap + oy +gy)].
EXERCISE IX, b, (p.171)

i, Use éqn. {3). 2. Use eqn. {3).

3. As in Example 4,

peror(eo ) e

=(2 cos30) +3(2 cosb).

4
4, (20036)4= z+E = z‘.}._],' +4 z3+i +6
z; 2z 22
=2cos 48 +4{2 cos ) + 6.

N
b. (2 cosﬂ)":(z +;)

1 i '
=l 2?4 ) 4T z5+—>+21 z='+l +35 z+3 =gatae.
pes z5 28 z
. 14 1y 1

6. (2zsm0)4=(z——> ﬂ(z'* +—4) _4(22_,__2) +6 =ete.
z P z
17

7. (2isin6)"z(z—-;)

1 1 1
=(z7 —;) - ’7(z5 —;) +21(2:3 '";'a) - 35(z ~£) =eote.

EXERCISE IXs (pp. 171, 172)

8. (2 sin 0)° . (2 cos e)=( _%)3_ (z +%)=(' ..%)2. (?z “;,la)

=(z4 ——gli) —2(z3 _;i?a) =ete,

9. (2 cos 8)4.(2isin9)3=<z +%)&.( _§)3=<z +%)-(z=-

={z7 ——:17) +(z5 —2—15) - 3(2.3 "z_ls') - 3( —-;') == ghe.

187

1\3
)

10. (2 cos8)5. (2dsin &) =(z +~§)5. (z -—i)i-u—:(z 4--2)(32 —;12)4

' w(z’ +—1~;,) -l-(z’ +17) - 4(25 +—13) - 4:(:43 +—g) + 6(2 +~1~) =ete.
2 z 2 A z z

11. Y z =ecish,

1
(2 cos 6P x(z +E) =(z5 +is) + 5(:’:3 +—1§) + IO(Z +-1~),
2 2 2 2/

. 1 1N
. _ — 2 2 _ =
.. {2cosb)® —2cos 50 5(2 +z) (z 1 +22}+2}
: © =5.2c088 . (2c0os20+1).
s

12, (i) From Example &,
expression

=~i‘w5(8iﬂ 56 ~ 55in 30 + 10sin0)do ;

(ii} From No. 5,
expression

=3-1;5 (cos 70 + 7 cos 50 + 21 cos 36 + 35 cos8)d ;

(iii) From No. 10,
expression

:T}mg(cos 960 +cos 79 — 4 cos 56 — 4 cos 30 + 6 cos 0)d6.

Or, in (i) put cosf ==, integral = — 5(1 oty
larly in (i) and (iii) pubsinf =z.

1 5 s g
13. (2£.sinﬂ)4.(2eosﬂ)3=( —-;) -(z-}-—i) =(22—£§ -(z_+

1 1 1
=(mor ) +2(2+5)-3(=+5)

1 :
——8(z"+—1;)+2<z2 +-~2)+12;
z z

gimi-

D

/!
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. éin‘ 6 costd
=g§ (cos 100 +2cos 80 —3cos 660 —8cos40 +2cos 20 +6) ;
' then as in No. 12,
14. By No. 13,
the general term =sintrA cos"rA:%,— [cos{10rA) - 2 cos (BrA)

— 3 cos(6rA) — 8 cos(d4rA) + 2 cos(2rA) +6];
but = cos(rf), for r=1ton,
=cos{n +1)8 . sin §nd . cosec %B see p. 128, eqn. {13).

15. See note on p. 171,
Iy" Y %Y i
(20036}“:(24‘;) :z“+(1)z” L S +(,.)z” L +;5;
the number of terms is 7+ 1 which is odd; thers is a

middle term and g pairs of terms such as the first and

last which =2z" +i =2cosnf and the (r+1)th and
{(n —r + 1)th which
- (r ) Zn—er g (n’i r) om—2n-ar

= (;‘) (zn——af +;5£?) = (’:) . 2cos (n — 230,

The values 1, 2, ... g—l of r give the g Pairs except

for z# +;1‘ﬁ" taking (g) =1 this pair can be made a special

case of the general terrn.  The middle term =(ﬂ) = ( n!

) ng\g
5 G
= 1\% . n+1
16. Compare No. 15. The terms of ( z +; now consist of
: n-1

pairs such as (,'.‘) Zeos(n—2r)0 with r=1, 2, .,
assumning (’0‘) =1, r=0.

. and,

2

2
17, 22%( — 1) sin®* § —(23 sin )" =(z "%) "

=g — (2{3)z2"‘_2+... +{ - l)"(z,.“)zz"“z"+... tog s
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the number of terms is 2n+1; there is a middle ferm
and # pairs of terms such as

(- 1)r(2?1) ZIN—ET 4 ( 1)2n—r(22?j )zznkm+2r
={ - 1)r(2n)(zznmdr I pr—r ={-1) (‘-”)2 cos (2n — 2r)0.
The values 0, ¥, 2, ... (-1} of r give the n pairs,

assuming (2”) =1,
The middle term =( — 1)"(2“) {1y

18. Asin No. 17,

152k
9%m | 95, ( — 1Y% sin2+1 @ ==(2i sin By :(z w;) .

=3 - 1) (P )grnrer

(2n)1
(i

for r=0, 1, 2, ... 3n+1, assuming (2"'6“) =1. 'There are

n + 1 pairs of terms such as
1 — - 2n+1 — -
{ _1)k(2ﬂ7j )zzn+1 2k | (- 1)IntL k(zﬂi-{_k)zznﬂ 2ign+1-k)

2 . 1
=( - l)k- (—ﬂ];i‘l) . (z""’*‘l 2k "';m)
=( - L. (* 1) . 2isin (20 -+ 1 - 2k)0;
the first term (k =0) is 2i sin {2n + 1)8, and the last (k =n)
is (- )r(* 1) . 2¢sind.
2
19. 4 {cos nf) = —n2cosnb;

a6z
*. Ajcos®+9A; cos 36 1+ 25A; cos 50 + 494, cos 76
2z
= - d_dﬂ?‘ {cos? 8 sin? 0) =§é( 3cos?fsin® 0 -4 cost O sin® @)

=gan expression with a factor sin?f. Put 8 =0.
Differentiating twice again,
A, cos 0 + 3%A; cos 30 + 5%°A; cos 56 + T4, A, cos 70

= ds{3cosﬂﬂsm59 — 4 cos? @ sin30),

T
which, for 8= 0 13 the same as %(4 cost 8 5in® #) and so
is the same as — (46 ), and this is 24.

dﬂ“
Ex. 6 gives A, =g, A= - A= —¢p Ay=4 and
the expression |
=2 (335 50+ T)
=41 - 8(32 + 1)(82 - 1) +{7% + 5%)(7* - 5%)}
z%( - 10+74)-
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EZERCISE IX. e. ({(p.173)
1. sin 30 =5cts — 10c%% + % =Hs(1 - 57)2 — 10s3(1 — 5%} 455,
2. coe 50 =cb — 10092 + Bes® = cf — 10c3(1 —e2) + Sc(1 — %2,
. 3. sin 60 = 6e%s — 20e%® + Bes® =5 {6cP - 2003(1 - ¢2) + 6c{1 — ¥}
4, cos 60 =c® - 15¢%% + 15c%s* — &% ; put 2 =1 —5?, etc.
5. Use eqn. (6). 6. From eqn. (6}, 62 — 206% + 65 =0,
T I79=2, 00870 =05 - 1-(f)er 4 (7) st (T =0.
" 8. Ineqn. (7), write — 0, for 6, and use tan ( — ;) = — tan 3.
9. (i) tan (0, + 0, +8,) =0, use eqn. {7};

(ii) tan (26) =0, use eqn. {7);
(i) 1f 8, +ez493:§2’1, cot (8, + 8, +6,) =0,

10. (sin 6 +7 cos 8)* =" +(}) s _ic +(B)sm2 . (do)* +
={s" —(g)s”‘“zc2 +. ) Fi{n . e - (‘g)s"‘”cs-;-...} ;

also it =cos (%E - nB) +%sin (%W - n@) ; equate frst parts

and second parts.

13. Coefficient of ¢ =1 +(’2‘)+(’;)+,_, M+ (L -1} by

binomial theorem for positive integral index =4 . 2™

4. H+a + (1 -2 =1+(3)22 +([)e* +...; put z=4, then -

given series =1{(1 +4)" +(1 - ¢)"} ; but ‘
= 2 nw nwy:
142\ = 9 .0ig> ) =92, —_ Pty —— | .
{I+1%) («\/ 0154) 3 (cos 1 +4sin 4),
2 nw nr :
similsrly (1 -d)yp =22 (cos—z— ~4sin T); add.

Or, in eqn. (4), put 8 =E, so that s=c=%2 .
15. From eqn. (4), cos 50 =c® - 10e%? + Gest ;
L cos b6 | sec 8 =cf - 10c2s? + Bst
={1 - %)% — 10s2%(1 — g2) + 554,

16, a®cis ( —3B) +3a% cis (A - 2B) + 3ab? cis (2A —B) +b3cis 3A

=g eig{ —B) +bcisA]®

=[a({cosB ~4sinB) +b(cosA +isin A)]3
=[{acosB +bcosA) —t{asinB ~bsin A)]®

=fc+%.0]3=c?; equate first parts.
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17. As in No. 86, ( Ye— (D +(T)e »(7)57-0 is satisfied by
t=tan 0 if tan 70 =0, hence by

27 3T
t=tan 8 for 0=:|:5, :{:?—, 357, 0.

Removing the tactor ¢, corresponding to 6 =0, egqn. becomes

() -G+ () ~s0=0.
18. 2 = -b, £, =¢, Z,= ~e¢, T, =f; use eqn. 7.

EXERCISE IX. d. (p. 176.)

1 . Ay A1
+§a-_701sn6=z|:1+;}z+...+(§) :l,

(3)e-d) _eimgmashr
)

but z+2—t=2 cosl;

1. cis@+4cis28+...
where z =cis 8,

eis § - % _-Tn cis(n+1)8 gt cis nh
", expression = - ;
pression 1} -cost
equate first parts.
i
Also when n-»w, §7«._>0 and |cos | 1; . sum to
infinity =225 9 =1
y= 1} —eost’

2. Put C=cos ¢ cos 0 +cos® ¢ cos 20 + ..., _
8 =cos ¢ sin 8 +ecos? ¢ sin 26 +... b0 n terms, and
z=cis 0, then C +i§ =zcos ¢ +2%cos? & +...

. 1 cos ¢

_zcos ¢ — 2 cost il ooz
1-zcosd ’ ; 098

2

_2cosd —cos® ¢ —z"Heoa 1P + 20052
- i
1-cosg (z +;) +cos® &

_ cisfcosd —cos?d —cis{n+1)0.cos™ ¢ +eisnd , cos™
- »

1-2cos¢pcosl +cos?é
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Put ¢ =0 and equate the first parts, thus
__cos 8 cos 6 —cos? § —cosyn + 1)0 cos™ 1 § +cos nb cos™ 2 @
. 1 - 2 costl +cos?h
n41g _ n+t
_cos"18 {cos nf cos 6 —cos (n + 1) 6} . o08 9 (sin nf sin 8).
1 —~cos?l gin?@

If, however, § =rm, 1 —2z cosf =0 and the work is in-
applicable; the series is 1+1+4+1+...=n. For O+rr
leos 8| < 1; .. cos™18—0; . C,—0.

192

c

3. In solution of No. 2 put: ¢ =
thus

Szcos(g wﬂ)sin9+cosz(g —B) sin 26 4.,

z{si.n g cos (

+5in nf cog*? (g -e)} /(1 ~ 2 sin 6 cos 6 +sin? §)

={sin? § —-gin®+ fgin (n +1) 6
+8in™t2 § sin n0}/(1 — sin 26 +sin? 9).

g - and equate the second parts ;

T_®

—gi nt1 {7 _
3 ) sin (n +1) 8 cos (2 6)

" This applies even when 8 =(2r + 1)7—; ;

oSt g5,

if 042 +1)Z, |sinf]< 1;

8

4, 1-b4*=1~cosnf —isinnB=2sin 5

eis L (nB —m);
1-b=2sinlf .cisi(f -7);
a(l -b") _singnf . 1 1 )
15~ sin 1B cis{fa+1(nf -w) - L(B -7 ;
also b’ =cis a . cia 7l =cis{a +73);
equate first and second parts, e.g. Ecos(a +r8),7=0tcn -1
=cosec 1f . sinInf . cos fa+3(n - 1)B).
5. 1 —(})cis 26 +(3) cis 40... —cis 2n0 =(1 - cis 26)", nodd,

1r) .
2 3

= [25in0 — 2 sin § cosﬁ]“:[z Sind . cis (3 *%)T

=(2sinf)". cis(nﬂ -
n-1

butcos(nﬂmn- yhodd, =(-1) 2 «sinnf.

3

EXERCISE IXD (pp. 176-178)
6. (1) cis 20 — () cis 46 +... =1 — {1 —cis 26)* =, as in No. 5,

2>;

", series = — (2sin0)?, sin (nﬁ —% . m-)

193

nT

1-(2sin8)". cis (nﬂ -

n
=, for m even, —{2sin8)*.{ - 1)2sin nb.

7. (2cos)" —(7) . (2cos8)" 1. cisf +(3) . (2 cos6)2. ciz 26 ~ ...
=(2cos8 —cis8)" ={cos8 — s )" =cosnB —¢sin nd,
8. sin®d . cisnf + (7} sin™ 1 . sin (0 — ) . cis {n - 1)8
+ (%) sin™ 2 . sin¥{(0 - $) . eis (n = 2)0 +...-

={sin ¢ cis € +sin (§ ~ $)}* ={sin b cos ¢ +isind sin ¢}"
=sin®f(cos ne +isinng).

b A b o
2, cisA +Eci52A +;:7201$ 3A+..., for 5’< I, has sum to infinity

equal to
cisA ceis A _ ccisA
1_écisA_c—bcosA—'ibsinA_a,cpsB—iasinB
< c cis A

¢
— . =+ iz A .
a cis{-B) o cis (A +B);
csinC

given series = °. sin (A+B)=

10. sin™0 cis (ﬁqb _31'2:) =sin"9{cos(¢> —g) +isin(‘f’ _g)}“

=sin"f (sin ¢ — 4 cos ¢)* = {cos (6 ~ ¢) — cos ¢ cis§}*
=F( - 1}’(?) cos™ (0 — ) cosTh cisrd;
equate first parts.
1. a®cisnB +{%)a" 1 beis {(n - 1)B —A}+...
={acisB +bcis ( —A}}"
={{acosB +bcosA) +i(asinB —bsin A)}? =",
1-zcost

T-2zcosb+a2 1} =, by eqn. (10),

cosf +xcos 20+ ... ;

2(1 ~xcosf)

1 -2z cosh +a%

24+ 8%xcosf+2x%cos 20+ ...,
v

12, {1} Expression= —i {

(ii) 1 +expression = , by eqn. 10,

A.T.E.
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18, cisa+cos.cis{a+0) +cos?f.cig(a+20) +...,
has sum to infinity
cis a _ cis o _ eis o

1-coslecisl 1 -cos®@—isinfeosf ] *
sinf.cis{ & -

for jeosf| <1,

=cosech . cis(a~6+g);

. T
", given series =cosecd . sin (a -6 +~2—)-

14, 1 +nacis6 +(3) % cis 20 +... =(1 +x cisf)"
={! +zcosl +ixrsint)® :'r"{éos e + 4 sin na),
where reose=1+zcosf, rsine=xsinb;
o=t \/{(1 +x cosB)? +x? sin?0}.
15, eisnf +nxfcis(n - 2)0 +(’§)x“ cis(n—-4)0 +...

. ={cisf +ateis( —0)}" ={cos. (1 +a?) +ising. {1 —a?)}"
=¢®{cos ne + 4 sin na), where rcosa=cosf. (1 +a?},
reina=sind.(I-z2%); o

o7 4 4/ {eos?l . (1 +22)2 +8in?8 . (1 - 23},
16 Z(r+ 12" =2{r+1)cisrf; (1 —2)*=(1 -cosf —isinb)?
:(2 Sing‘ cis6 ;ﬂ) = wésinzg- cisf ;
1~(7L+1)c1sn6¢'nms(n+l )9
—4sin*L6. cisd
= -}cosec? 16 . {eis{ —8) —(n+1)cis(n ~1)8 + 7 els nf},

17. (%) cis8 + (%) cis30 +... = H{{1 +cis )™ - (1 - cis§)}

g . g .8 0-m
1 Z. bl b
ﬁ2{[2 cos2 0152] [251112 cig 5 J }

=%. 22"{0052“ g . cisnf —sin?® g . ¢is (nd wm'r)}-

s, r.s

18. cish +wois 38 +x2cis 58 +..., for |z| <1, has surn to infinity
cisf cisBl1 — =z cis { — 28)]

1-wcis20 [} ~zes20][1 ~xeis{ - 20)]
_eisf—zeis( - 0)
“1—2wcos 20 +x2’

cosd —weosh
1-2xcos 26 +a* ’

-, given series =

EXERCISE IXp (pp. 176-178) 195

1-2Zzcos20+a2=(1 ~x)+4rsin?f;
cosB(l —x) _cosﬂ{ 1 ]
1-

"1 Sxcos20+2t 1 -z
xcos 20 +x? 1 -z )2(—4511129)"—

for values of x for which , this

"4
1-zp
expression is the sum of the G.P., .

cos x( — 4 sin?§)"
Tfé{l +2 (1 -a)¥ }
_cosé 2T cos0( —4sin?§)"
1z Z {1 —z)2r+l ’
for |@] < ¢, this may be expanded into an absolutely con-

vergent power series; the coefficient of 2 in the general
term =cos 8 . ( — 4 &in*0)". {coeff. of " in (1 —)~271}

(Zr+1)(2r+2)...(2r+n —-9)

=cosf.( —4sin*8).

(rn —7))
. (n+7)1
— _ zpy L M
cosﬁ..( -4 5in?0) m-nren
but coeff. of z* in % is eds (2n + 1)6.
a

o . c

—2b - :

@te 1-2wcosh. (‘3’>+‘1’xz

where b =cos 8§ . 1/(ac), e ¢
_a i

T, wWhere x (a).
Te T 2ycosfryp’ y= e/’
i 1

U-3ycos6+y® |1 -yois6][1 —ycis{ ~0)]

1 1 1

" Ziysin 3{1 ~yeisf T —yoais( -a)}

1

T 2 ysin b
in which the coefficient of 4™ is

1 . . sin{n +1)6
Sien 6{015(n+1)6—ms{—n-—I)a}:W5

generaltermls{ \/( }n asm(n-&-l)ﬂ‘
sin 6

Zy"{eisrf —cis( ~ r8)},
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20. {cis (§x) +cis { — Ja}}om

=cisnz +2n . cis(n— D +...+(%) +... +eis(-nx);

- (20053)2nm{cisnx+cis( —nx)] +...
+(2:’) Lfeig(n )z teis{ —n+r)x] +... +(2,:‘)
=(2 cos nw) +... +(29_“) . [2eos(n—r)x] +... +(2,:');
. 2%(1 +eosz)"
=2{cos nz + ... +(2;’) cos (n —rir+.. +§. (2,?)},

differentiate w.r.t. @, and divide each side by 2. (2n)!;“

result follows.

EXERCISE IX. e. (p. 182)

sin néd
v +8, then p, —elilé g = In

1. sin nb =p,s" +
cos nd =21 cog"8 +... , write §_B for 9;
s cos(n.g —nﬂ) =2""lgin"f +...;
but cos (n g'—nﬁ) , for n odd, =(~ 1" sinng.
2. (i) eosnf=2""cos™ +... +a4; put |
i} :72:, ay :cos(gr) ={ - l)h’"
(i) Write ;5 ~6 for 8, then
cos(grr —nﬂ) =97-1gin"0 +... +{ ~ 1)*";
but cos (gﬂ' —nB) =(- I}J‘m cos i,

sin nd

3. As in eqn. (13), ——= =2"Tcos ™1 0 +...3 writegmﬁforﬂ;

then sin (EW *nﬂ) e I)in_l sin nf ;

sinnd N 1)%"’" 1

wos D =( L2 lgin® 10 4+, oy 8in B

_ sin nf . sinnd

§—+( COB fsinb sin 0

EXERCISE IXE (pp. 182-184) 197

4, (i) cosnf =271eos™ +... +p, cos O ;
cosnf . —nsinng
=nm -
cos 8 —sin &

e ?91.= Hm

L

znsin(n.g):n.(—l)!(”_n

{ii) As in No. 3; for n odd,
sin(n.g-nﬂ)z( -1 &(”"l)cosnﬂ;

3 -
OB w(— 1P D gn-tginn-19 4 4y ;

*. byeqn. (13)
for g, put ¢ —0

5. (i) As in No. 1, Sm"e& =(= 1D gn-r ginn1g 4 4
(ii) From egn. (13), . ™
sin ng sin{n.g
—— =271 cog"16 +.., +b, where by= ———
sin . ™
ﬂmé
§. (i) In powers of sin 8 from No. 3
{ii} In powers of cos 6, from egn. {13), ¢
%;—1%8 =2"1oog™ 1 g 4 .. 4y 008 6 ;
- lim sin nd - sinnf
Py . M snboos® " cosD
~Z
. ¢
=lim n_c;s:lne = — 1 eos (g r) =—n{- l);"“

7. Put 8 =0, qy=1; ag on p. 181, ~mnsinnb="2rg e 2c;
. —nfE(a,7)= -nteosnd =3{r(r ~ )as""%? a8}
=Z{r(r—l)a,s % —r’as"};
no—nfa,=(r+2)(r + Dag, —ra,;

n® —r? ;
. Gy = -m a, ; hence result in No. 22.
8. a,=lim sin ng =n; neosgni=Zra s %; . agin No. T,
80 8inG
—ana,a =Z{r(r — ljas* —rig s} ;

..fg
hence result in No. 25.
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9.
10.

1.

12

13.

14,

15.

- 18,
i7.

18.

19.

ADVANCED TRIGONOMETRY

See Example 9, p. 181.
gin 760 2sinT70cosf _sin86 +sin6l
sinf = 2sinfcosd  sin20

sin 4a 2 sin 2a cos 2a

put 28 =a; . y=2cosa;

=4 cos a2 cose - 1) =¢% - 2y ;

sin a sina
ﬂsgzia‘ —4sinf*e=4%-1; add.
sina
sin 98 3 min 36 — 4 sin®*360 sin 30 .
- = . -"4 2
sing sinf g - 15 4sin®30}

={3 -45%) . {3 —4(3s —4s%)2}

= {de® — 1){3 - 4(1 —c?)(4¢? — 1)}

= (% - 1){3 - (4 —&?)(2® — 1)%}.
Asonp. 179, a, =271, by.eqn. (18),

{n-1).n -~
er = "a g e B
(rn—3)(n -2}
an_G - = W a.ﬂ_2 =ete.
From No. 12, by differentiation. Qr by method of Exampie 3.
As on p. 180, for n even, a,=cos (gw) wm 1), by egn. (18),
ne ne—92
. Qg = —.—2"010; Qg = —3—'4— a2=etc.
As on p. 180, for n odd, a,=n( - 1"~V by eqn. (18),
nt — 12
Qg — —"ﬁ ay; ete.

From No. 14, by differentiation. Qr by method of Example 9.

From No. 15, by differentiation. Or by method of Example 9.

From No. 12, writing g — & for 0; for n even,
cos (%’n- - nﬂ) =f — 1)’"" coanb.
From No. 12, writing g —8 for 6; for n odd,

cos (n- g —nﬂ) =( - I)M"_n gin nh.

20,

21.

22,

23.

24.

- 25,

26.

27.

EXERCISE 1Xz (pp. 182-184)
From No. 13, writing 32{— O for 0; for n even,
sin (g‘n' _-ne) =( -1 sinnd.

From No. 13, writing ’2—’ -8 for 0; for n odd,

sin ('ﬁ g —nﬂ) =(- DD oosme.

Frog} No. 14, writing g —8 for 6; for n even,
cos (%n- - nﬂ) ={ - 1)‘1"1 cos nb.
From No. 17, writing g -8 for 8; for n odd,
sin (n . % - n&) =(- 1)'}("" D cosnd.

From No. 16, writing 121 — 8 for 8; for n even,
3

sin(%w' —nﬂ) =(—- 1" lsinng, =

From No. 15, writing g - @ for #; for n odd,

eos(n-f —nB):( - 1)1’(”_1) . sinnd.

3
See No, 12.
Lhs. = — v2sinfl
Ll 2
COS‘i
1 (. 2p(2pt-22)
rhs. _-\7%{2}9 - 30 -3
Bp(2p? - 22 - 49 1
+ ) "2

" 31 _ 51

)

212 ?.-12 a2 _ 92
iz{zp_?(@ V) g PP -1 2% oy

3

199
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28.

29,

30.

31,

32.

33.

34,

ADVANCED TRIGONOMETRY

From No. 13, putting 9-_—, and writing

n+1 for n, "/21:.111(71-}-1)4
2 3

=(v2r — -y PR

mualtiply each side by (4/2)%; result follows.

In No. 22, write 2n for n;
9202

D0y Br 32,8 _ 02
0052%321_2_'82 2_’1(_2_”_2)84_

4!
n{nt - 1%)

Y (2e)*—...;

_1_‘“( )2
put 9:%, so that 23“1.

In No. 24,' write Zn for n, then, as in No. 29,

sin 20 n? (n2 - 1%)(n? - 22) 1.
— = {2 Sl sy < (255 - 5

put 9:%, g0 that 28 =1.
1 N 1 i
—=eosl ~<sinf; . x4-=2co0s8; at+— =2cosnd; use
T a7 x @
No. 12.
1
Asin No. 31 if:c+—=y,

1 5.6 _ '9.5.4 _ 9.4.3.2
R T A T Ay

.. I3 . . .. :
z=cosf +isin@, i.:cos@—zsmﬁ, x—n—sz.‘lasmﬂ; but, from

No. 19,
Sein 70 = —{{23)7 -7 (2s) +’72;4(28)3 7 j‘ 2(23}};
A N
. ;\Z‘ W:E')_
\NB
D)o e )
4 x/ x ;
In No. 15, coeff. of ¢2¥+ ig -

n(n® - 12)(n? - 3%) .. {52 (% — 1)
(2r+1)!

( _3)}(91—-1)' ( _ IJr-

=< _ 1}'&(“-‘ 147

LAl =B+ )n—8Kn+3) .. (n- 2¢41)(n+2r-—1)_
(2r+1)!

EXERCISE IXE (pp. 182-184) 201

this fraction
L He 2 -1) 3n12r-8) L Hn-2r+1). 2% . n
- (2r + )t
{342 -1} s
T@r+D){En -2 -}
in No. 12, coeff. of c2m2

7+ 2 -
=( - yir-2-1, n{ 2 {2r+2)}
{%(n -2r -1}
n{d{n+2r - i}
TR -2 -2 1
35. In No. 14, coeff. of ¢ is
g n¥(n? - 3%)...[n? - (2r — 2)7] -
a - BT,
(-pE-(-D) @)
=, &8 in No, 34,
?+f_ Jn+2r—-2).i(n+2r -4} ... L (n - 2r+2)

. 221’

27

(- I)i(ﬂ—l)~r

( _ 3)2 (2?..); n,22r-1
?‘:-.L'r {%-(n-;—Z?'m )} —
=(-132 - (2r}1fk (n = 2r } 22? '
in No. 1%, coeff. of ¢ ig
. frn+2r-2
tn—2ny . 1-—--—2 w(2r 4+ 1)
( _1) . 22: 1_

{4 (2 — 2}

Gnrar-2p (-

{4 - 2r1i(2r) s !

:25#'-1 JH.

. gz
36, z=sinb; .. éé_cosﬁ,
dy dz c o c056% ot s
dx-damncosnﬁ, s cos&dmg-uncosn&,
dy dex dy oo
cos & . dﬂ i mﬁa_—n sinnf;

- } .
3 {200 — Yy —kyp= ~ Ry

L1 -2y, — (2 4 Dayg,, = (B - Py, ;
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28, Frorme No. 13, putting 9—-1——, and writing
n+1 for n, «,/2sm(n+l}~

=(vor - (n - 1) y2pe + BT e

mualtiply each side by {4/2)7; result follows.
29, In No. 22, write 2r for n;

2,2 220025 _ 92

cos2n6=1—2—?132+—nﬁ4—?—2}84—
Al

=1 _w(28)2 +2“%Hil123)£ -

put Gfé, so that 23*1

36. In No. 24, write Zn for n, then, as in No. 29,
i 7 % _ 18 — :
31112?“6:”{28“% ;1 (n? —1%){n ){23)

1.
wos 8 (25)%+ 5 e

putb § :g, s0 that s =1,

i .
~=eosf ~isinb; w+-1-=2cos8; m”—!-iﬂ:facesnﬂ; use
T Wo. 12, * ®

32. Asin No. 31; if x+§=y

31.

¥t

5 1 9 5.4 9.4.3.2
a-}—x—g=y 9y+ Y.

.. 1 . . 1 .. .
33, x=cosf +isiné, 5:9036—@31119, x-—;:%smﬁ; but, from

No. 18,
2 5in 76 = - {(23)? 7. (2 +72;4(2s)3 -‘—2-5453(23;} :

i)
X _5){ (o-2) ~1(e-2) ~1a{=- 1) "7}.

34. In No. 18, cosff, of 27 ig

b1, o, (e 1%)m? -8Y .. [m - (2 - 1)7)
(=7 7 =0 @r + 1)

(- 1)%(13— Dr

MR-+ 1R -3)(n+3)... (n =2+ 1)(n 2 - 1,

(2r+1I)1

EXERCISE IXx (pp. 182-184) 201

this fraction
M2 -1 dn4+20-3) .. 3(n-2r+1}. 220
- (2r + I}
 {ne2r-1}r2r 0
2+ D) {n-2r D}

it No. 12, coeff. of c¥+1

n+2r -
—( -1 ﬂ'{ 2 (2r+2)}
{%(n—-Zr—l)j.
(o ppe-n-r _ n{dn+2r - D}t ar
=(-1) ! .
f3(n - 2r — 1)} (2r + 1)
35, In No. 14, coeff. of ¢* i
g e HE(RE 2%} nf - (2r - 2)7
(-1 (-0 @)
=, ag in No. 34,
(ml)gw_ 342 -2) HntSr-4) Fn-240) L,
(3}t
ny, {bint2r-2)1 §
={-1) (2r)1 {3 (n— 2r }s' 2H1
in No. 12, coeff. of ¢% i

. 92r

, n{n-}Zr 2 (%_{_1)}
{~ i)éim—m-) L gt 2
{$(n -2}
gert 220 (- T
. {F{n—2r)}1{2r)1
36 x=sin 8; . (—%:cos&;
e e
ft_?x; C—E—é—ncosnﬁ; eos@%:ncdsaﬁ;
> " '
. cosﬁ.d—;g-g—z—sinﬁg—‘;z—n?sinnﬂ;
a’zy dy
s o
s x) xdm Yy 3
{1 _mz}yk-i-s +&( - 22} ypyy
EE -1

g {2y ~wypsy — b= — 1Yy

WAL -y, — (2R + wypyy =8 - nty, ;
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wofor =0, yp..= - (02 -k¥y,; also for =0, 6#0;
L Ye=0, y=n, y,=0, y3=“(n2—12)y1:—(ﬂ2—~12)n;

ete,; if & is even, y,c:()

, sinnf=y@ + 2 3' Zf . gives No. 25.
37. As in No. 36,%:0058;
gg-%: -nsinnd; .. cos@. 3—2: -n sinnd;
eosﬂ-%i—i-i%—smﬂ%:—ngcosna;
hence {1- xz)—zy—xg—z— —n%y and

for =0, yp, = — (0% - %)y, ;
bat y,=1, 4, =0, y, = —n? ete.; if £ is odd, Yp=0;

?!2

. cosnl =y, + m*’ +y"":c4 +... gives No. 22,

EXERCISE Ix.' £ (p. 185.)

1. — 1 o, w#1: L x?:aiszmm=eis2i7”, r#0, r=1 to 6.
228+ 1 . . .
. m:ﬂ,w°%~1; . B =eis {2+ 1wy
P ¢ 0 S {2k + V)7 (B +3)=
. :cu(:ls—mwl—gm,excludmg:c =ois 5 =15
ie.excluding r =3k +1.
2w
3. az -b=(a -bx). cls-—r—«
n
m(a+bcosg£r+z'bsin-2—rﬁ)
n n
Qe . 2pr
=0+ @008 — +4, gsin — ;
n 2

multiply each side by a +b cosggj —b sinz%ﬂ-.
4, Putx tan@; ., (1 -¢tan 8)® +i(1ritan ) =9;
’ s (cosG—zsmﬂ}“+z{cosﬁ+zsm " =0, cos@%{)
;. cosnf —isinnl 4+ i(cosnd +isinnd) =
L {l+d)ecosnd ={14+4)sinnb; . tann&:l;

;. n8 =rr +§ .

. e el
b, m*+ad+axPtr+1=

- EXERCISE IXx (pp. 185, 186) 203
' -1

. 2rr
, x=+=1; . roots are x—cis— ,
- 2k 5
forr=1, 2, 3, 4, that is cis-—O— for k=2, 4, 6, 8.

. 6. (- V)(z*+2f+a+x+1)=0

. —lorx‘+x3+x-+a:+l 0;
w, =1L zt+x—23 —22=0;
frt+ad+22+a+1=0, (@ +fo+1)2 =5
Lot -t =t -2t -t tx) H{et et et a4 1)

2
=20t + 2 +1 :;};(z5 +a? 4 )

=§{1+:¢c2 +4x) = i; ﬁx

E

3tana —tan3a 6-8
=1 == ==2.. Let be the acute
7. tan 3o I3 tanta T a

angle whose tangent is 2; since

3

ta,n— V3, 5 <a< LoTm<3a ;)

2 2 ]
- sin3 2 _ 2 /‘-Tfft"ﬁ
L SmeaE STy V125’ L

11
0053a=—m-
,3/(88-!—16?2)

=3{ ~8+4/125 . (cos 3a +1 sin 3a)}
= —24/5 . (cosa+isina)= -2(1+2¢);
the other cube roots are ‘

2 . .
—2{1 +2i). (cosz—;iz‘sin ?’T) =(1+2)(1F 4 v/3). ¢

8. Coeff. of 22 is 1(1 —4). (%) . {&* +4.*}
=3(g) - -9 +i)=(;f) (-1);
coeff. of 2™ is -.}E(l —-4). (27’_"_1) . { —qeril g, ?:2&1}
1. ("r-rl) (1 __z'}z { — 427ty
=1 (5, 1) (2 ~ 4} ~ 1)f () -~y

:0, w1,

w
9. wd =cisB8wr =1, w2+w+1=
w1

(i3 Coeft. of #% is (7). (1 +w™® +w™) = (32) . 3; coeff, of 2+t
has factor 1 +w®+l 4 of842 =1 Lo 4+w2=0; coeff. of
z9%+2 has factor

1 +e8f+e ffE i =]ttt =1 +ut+w=0.
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(ii) Coeff. of ™% s (8%} (1 +w . w2 Loo? wth+); bus
w . IR w88 = ] and w2, 18R H =S8 =1, Asin (i),
coeﬁs of z% and 2%+ gre zero. '

(iif) As in (ii}, coeff. of x®%+1 g (3k+]) AL+ w? Bl gy bRy

=(32%,) - 8; coeffs. of z° and z%+2 are zero.
18, (i) 9% == (w + 2% +29) =a® + € + 216 4 28 . 220 4 Dei2
| sa? 128 428 4 (8 -+ +at®) =y, + 2y, ;
(i} gy, =2% -2 +27 +ab + 28 4 a® p gl Lat 1215, but M=g
and @i =a?;
(i} Similarly, gy, = + 2% + 2% + 27 +25 47 4 210
+alt ¥ = — 1 - (@? +2° + %), since

w8 -1
: =227 for r =0 to 12, so that Za* =0, for x+ 1.

a”‘_
11, 78 =56 + 2%w. .
12, If (3 —z)* =27, then |1 —z} =|z|; also if P represents z in the
Argand Diagram and A is (1, 9), b OP=|z]=|1 -2{=AP;
|, P lies on =%,
13 Asin No. 12, #Bis (-1, 0), OP =BP.

14, IF w——-'—z =2
-2 Atk
pomt w in the Argand Diasgram lies on the y-axis; ., Vo

iz on one of the lines y = L.

13 In the Argand Disgram let &, B, P, @ represens the given
numbers and let R represent —e-+bi. By 133, Q
iz the image in OX of the inverse of P w.r.t. |zj=1;

" &, 0,Rare collinesr, and QO . OR =QO . OP =1 = AC: | 0B;
. &, R, A, B ars conoyclie; P also Hes on the circle sinee
‘ the centre is on the y-axis.
V&, (i) /{22 -3)=r(cosf +isinf);
22 -3 =1% (005 28 +isin 26} ;
Lofr2e0s28 +3 +drPgin 29| =
S (r%coR 26 +3)F +1sinZ2 28 =4 ;
(if} 7(cos@ + 4 sin0) =(cus ¢ +4sin  + 1)

. g ‘ =[2cos%-cisi§]3z8eos‘*%-cis%{{;

‘,buu]z =1; " jw-lij=lw+1]; .. the

. ¢ 3¢ é
= 3T §="F . - p8posEo.
. =8 cos 2,6 55 7 =8 pos 3
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{(x+1+ifPP—(z+1- 'z.)"

17. (t'_)l)zz— 1; -~ t=144; expression= %

put x+1=rcos ¢, 1 =rsin ¢, so that cob b =(x+1);
rieisng —r*eis{ —ng)

- =7 gin v ;
2 ¢

expression =
but r =cosec ¢.
18, 1+{7}) cis® +(3) cis 20 +... =(1 +cisO)"

{2005 ms} (Zcosz) ClSﬁ;

equate first parts.
19. | {(z + )4" (z - ) =t () tt (8) e +%
= (w4 g5 + () (e + M) o (8

s I
put z=cist; .. z"+;1—,:2cosr8;

. H(2cos )1 + (24 sin b)Y}
=2 cos 4n0 + (%2){2 cos (4n - 4)8} + ... ; hence resuit.
s

20. (i) If = =cish, é:cis( -6);

s =20sin (27 +1)6;

1 .
R x—5=2isinl9 and p2ril —

MM, by IX. e, No. 19,
sinf

{—11*{(2s)*" - (2n + 1) . (25} 2+ ...} which is a poly-

nomial P of degree n in (2s)= —( _S_i) ; coeff, of
I 2n
( _-) s (=17, (-1)r=1,
x
constant term = lim w
050 sin @

It has thus been proved that the equation,
&t ] e g (2% - 1) P, holds for all values of = such
that [x]=1. As it is true for more than 4n + 2 values
of z, it must be an identity. :

(i} As above, sin (2rn+1)8=(2n +1)sind +p, ein®6 +...;
. {2n+1)sin8 —sin (2n + 1)8
= -8t (p; + o5 8020 4.

expression =

=2n+1.
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21, %y — Uy ={(n+1)sinnf —nsin(n+ 1)6}
—{nsin (r - 1) — (n — 1) sin n6}
= 2nsin nb ~n {sin (n + 1) +sin (n - 1)6}
=2nsinnf —-2nsinnbcos 0 =2nsinnb (1 —cos ) ;

. if 1 -cos8 is a factor of u, ,, it is also a factor of wu,,
but 1 —cos8 is a factor of

;=286 —sin260=2sin0(1 —cosd);
hence by induction.

22. If z =eis§ is represented by thke point P on the circle, centre O,
rad. 1, and if A is the point (1, 0), ?/z is represented by

. 1
poiut P, on arc AP such that arc AP, =_.arc AP; o Tz -1
is reprosented by AP,; when n—w, AP,->the tangent J‘
at A; .. for 0<@<w, am(/ﬁ’n)->7—;; for —w<B8< O
am (AP} > __?'2_;
sin 2
2n
¢
2n
o n'.iTﬁ_ﬂ—>6 .4 for G<f<m, and n.AP,—>18!. (-1,
for —=<8<0, that is—84.

. @
alse _|n.APnE=1n.2sm§ﬁ!= - —{0;

ol

23. g cos®8 sinlf do
4

[EE]

= [Az sin 8 4+ LA, sin 36 + LA, sin 56 + JA, sin ’?9]
0
=A; —3A; +TA; — 1A, ; but integral

- i (1 ~sin?6) . sin%6 . d(sind)
Bl

T
3

xl} sin%4 — 1 sin? e]“ =}-l=2
0
24. If w =cis 6, a; =cis q,, ete.,
x-a=cos 8§ —cosag+i(sin 8 —sin a}
=2sin {0 —a) [ -sin }(# +a) +i cos §(6 +a)]
=2sinH0 ~a).cis }(6 +a+w);
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1
4sin (8 - a;) . sin £(0 —a,)
xeis [ - 3w+ 0 +a;) - 3w +0 +og)]
1
4sin $(6 -~ ;) . sin (6 —ay)
xcis [ — 320 +a; +a,)] ;. ete.

Lhs. =

25, If @ =cosa +2sin a, ete.,
a+b=cosa t+cos 3 +i(sina +sinf)

e-f a+f
2 2

=2 cos . cis

o Lhs =cis{a +8 +7)

a-f B-y y-a
2(303 20052

+8cos ccis{a+8+v);

rh.s. ={Zcos a +i2 sin o}
x{Zecos (B +y) +iZsin(f +v)}
=Zcosa.Zeos (B +y)
-Zsino.Zsin(f+y)+i{...... };
&
equate first parts.
26, 2 sin®nf =1 —cos 2nld =, by IX. o, No. 22,

2 2,,2(92,2 _ 92
1 w{l —(2;') 33+2 e (24? 2 )54*..,}=given series.

EXEROISE IX. g. (p. 186.)
1. 27 4 1=0if o7 =eis {2r+ 1)m, if

. (2r4+ i
18—

& =0 7=0, :l"n_ly :{:2, +3;

: x"-%—1E(x—cist)(xucisﬁ)(x—cisﬁ)
. 7 7 7

. . -7 . —3m . — 8
x(:v—clsw)(x—ms—,}-)(x~cxs 5 )(x-—c:s 5 );

but & ~cisw =z +1 and
i 5 ) =at —z cisir+cis—:7:)+l
(E—CIS-;]- él’}-ClS-—,‘,— = 7 g

ko
=g - 2 cosﬁ + 1, ete.
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"ll,xaﬂ;xv—x:mf

. . x¥
2. Expression =
x

zeeis X7 rm i1, 22, £3, 44,

. agin No. 1, (x—cis%r)(x—cis _9271-)

2 .
=z - 2 cos ~§~7r + I is g factor, ete,

3 (1-a®)(1+aP +a? 4., 4gin-09) =] _ gnp

=1 —eis 2rpr =0 and oP£ 1.
4 (z+plrf=(w+p+ig)(c+p-ig); .. e=p+ig, B=p—ig;
(x+p+igf* —{z+p—dg)" ‘

', expression = %57 H
Wntex +p=rcos b, g =rsin 0, so that tan # _%ﬁ
. #* ¢is {nB) — " cia ( ~nB)
expression = -
2%
_2ir"sinnb _ g¢" cosec™ . sin 16
2g ¢
96 96% 2
2 it
+cos 96 Zeos 5 2 _ oS .
1 +cos b 2 cos? 3 cosg
€08 9% 2 cos % sin -
2 2 2  sin 58 —sin 40
6~ sin f

059 200305'
%3 2505

=, from IX. e, No. 13, {2% - 322 + 1} - fa® — 2ok,
6. If wy=psink6+gcoskf and if
Uy =psin (k+1)8 +goos (& +1)8, then
Upesz =2 cos Ofp sin (k +1)0 +q cos (k +1)8} —
{psinké +qoosk6}
=p{2 cos b sin (& 4+ 1)8 sin &6} +
{2 cos 0 cos (k +1)8 - cos &8}
“-_’p sin (& +2)8 + g cos (k +2)80;
‘but from the data these relatzons are true for t=1;
" for k=2, 3, 4, ete.
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7. If a=cosa +isin a, ete., as in IX. {, No. 24,
a-b=2sinHa-PB)cis Ha+f +7);
. Lhs =Z{16sint LB —y). cis (26 +2v)};
r.h.s. =2%{16 sin*}(a - 8)
xsin®Ha~y).cis{a+B+r+a+y+m}
=32%{sin® }(a - B) . sin? [{a — y). cis (2a + £ + )}
8. F{(1 +2)® + (Y} — 2} =g ta@® fagt+ ..
A1 ddmm + (1 —i2)"} =, —agx +a¢a:4 -
add and halve and put z=1; then a, +a, +c:¢8 +...
=H{2m L0+ (1 D+ (1 -9

zi.{zﬂ +(\/2 cis E)n+(‘/2 cis _Tr)n}

. nw . —hT
=872+ &, 25”(915—4- +ois — )

=gt k. gt (2 cos ?;)

: - . 2 e g2 .. Bt
9. () }ﬁ,,,,zf %; but a+@c:a’ — = — 5
1+z r+a+b+ic a - @ -
-2z r+a- b—ic _f{r+a-b—dc)(a i)
R = T8t (r+b)(a—ic+r—b)
14z +b+ ( )

a —ic

a-ic 1 c+iz
K

TYEE i r+b
3 Lgh —¢ L, af+b? ¥Ect
(i} 1‘+%.Z=T+GH. ; but g -ib= AR
1-4z rta—db+te a+ib  a -+t

144z r+a+ib——c:_(r+m+ib—c)(a+ib):a+'zb'

N 27 (rteledib+r—c) r+e
r+c+ g
a +1b

10. Put z, =cisf,, then Xz, :‘5‘0056 +iZsinf, =0 and

2— =% cost, -4 sinfd, =0,

To prove Xz ‘*2222 22 Lot z;, 24 ..., %; be the roots
b s =03

of 26 +g2t +bz3 + ¢zt +de te=0; —a=2z,=0, -o =2 =0;
T g

O equation s 25 +B2% +e2® +e=0; ., z“z—bz’—cz—;;

. Szft= —b3zr= - b{(Z2,)? - 22(z,2,)} = - {0 - 2b} = 2b2;
LRzt - 2,02 =230 — (Te,B)0

=db? - [(Sz, )2 — 25z,2,]2 = 4B — (- 20)2 =0.

ATE. G
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11, Zad +2bc=ab +ac +bd +ed;
oad b —ac+be= —ad +ed +ab —bc;
. . A R G—b_ a;f‘
. (g -b){d —c)= ~{a-c)(d-b); .. a5 Ta e’
let A, B, C, D be the corresponding points. Since

=p)=om (-G) =eem am (=)

the antICIOCkWISB rotation necessary to convext DB into
AB =the anticlockwise rotation necessary to convert DG
into AC, 4-; thisi 1s the test that ACDB is a cyclic quadri-

lateral. Also from Id Z[_ig—c we have i%ﬁf‘;_c_ lot
]

DB DC’
tangents to circle at B, C cut AD produced at P, Q,

2 2
then "E _LABP AB ﬁg—mmllarly %%’ .. P coincides

pPT ADBP BD?  DC?
with @ ; .. pols of BC lies on AD.

12. Let ac -3%=k% AC- B2=K?; then points are z=£{ - b4 ik},

# :1( ~B41K). If PN is perp. from P to Oz, diameter of
2

cu‘cle through C, P with centre on Ox is 6% o, diameter of

. 1 Lo BEHEE B B4R we ¢
clrclethrougho,a(mb-j:@k} s —3 LT T TR

Lol e
W o

. condition is

1
1 -cisf +cis 28
1
"1 -cos8 +cos 26 +1(sin 26 —sin 0)
1
T 2cos?d -cosb +i(25in0 cosh —sind) Zeoosd <1
Co 0Q, OP maks angles 8, — 0 with Oz, so that Oa bisects
Z between OP and OR. Also the point which divides the
line QP in the ratio (2cosf - 1): i i
cis  — )
20056 ~ b e p.150, Ex. VIIL. 4, No. 19,
1+(2cosf -1}
_cisf +cis( - 6}
- 2cosd
Or, Let Abs (1, 0) ; since || =1, Q lies on the unit eircle ; also
the point R representing 22 is also on that cn‘cle, and

13. 2z =eish, w=

cois (- 8);

cisf +(2cos6-1) .

=1; ' the point (I, 0) les on PQ.
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arc AR=2.arc AQ; complete the parallelogram ROAS,
then by p. 189, S represents 1422 Take T on 08, so that
OQ =T8S, then OT =1 +2% —z; let T be the image of T in O,

—1—#, the point P, which represents w is
1-2+2%
the inverse of T' w.r.t. {z| =1, see p. 153; .. Owx bisecls
LPOQ. BSince AQTA= ASQA,
LOTA=,0TA=/8QA=180° - L0QA;
.0, T, A, @ are concyelic; .. the inverses of T', A, Q
w.r.t. [2| =1 are collinear, i.e. P, A, @ are collinear.

then since w =

i )_ P — 1 [ B
=8,% =tan 0, =—— , where ¢,5=1;
o ’ a,.+1 T ‘

Loty =1 - ootE=(l -8
, for r=1 to 5, are tne roots of #5=(1 -1, that is,
53‘*+ 1062 — 106% + 56 -1 =03
Bty — Tty ok +E ot ly
tan (8, + 6, +... +05) = 1=5%% +_Etltzt3t4

14, If ta.n"l(

r

- 4E
TSR
. Z(8,} =naw +tan®l(d).
15. nth djﬂarential coefficient
i 1
=‘( - 17 Smra 3
&+ (2 1)
put x=recosf, 1 =rsinf, so that cot 6 =x; contents of
bracket

1 1
:,rn%-l cis(rn+1)8 7 cis(-n-1)0

{OIS( n-1)0 —cis{n +1)8}

s

1
ﬂ+1{ 2zsm(n+1)0} but-wgsm“*’lﬂ
Ty

A U . SO P No. 15.
16. z2+1 %{:c-t—i-'-a;—i}’ en as in
17. From IX. e, No. 13,

sin(n+ D0 oun _(n -1y . (202

sin.
+(?1', 2;('11, 3) 20)m-8 -
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2

put@:%r,then%:—l; A 1ng(ﬂ;|3-ircose<323

=(—1)"{1 w(n-1)+{ﬁ"—2~)~(33”~3ﬂ+...}.

2!

18, ¥rom IX. e, No. 13,

M = (26)3ﬂ+1 —3n. (20)31!-1

sin 6
n-1)(3n -2
+(——~%m——)(2c)3"”3 ~...; put 6=g, then 2¢=1;
sin(mr +2ﬂ) in 27
3 3
l.h. . T —— = | — . =[{ =1
2 — (=1 (-1,
§ sm§

19. In IX. e, No. 12, put ezg.
29, From IX. e, No. 14,

_ 22p? 2202202 - 22) 3
cos (Znf) ={ — I)‘n{l T c? +———F% ot f ;

¥ (n? — 12}
— (2o~

Lorhee=4{1 (- 1) - I —13%{1 —{ = 1) cos 276}
=% +1 cos 2nd =cos? né.

S {—1)cos(2nf) =1 m§(2c)3 +

21, (1+22cos 6 + 22" ={z(2 cos 8 +) +1}»

=x"(2 cosf +x)* + @™ 1 (2eos b + ),

) I +e ™ T (2eos 0 42T+ ... ;
. coeff. of % ig

{(Zeos B)" +e;- ("11) - (208 B)" 2 40, (*52) (2 cos B)

e 0 ("7} (2oos O 4,
nl! {(n—r)t
ri{n - ri{n - 2r)t
n!
TEhE L (n—2n)!
also (1+2xcos 8 +22)* ={[1 +xcisb] . [l +xeis{-0)]}"
={1+ec;.zcis@+ey . 22eis 20 4 ... +a® cisnb)
# {1+ cig { — 8) 4 c,2 cis ( -20)+...};
coeff. of 2" in this product is, since ¢, , =¢,,
cisnd +c,2cis(n - 2)0 +c2cis (n - £)0 + ...
=cisnb{I +c,%cis ( —20) +¢,% eis ( — 46) +...};

where general term =

- {2 cos §yn-2r

- (2 cos B)n—27;
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equatbing coefficients, and dividing by cis nf, we have '
1 +e,%cis{ —20) +etois(~48) +... =
cig{ —nh)yx

nl
(Zeos @) +... +_(?'!)2 C(n = 2rpt

equate first parts.

- (Zcos 6)"‘2"+...};

1
22. Since the expression is unaltered by writing " for x, the coeif.

1.
of — isalso ¢, ;
at

1
St L+ et =y + Ze, (a:’ +&;) H

put, x =0iS 28, then

=T +1— =eis (2r8) +cis ( - 2r0) =2 ces (2r0) ;

zr
alsox " +...+1+.. 423" =14+2c0826 +2cos48 +...

+2cos 2nl=1 4o, cos(n+1)0sinnd

siné
sin (2n+1)8 - sin® sin(2n+1)0
=1+ ; = - ;
sin f gsmﬂ

hence first result.

I ) T
Also E cos 2r8 48, for 7+ 0, =[— sin 2?6] =0;
0 2r o
L3
£ ki
*. given integral :g cedf = 5" %o where ¢y =constant term
0
1+z+ad+... +a?\t
i1 2z H
. 1 - gpIntine :
*. ¢y=coeff. of x*" in (——-——l g ) orin (1 —4x? 1)1 —x)~%;

. ey =coeff. of 2#"in (1 —x)¢ — 4 , coeff. of 2% in (1 —z)—
_(an+l)(n+2)(dnt3)  2n(2n+1)(2n+2)

3 8
:2”; ! (8280 +3).

23, 2sinracos{n-r)=sin{r(a —,B) +nf} +sin{ric +8)-nf). As
in Ex. IX. d, No. 4, or from p. 128, T sin {r(a—~ B8} +nf}, for
sing(a+ﬁ) .sinﬂgl(a—ﬁ)

sind {a - f) ’

r=1lton—1,=
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n-1

but sin © (a—ﬁ):smg(a—ﬁ)cos%(a—-ﬁ)

-eos%(a -B)sind (a - B);
*. expression =sin?—2?'(a +33 si.ng(o: -Bjcoti (a ~B)

—sin g(a +8) cosg(a -B).
Writing 8 for B and adding, given series

=% {sing {a -i“B)sm?—; (&~ B)eotd (a-B) +cotd(a+BY
—sin[GlarB) i a-p ]},

= }Heosnf ~ cosna) Sl _Ei)nsi(;% “@IB $ sinna

; cosnfl —cosna  sin na
=%sina - .
sin a

cosff —cosa
. —12RTL g
24, I +tcise+2Zcis2a ... + 2% cis Qng = 1-2 CIS.(%+1)G;
1-teisa
similarly for 1+ 3teis 8 and 1 4-5¢ cisy; Zeis (pa+gf +ry)
ig the coeff. of ¢ in the produet of these three expressions,
ie. in
{1 -2 cig (2n + )a} {1 - #27H ois (20 + BYH{1 — e cis(2n + 1)y}
(1 -tcisa)l ~teis )1 -teisy) i
which is the same as the coeff. of # in
1
(1 -2eisa)(l -teis B)(1 —teisy)’
or, using partial fractions (see P- 231),in

E{ 1 1 1.
gt I -teisa {1 cis(B —al{l -cis(y ~a)}} ’
for |¢| < 1, this may be expanded in powers of ¢, and the
coeff. of 7 is
cis na
2{1 ~eis(f8 —a)} {1 ~cis(y —a)}
_ cis na
_E2sin%(}3 ~ajeish{B -a-7). 2sin (v —-a)eisd{y -a-n)
mEciS{mM%(ﬂ—aﬁar) —%(‘y—awar)}
- 4sin (B —a)sin f(y ~ a)

~is{(n+1)a- 308 4y
~4sin{y —a)sin Ha-B)"

\

.

&

~F o v da

11,

12.

13.

14,

15.

. cosw +isinm,

215

EXERCISE X4 (pp. 196, 197)

CHAPTER X

EXERCISE X. a. (p. 196.)

. exp (1 +ir)=exp (1). exp (iw) =¢. (cos 7 +isinm).
. I eqm. (11}, put ¥y =1; cos 1 =}{exp (i} +exp( -~k

; PP TRLAYE TSR A
oxp ( —l).exp(%) ze—1.<cos§+'a Smg)mg(‘%""“ g )

. oxp {cosb) . exp (isinB).
. exp {(a +4b) +(a —ib)} =exp (2a).
. exp (log 7). exp ({8); by definition, Ch. V., exp(log+) =+.

. exp {sec a (cos ¢ +isin a)}

=exp {1 +1%tan a} =exp (1) . exp (¢ tan a).

. exp {weisl +y cis b}

=exp {(xcos +ycos ¢) +i(xrsind +ysin d¥;

use eqn (10}

10. cosw —4sinm,

exp (cosf +isind) +exp (cosd —<sind) N

=oxp (cosfd) . exp ({sinf) + exp (cos®) . exp { —isint)
=g0039 , {exp (isin8} +exp { ~isinf)}
=etoat {2 cos(sinf)} by eqn. (11).

exp {tan B(cos B +i sin )} =exp {sin 6 +4sin 6 tan 8}

=exp (sin 6) . cis (sin 6 tan ).

oxp {#{cos8 +isinb)} —exp { —i(co=b —dsinﬁ)}:

=exp { —sin 6 +4cosf} —exp { ~sinf —icosfi}
=oxp ( —sinf) . {exp ({ cosd) —exp( —icosé)}
=g-sind, {2{sin {cos §)} by egn. {12).

By No. 4, exp (cizf) =¢®%¢ _ cis (sinb) ; o
", exp {exp (cisB)} =exp {eos?. cos (sin 0) +4e¢. sin {sind)};
use eqn. (10). .

By definition, p. 104, chf —shé=e-%=exp( -0); also

eos ¢ —isin ¢ =exp ( —idj.
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16. By eqn. (10), X +4Y =e%(cosy +isiny);
o (i) X=ef. cogy, Y=t sin ¥ ; square and add ;
(i) X =ecosm, Y=e"sinm; divide.

17 T—a+iy (x-a+iy)(x +a~iy)_x2—a2+y2+2iay‘

r+at+iy (@ tetiylz+a—iy) (wraf iy
x? -aa+y”> . 2ay
" lhs.=exp( o ~@ ¥V . 2¢y
: 5. =exp ((:c +a)? 4R a8 {z +a) +yt
18, Lhs, = ! !

(1-a?cis20). cis( ~ 0) cis{ —6) ~ cis (8)
cis (0) — a2 cis{ — 8)
x{cis( —8) ~a?cis (8)}Heis (8) —a®cis ( - &)
. c0s8(1 -a?) +isinb (1 +a?)
" 1+a* - a?{cis (26 + cis ( -26)Y
18. 2" =exp (z) =exp (v +3Y) =€®. (cos y + i sin 4).

D12 =1; L er=1; - @=0; also 2nr +y=am (s'). For
one revolution of P’ round the circle, am (z*) decreases
from = to —w; . P starts from any of the points

¥={2k+1)r on the y-axis and moves downwards a
distance 27 ;

() If 2’=2"+iy’, =0 and ¥ is negative; ., e* cosy =0
and e*siny is negative; . cosy =0 and siny, being
negative, = -1; - y=2n- *g. Also g decreases
steadily from 0 to —~ o and ¥ =eTsiny = —e®; - g
increases from 0 to +w ;. Loz increages from
—® to 4+ ; ., P moves from left to right along any

one of the lines, ¥y =2nx - g

20. By eqn. (10), e®cish =2 oz a, . e®=Le® but e and e2b
are each positive; " = - 5.9k also cigh =cisa;
. b=qa 4+ 2nm.

21, (iv+a =exp (4} =cos v + 7 sin ?; V. a=cose, v=sinv, but
;{E"; >1lforv#0; - the only solution is » =9, [This
may also be seen graphically.]

(ii) a +u +iv = exp (% +iv) =¥ (eosv+isine); . v=ec¥sinv;

- e“=§%5>1’ foro#£0; - w>0,
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22. (i) exp(z)=exp(cosa +isina)
=£082_ {eos (sin a) +4sin (sin a)};

. cos i + ¢ sin fg
the series =1 + Z Y S

(ii) oxp () = oxp (1 +1 tan B) =e . {cos (tan ) + ésin (tan B} ;

also 2% :(M)“ =gec? 3 . (cosnfB +ismnf).

cosf3
23, {i)exp {(a +ib)x} =exp (ax) . exp (ibx)
=ef% , ( cos bx +¢sin ba) ;
' exp {{a — ib)x} =™ {cog bz — i gin bx) ;
(ii) Put a=cosf, b=sin8; then 2i6"°®f _sin (z sin 0}
=exp {x . ¢iz 0} —exp {x . eis { — )}

=EZ-,~: {cis () —cis { —n6)}
:Z:i: {2i sin nf}.

24. By ogn. (11), 2¢¢ | cos @ =exp (§) . {exp (i8) +exp ( -8} .
=exp (0 +18) +-exp (0 ~ 1) =exp {6(1 +4)} +exp {6(1 —4)}

=exp{91/2 . cis(z)}+exp{3‘/2 . cis(“z)}
. ZEG_”_%)_“{CIS(%) +cis(——n'f:)}

ey
_‘EG“ _211. 20039«1:.
- 7! 4

. 2b. As mm No. 4,

Lh.s, =€ | cis (sin 8) —e "% ¢is{ —s5in @)

=cos (sin 0} . {27 — ¢~} 4 jgin (sin 61 {e°098 4. ¢~ 08¢y

26, €78 %  {eos (x cos a) +4 sin (z cos a)}
‘=exp (« sin a) . 6XP {4z cos a) =exp {z(sin a +17cos a)}

’ . o an . nr
=exp{x . 013(5 —a)}zl "‘Eﬁ?cm(mf _na)
Zn T . " nw
=1 +Za eos(—z— —na) +1,2m sin { —5- wna) .
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27. Asonp. 191, since {2 < I,
wois 6+ 2208 20 +... xR cisnf + ...

L xcis® wois §[1 —xcis{ - )]
_1—xcis&m[lwa:cisﬂ}[l—xeis(—ﬁ)]
weis § —a? xcosﬁ—as”-k'iccsinff‘

1 —x[eis 0 +eis ( - 6)] Far 1 -2z cos 6 +a*
but Za” cis nf =% cosnb +1. Tatsinnb. Or use method
of No. 28,
28. By eqn. (12),
2i . sum ={x exp (ai) +2* exp (i -+ i) +...}
~{zexp{ - ai) +2texp( i -8y +..}
x exp {as) z exp { — ot}
I~wexp(fi) I-wexp(-pi
_x{exp{ai) —exp( - at)} - x*{exp (a - B} - exp (R a)i}
1 —az{exp (8:) +exp ( ~ Bi)} +a*
L% -2isina~2?. 2sin(a-8)
- 1-x.2cosf +at
Or use method of No. 27,
cis 28
21

since |@| <1,

+... =exp (cis ) =, by No. 4,

2%. 1+ecisf+
e | {cos (sin) 44 sin (sinf)}; -
equate ** first parts ” of these complex nwrbars.
cis 20 cis 38
21

3T

30, cisf —

=l-exp(-cisf)=1-exp({-cos§ —isin 8)
=1-67%%  {oos (sin 0) - isin (sin )} ;
equate ‘ second parts,”

- . at |
31, cisa~wois(a+f) +3; ¢ls (a +28) — ... ‘
2
=cisa . {1 —xcisB-ﬁ;! cis2[>’—...}:cisa .exp( —wcis )

=exp (fa) . exp ( —weos B ~iwsin 8)
=e " ¥ oxp {ia —izsin B} =e 7B o (@ -zsin3);
equate « first parts,”

. 1 . .
32. 1+C133.t&n9+§~!~01829.tanzﬂ+...=exp(0156.tanﬂ)=, as

in No. 12, ¢82% s (sinf tand) ; equate “ first parts.”
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2
33. cisa+cos 8 . cis (a+,3}+COZS!‘B . chs (a4 88) + ...

. cos? .
=cisa. {1 +eos . cis B + 2'ﬁ . 0152B+...}
=cisa . exp {cos B . cis §)
=exp (ia) . exp (cos? B +icos B sin B)
=e®"8 _ exp {ia +4 cos sin B}
=¢""F _¢is (a +cos Bsin B); equate ¢ first parts.”

36, cisa+ B30 B0y fexp (oisa) - exp(~cisal}=, by

No. 25, cos{sina).sh(cosa)-+<.sin(sina). ¢h (cosa);
equate ¢ first parts,”

35. C +i8 =“i;,2ﬁ +°’iif8 +... = }{exp (cis 8) +exp { ~cis 8) - 2}

=4fexp (} cis 8) —exp { — cis 6)}2;
. C-iS=4{explicis{-0)] —exp[ -}ois{-6)]}%

1
cis(—ﬁ):-; also

For brevity, put eis 8 =u; ..,
u-iml =2cos0, u A =2isin 0.
% %
Then C?+8%=(C +48)(C - 18) =§K* where
% % 1 l)
K»z{exp (5) mexp(— §)}{exp (5@1) ~~e»xp(— an }
w1 % 1
=exp(§+§a)+e“9(‘§‘§@:)
u 1 % 1
”B"P(é‘éa:) "eXp(_EJrz_u

={exp (cos §) +exp ( ~cos §)}
~{exp (¢sin §) +exp ( —isin 6)}
==, uging eqn. (11}, 2 ch (cos #) ~ 2 cos (sin 8).

EXERCISE X. b. (p.200.)

m

1.2eos§~=exp(w§-z)+exp( 3 @) e

.. TE T ™
stm?:exp(—g mexp(z)
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2, sm2z=i{e (222 ;
5; 6%P (223) — exp ( - 224)}
1 .
= 5 {0%P (24) - exp ( ~2i)} {exp (vi) + exp ( ~ 20))

1 ...
= §€{2z sin 2}{2 cos 2} ; from eqn. (15), cos?z +sin?z
=(pos z.+£sinz}(cosz -4 8in z)
3 =exp(zz).exp(—a'z):exp(ﬂ):l.
- ch (2i) =1{exp (2¢) +exp( —-zi)} =}{2¢c0s2) b
1= ¢ g ¥ eqn. {13);
sh (z2) = ${exp (z1) —exp ( —z)} = (2 sin z) by eqn. (14).
4. ch{A +B)=cos(Ai +Bi) =cos (A3) . cos (Bd) —sin (At} . sin (Bd)
=chA.ehB—izshA.shB; .
¢hC ~chD =cos(Ci) —cos Di= 2 sing;;—[?f - 8in Ci—be
2

=—2dzsh°_§9.shc_0

) 2
5. sinz cos (iy) - cosz xin (i) ; nse (24), (25).

6. 1{1 i)l = ; i in (24
# u:—ﬂct(a; iim(;?;,y)} =3{1 +cos 2x cos (2iy) —sin 2w sin (2@3;)} ;

p, ©o8 { +4y) sin (= — éy) _ Bin 3z - sin (24y) .

Sin (2 +4y) sin (x — iy)  cos (2iy) —cos 2z ° 159 (24), (26).
8. chach (4y) +sh zsh {#) ; use No. 3.
9. sh (z —dy) ch (2 + 3y) _5h 22 — sh (2)

ch (z ~4y)ch (x +1y) ~ oh 2z +ob (2yi)* %0 RNo. 3.

10, - ( sin (& — iy) __sinwchy—icosxshy by N
BN (2 +oy). sin{x —dy) % lcom (2iy) - » by No. 5; use
Ny / %[cos (2¢y) — cos 2]

- 11. By eqn. (28), exp (sinzchy +4 cosxshy); use egn. (10).

12, sh (# — dy) = gh 2 ¢h () - ch 2 sh ({y) = ) i
by Mo 31 e o (y)-ﬁshwcosy—zchmsmy,
13. sh(z -iy) lcio(s (y +iry=sh (x - 4y) ch (2y +1i%x)
=sh (& —4y) ch (¢ ~x) =sh (& — 1y} eh (z — 1
e (20 5, {z 1y} ch (= - dy)
= &s in No. 12, {sh 2zcos 2y — 1ich 2z sin 2y.

14 @ oo . ; . .
| (i) ch{x +%m) -4;03 {ix + ri®) = cos (m —g) =sin{ix; =ishz;
{ii) sh(:c+§-7ri)=;:asin(ix—g)= H%cos(ix)=ichm;

(iii) From (i) and (ii), { ch wsisha;
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-(iv} Ag in (i), cos (ix ~ 7} = —cos (ix) = —chz ;
(v} As in (ii), %sin (e —wr) = ﬂ::sin {ix) = —shx;
(vi) From (iv) and (v}, —sho <+ ~chx.

cost{x +yi) +eost (e —yi) 1 +eos 2z +Zyi) + 1+ cos (2x - 294)
cos (% — 1) . cos (T +y8) cos 2z +cos (2yt)

_ 2+ 2cos 2% cos (2y7)

T cos2c+ch2y

16. By eqn. (28), w=sinx.chy, v=cosx.shy;

@ \? v\
: — =ch?y ~shy =1 H
(1) (si.n a:) (cos x) oy ey

i) { )2+( ’ )2—sin2x+coszm*1
(i) (chy shy/ -

17. cos{x ~iy) =cosf —isind;
. cos 2z +¢h 2y =cos 2z +cos (2yi)
=2 cos (z +yi) . cos (x —yi}
=2(cosf +isinf)(cosd —isinb) =2.

18. tan (¥ —iy) =u —v;

.. tam 22 =tan {(z +iy) + (& - iy)} =~ B Tl @)

1—(u +w){u —iv)’
th 2y=%ta.n (2yé) = —% tan {( -+ dy) —(z -3y}
- {4 ) (v — i) .
- "1+ {u i u — i)
19. By No. 8 and eqn. (27),
(chzcosy+ishzsiny}l{cosuchy —isinushy)=1;
equate “ second parts,”
shmsinycosuchv—chxcosysinushvzo;
also ehx+ 0, since chx > 1, and ehv+ 0; divide by
cosycosuchxche.
20. sin (& —y) =tan (u —) ;
gin (@ +%y) +sin (x —dy) ten (u +dv) +tan (4 —dv)
" Sin (@ +iy) —sin (x —ty)  tan {u+5v) —tan (u —iv)’
2sinzcos (fy) _ sin {{u +5) +{u ~w)}
* Zeoszsin (dy) sin{(u i) - (u - w)}
tanz  sin2u gin 2u

© iThy . mn(2w) ish(20)
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21. By No. 8, z +yi=¢ {thacosf3 +ishasin §};
+ #=cchacosf, y=cshasin@;

(i) For a constant, these are Pararetric eqns. to an ellipse,
semi-axes ¢ ch a, ¢ sh a, eccentric angle B;

N2 2
(ii For 8 constant, ( i ) —(——L) = chl¢ - shla= 1,
ccos esin 3
they give & hyperbola, semi-axes ¢ cos B, csinB; the
conics are confocal because

e eh?a ~ o2 sh?q =0% = cos?f + ¢? sin?3;
" they cut orthogonally. Qr, see No. 23.
22, z+yi=q? - B2 +2af; . x=g? -3 y=2a8; forc constant,

2
B:%; U =gl —13“25 ya = —4:0:2(.7; _az),. Si‘:.’ﬂﬂarly for

B constant, eliminate @ 42 =4f%(z +%); thess are pa;.ra-
bolas with origin as focus

i ®L L Bw
23, Putw=a +i8; a»{—@a—f(w).éa_f(w),
o ,ay; , oY)
5B+%678—f(w)"5ﬁ
ey . [Ox S9N % e
=f{w) . 4=1 55'5“-'8—(1 -——“.az-{'-’&,é—a;
M ?E__@&nday—?f, - @.6&_ I,
BT e8RS T Es e b
B Ze
d;
{d% (for a constant)} . {s—z (for B consf:za;nt);L = ~1.
24. By eqn. (12), 2 (sum) =

exp(8i) exp(363, oxp{ -~ 8i)  exp( - 360
L Y Bl i TRt e S

=, by eqn. (17), sin {exp(8i)} ~sin {exp( - 64)}
=2 cos (semi-sum) . sin (semi-diff.} =, by eqns. (11), {12},
2 cos (cos) . sin {¢sinf)
=, by eqn. (25), 2i cos (cos®) . sh (sin8).
25. Asin No, 24, 2 {(sum) =
exp(6i)  oxp(20:) exp( - 0i) exp( -268:)
{T"'T+--- + _—})'2-‘_!"'%_—‘%*'_'}“---}

={1 o8 {oxp(306)]} +{1 ~ cos [exp( - 303y}
=2 -2 cos {sermi-sum) . cos (semi-diff.)

=2+ 2 cos(cos 48} . cos(isin $6) =22 cos(cos 306). ch(sin 16),
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26, As in No. 24, 50 sl 260
xp(26i)  exp(48i B - }
%(S“m}z{g‘{pz(! AT +} { TR
~{—1+ch [exp(6i)]} ~{ ~ 1 +ch [exp( — 8]}
== 2 sh (serni-sum} . sh (semi-diff.)
=2sh {cosf).sh (¢sinb); use No. 3.

Sin:"ﬂ {axp (nB'h) - exXp ( — nﬁa)}
k(2

sin nf =

{sinf.exp(8i)}* {sinf.exp( —6’5)}“;
= ! - ni
- by eqn. (23), - . ‘
2¢ . {sum) =sh{sinf . exp (8)} - sh{s?nt? .exp( — 6}
=2 ch (semi-sum) . sh (seml-dd"f.') :
=2ch(sinf.cosf).sh(sind. isind);

-
27, 252

!

use No. 3. . \
wt ot Eﬁ'im“: sx; add;
28. 14 b+ =cha, 1ogd g = =00
. 1+1&+_..:§(ehx+eosx);

4!
first put x =exp (#¢), then put z =exp ( 4 6i) and add ; then
=ch{exp (#i)} +cos{exp {6¢)} ‘
e {exp (09 +ch {exp ( — 04)} +cos{exp ( — 8)}
= i- h (semi-diff.) o
=% ch (somi-sum) i— 2(cos (semi-sum) . cos (sem}-dsz.)
=2 ch (ecs8) . ¢h (£sin ) + 2 cos (cos0) . cos (isinb);
uso No. 3 and egn. (24). - ‘
sinnz _ exp{nzi) —exp( ~nzd) {exp(zél}® B {exp( - zi)}"
i nl Tl nt
. 24, (sum) =exp{exp (zf)} - exp'{e!xp(-— #4)} =, by eqn. (ig),
t;)::p{cos z+4sinz} —expieosz — isin z}=, by eqgn (14;,
exp(cosz). {exp(isinz) — exp( ~tsinz)} =, by eqn. .
explcosz) . 2¢sin (sin z). . .
30. (i) cosz.chz=ch(iz). chz=4{{ch(l +é}z +ch{l-4)z}=, by

2n .
eqn. (22), H%E(";_TJJ"'{(IH)M“I'”Z }; also
’ . ) 21 A - 2n
(l+i)2"+(1wé)2”:(v2.cisg> +(1/2013T)

n 9 Tb'h'_
}tz . GOS‘E‘S

¥

29. 2i.

. nwT . hw
=2n CIS?'Q‘CIS
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this =0 if » is odd and =227 . 2-1Pifn=2p,
. . 2P
. serieg =] +ZW (~-1)7 22p.

(i) sinz.chz = —ishzi.chz= ~§i{sh (1 +4)z ~sh(1 - )z}
b . pan—1
=, by eqn. (23}, - %@2 (—2_7;:"_1—)'{( 14gyEmt_(] _gpn-1y;
" coefficient of 22" 1= a5 in (i},
. 1
- @iy (VErE T 2isin-——~_—(2n; L1
2n I . /ar 11')

I EE VTRV, Sl W Ry

an
=m . {%sin?; -v«%cos-n?w}.
EXERCISE X. c. (p. 202.)
L. cis (2n + I)Ez@sm(nw;i) .
2. exp {(=® —9®) +i . 22y} ; use eqn. (10).
, 28in§(z +iy)cos f(x —iy)  sina+sindy
2cos §(x +4y) cos Bz 1Y) o8 T - com sy * Use eqns. (25), (24).
2 cos (x - iy) .

" 2cos (@ +3y) cos (z - ig)

=, by eqa. (27), 2{eosmchy+@'sinmshy}
€os 2% -+ cos (2ey) :

5. Write -y for yin X, b, No. 10, or put g - for « in No, 4.

. 2Sh(2 sh‘(?-;b';z;)_ :2{shmeh (%) +chx sh (iy)} d
@ —zy)sh(z +iy) h 2 — i ; fnd use
X. b, No. 3. o B ok
7. 1=(cos 8 +isin 0}(cos 8 i sin 6)
- xs'm(ani-iﬁ).sin(a—iﬁ):%(cos% ~cos 2a) ;
s l+q0§2a:c}12ﬁ—l; S 2eos?@ =2ghif?; b‘?feqf1)s(2?),
cos @ +isind=sina.chf +icosash ; - |
s sinB=cosa.shf =cosa. {4 cos a).
8. By No. 3, u.{.g:v:?m.
cosx +chy ’
u=_02_  shy
cosx+chy cosx +chy’
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divide for % . Also

u? + 0% =(u +4v) (% ) =tan & (x +dy) . tan Lz —iy)
2sin F{w +4y) . sin § (w —ty) eosiy —cosx
T2 cos o +iy) . cos f{x —iy) cosiy +cosT
chy-cosz | 1-(v®+2?)
Tehy teosz’ T T+ +oP)
__(chy +cosx) ~(chy —cosw)
“(ehy +eosz) +(chy —cosx)’
fshb  sin (ib)
cosa cosa
i thz +th(yi) sineacosea +sin (b) cos (ib)
- th ‘(9: +y7) “T+theth (yi):cosacos {b) +sin a sin (ib)
_ Lsin 20 +sin 24b]
T cos(a—ib)
", sech?(x +yi) =1 —th®{z + i) =1 —sin®*(a +4b)
=cos?(a +1b).

sin g -
9. thm_m, thyli=itany =

=sin {a +b) ;

10. acos @ +beus 30 =¢, asin 8 ~bsin 38 =0;
sinﬁm()ora=b(3—4sin29%.
Hsin8=0,cosf=cos3=4.1; ., a+b==1c.
Tf @=b(3 -4 sin*f), _
e=acos 8§ +bcos 36 =cos O{a +b (4 cos?d - 3)}
=cos0{2a - b(3 - 4sin0) + b(dcos?f — 3)} =cos 8 {2a — 2b};
" @+b=b(3 —4sin?6) +b =4b cos*

9) ¥
=b(2cos ) mb-(m).

o .
xe .
write —¢ for a and

11, we® +a%e®® 4 .. =T et if jze®| < 1;
subtract ; ve
. xe™ ze~
2 {sum} = B a——
( ) 1-—ze® 1-ze®
(we® —aF) (e —a?) x{e®-e")
T o l-w(e*t+e®)+2? T 1 -2wchata?’

12, 2 (sum) =2 - {z oxp (af) ~z? exp (ai +Fi) +...}
—{wexp(—ai) —arlexp( —ai-Bi)+...}
z exp (at) zaxp ( —at} .
T l+wexp (Bi) l4mexp( w)éi} vitfel< 1,
2 _z{exp(ai) +exp( —ai)} +a* {exp[{a - B)i] +exp[ —(a - B)il}
t +wxdexp (Bi) +exp (- Bi}} +2°
P

AT.K.
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13. In X. a, No. 31, write ¢ —gfor e and 8+ for §.

14. Tn No. 13, put ¢ =0, 8 =6.

15. C+1§SEI+CIS28 cig 46

=ch(cos 8 +4sin §)
=ch(cosﬁ) ch(isin 6) +sh{cos 6) . sh(isin §)

=, by X. b, No. 3, ch(eos ), eos(sin ) +ish{cosf) . sin{sinh).

Or 2C =(C +148) +(C —i8)
" =ch(cos 0 +4sin 0) +ch(cos # 4 sin 8)
=2 ch(semi-sum) , ch(semi-diff.).
cisf cis 30
I T +...
=sh (cis 6) =sh{cos 0 -+ sin 6§)
=sgh(cos 8) . ch(isin §) +ch(cos 6) .sh(isin 0);
use X, b, No. 3.
17. Ifuw?=1,w+1,then I 4w +w2 = 0;
S exp () +eXP () +exp (wix)

16. Asin No. 15,C+i8=

21 T4 e =» by eqn. (22), chicis 0)

2 31:3
—(1+1,+ + L )+(1+‘i‘°+‘”+w +)

21 T3y

1 wip w‘x3 iyl
+ +TIT+_§!_+ ar +... 3(1+ +. )

2
also exp (wr) =exp( % cos = + itz sm 3

=gXp (SE cosg —~) cis (x sin g)
g
=e cls( 5 )

similarly exp (we) =e ™% . gig (

PR S
18. By eqns. (23), {17}, %(shz-nsmz).__ +a gt
z= xcwz, then

%{Sh:v{l+i)msinx(1+i)}:ci g{ms 2t it

V2 V2 S TR TREYT

« i Pput
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write —< for ¢ and add ;
3
cxssz-irczs(mk) 2.co ;——‘\/2;

a2t
-1/2.{5—7;& }

z%{shx(l -i-%)+shm(l—i) m%{smm(1+1})+sinx(1—i)

1/2 V2 Ve V2
. T xt
=gh — ‘/ \/2 ~ 8N cosmﬁ
.oz z
=, by X. b, No. 3, sh — - gin — eh —-.

w/ \/2 v2 o v2
19. €% cis bx =exp (ax) . exp (tbx)
e +3h)"
—exp(a:v-{-z—bx)—l+2———————— H
put a=rcosh, b=rsind, so that
cosfl :sinf: 1 =a: b rv/(a?+b%);

then (@ +4b)* =r"cos8 +isinf)* =r"cignb; .. coefficient
7™ cos nb

of 2™ in 5% _ cos bx is s ,

20, |expz ~ 1= |expz.cisy — 1| =]eecosy — 1 +-4* 5in y|

= + +/{(e®cosy ~ 1)? +(e®sin y)’}
= + /{1 —2¢® cos y +e*) ;
similarly [expz+ 1] =+/(1 +2¢% cos y + ¥} ;

. for —g<'y<g, |[expz —-1|<|expz+1{;
. 1Z] <1, e X2+ Y2,

21. Solving, a=f(1 +i) ﬁxf(l_q;), a+Be=m;

sin a sin § =sin*e —smﬂ( —) cos=( ) chZ()

22. exp {oxp (84)} =exp (cosf +isinl) =80, cis (sin0) ; .
exp { —exp ( — 61)} =oxp ( — cos8 +isinf)=e~ ¢ cig (sin@);
expression =cis (sin6) . {08 —g—cosd},

. 23, excosf | eig{a-+xsin ) =exp (zcosB) . exp (o +xisin B)

=exp (x cos B + ai + zisin 8) =exp (ai) . exp (= cis 3)

l =cisa. {1_‘_23:"013118} clsa+2~ cls(a+'nﬁ)
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24, 142z +322 14234 ., to ntermsz—l———wfn———-n-ﬁf ; to
(1-2)2 (1-2zp2 1-z°
prove this, multiply the series by {12zt Pus

z=sinf . cis b, then |z| <1 since 6k +§;

. 270 when n—>oo ;
. sum t0 infinity =(1 —sin 6 cis )2
=(1 ~ginf cosf —i sin? )2
" =(1 —-sin6 cos 8 +4sin?§)2/{(1 —sin B cos 8)2 +(sin%f))2;
equate “ second parts

. 25100 5in0 + 35020 . siri 20 +... =sin0 . {given series}

=2sin* (1 - sind cos 6)f{1 — 2 sin f eos
+sin*6{cos?8 +sin2)}2.
cis (a +Zﬂ)
31

=cis {a —ﬂ).{cisﬁ+m;!3'8+...}
=, by eqn. (23), cis (a - 8) . sh (cis3)
=cis (¢ ~f3) . sh (cos 8 +isin B)
=cis (a - 8)
x {sh (cos 3} . ch (¢sinB) + ch (cos B) . sh( (Tsin B)}
=, by X. b, No. 3, {cos (a -} +isin (a - )}

x {sh(cos ) . cos(sin 8) +4 ch(cos 8} . sin(sin 8)};
equate < first parts ”

26. C +18 =exp {2089, cig {sin 8}}
=exp{ec®®  [eos(sinf) +isin {sin 8)]}
=exp {°%% . cos (sin 6)} . exp {te09¢ , sin (sinB}};
use eqn. (10} and equate * first  parts.”

25. C+4S8=episa +

27. By egns. (23), (17), $(shz +smz) k+5| +...; put z=cis8,

then put z=cis(-8) and subtract; th
b en 4¢ (Sllm)-w, as

sh (cos8 +ising) —sh (cosf —£sin )
+sin (cos® +4sin ) —sin (cos 8 — i sin 8)
=2ch (cos8).sh ({sinf) +2 cos (cos 0) sin (i8in ) ; -
use X. b, No. 3.
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- zs 27

28. By eqns. (23), (17), %(shz*sinz)=3— it
. then put z =ecis ( — 0) and add ; then 4(sum} =, as in No. 27,

sh (cos® +4isinB}) +sh {cosd —isinB)
— sin (eos § +zsm6) —sin (cos 8 — i &in 6)

=2sh (cosf) . ch (4sin®) — 2 sin (cos 6) . cos (i sin 8} ;
use X. b, No. 3. ‘
29, See No. 17, and compare p. 161, Ex. VIIIL. h, No. 31

3(sum) =exp x +w* exp (wx) + w oxp {w'z)

. 3
:.~expw+cis( —%ﬂ) Le ke, cle;/

.+cis%JI e ¥, cls( ‘/3)

=em+e_é$.{cis (x\/g 2”’ [ (m'\/g 2“’ ]}'

30. See No. 17, and compare p. 161, Ex. VIII. h, No. 31.
3(sum) =exp x +w exp (wx) +w? exp (W)
: . :c\/ 3

. 2 By
mexpx—{—ms—é-.e - 018

: +cls(—2?ﬂ.) e~ cxs(-ﬁ 2v3
=e% fe~ ¥, {cls(——+3) [ :E-\/B 2;)]}

H pll'b chisei

CHAPTER XI

EXERCISE XI, a. (p. 207.)
1, As in Ex. 1 the roots of 4¢® ~3¢=2%¢% -1 are cos0, cos72°,
cos 144°; this eqn. may be written (¢ — 1){4c® +2¢ — 1) =0.
cos 72° is the positive root of 4c?+2¢~1=0, namely .

“—IZ——\E; - cos 36° =cos 144° =the negative root.
2. cos T_ _cos bm cos ST cos il cos L oS — write
ek o 78T 78T 7"'
—¢ for ¢ in result of Ex. 1. Or use method of Ex. 1,
starting with cos 48 = — cos 30 =cos (r — 36}, which is satis-
2
fied by 0 =(—n-tl)—7~r; remove the root, c= -1,

7
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3. Use the result of No.2; Lh.s. =sum of products, two together,

of the reciprocals of the T00ts = + (eoeff. of ¢*) = {constant
termj},

4. 60, (2n+ 1); satisfy

sin 40

-

=5in 3¢ or 4ging cosflcos 260 =3 sin 0 — 4 sin3y ;
So8=(2r+ 1) -ﬁ; satisfies 16 cos?0 cos?28 =(3 -4

sin?0)2; this
reduces to 642 - 11222 + 562 -7 =0, where x =sin28.
Or, Use the first method of Example 2;
sinz 27 =3 ( 1-co

7
eliminate ¢ between g =4(1 —¢) and the result of Bxample 1;
" 8(1-2x)3+4(1—2x}9~4(1_2'3:)—1:0. *

5. The eqn. cot 70 =0 is satisfied by 0 =‘(—2~’f‘%{’i’ Put tanf —¢
“and use eqn. {6) p. 172; thus 1 —~ 2122 + 354 —

. T 3r 5
— I —_— 2
satisfied by Ltan 4’ :{:tanM, ita’nlég': Put x for 2.

6. By Fx. 2 the roots of 2 - 2148 4 3582

78 =0 is

—-7=0 are ta.n%f, r=1,
2,...8; the eqn. meay be written 8 — 145 +4ME="T(s2
or HP~T)=1(+1)y/7. tanT, tan 2T
have squares less than tan®”.

7 7
§=3< 7, thus they make
HE - T) = — (2 +1)4/7.
—tan

+1p

are positive and

For the same Teason —t.tm—’,ir s
7"? are not roots of this equation; but the product
of the roots is negative (being — 1/7);

". the third root
is negative and is -, tan ?ﬂ— .

(Compaa:e Ex. 3)

7. By Ex. 2, cotzg, cot? ~2,-;I, eotzi;: are the roots of
I 1
—3—%+§§ —7=0 or 72® - 3522 4 21 — 1=0.
ozt o
Expression (i) =8 +sum of roots=3845; (ii) By Ex. 2,
ttm*;—r R i:&nzg,!E , tan?® %E are the roots of

z3—2lw3+35x—7=0;
- 35 =371, bus sectf =(1 +tan2g)?
- expression =342 .21 4371,

S B =2], SHe91t_9
=1+2tan26+tan‘ﬂ; C

231
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dr i s ain ST of roots of
8. Expression =sinTﬂ+sm——7— +sin - half sum

* eqn. in Ex. 3. See also No. 10. i
w . -;7-'
9, sinf?:eos(—2~6), . ‘
in Ex. 1=(3¥-2.(-})
=gum of squares of roots of eqn. in }fx 1(%]67 o
10. Suri of roots =(1 +k + % + X% + &5 + 1% + &%) -1 =3—
= 5,7,8,7, 9,10
duct =2k" for r=4, 6, 7, 5, 7, B
i =3k forr=1,2,3,4, 5,6, 7,7, T=2k"=2.

3= g o o2
', expression =cos? l +eos? = + 60

L 29 4w, E’f
Omne root is cis K +eis 1 +cis 7

' 4w . 8w

4 8ar S 2 i n ST,

=(cosg;;‘-' +cos——,;r +cosT) -t-'a(sm——? -+ g 7 T
—lifh/'T.

; .. expression =4}V 7, and
2

but the roots are

. 2w Bw . gz——si.n£>{).
is positive because sin - +sin - =sin 7
Ir 4n gvf gatisfy cos 360 = ~4; cos 38 =4 cos®f —3cos b ;
s i isfied b co‘sgf,etc.
s dx® - 3r= —} is satisfied by 9

i pid il = —=gum of reciprocals
12, Expression = —sec 5 ~sec g —seeg ,

of roots of eqn. in No. 11= -4,

11, 8=

WM

9

z\2 “Syi1=0: o 23-32-1=0;
- 3(_§) _6( 2)-!-

- piz®-3)r=1. _y
14 tan?d =see?6 —-1; .. 3 +reqd. sm:mllfsﬂiQ;‘ s,
. eciprocals of roots of egqn. in No. =67 s
rOr ptake gum of squares of roots of egn. in .
(3v/3)% —2( - 3).
15. 0=1, 47, T satisty tan30 =+ v3,
) 9
3 tand —tan®f
1 -3 tan?d

T= —cos cosgﬁ‘ satisfies the eqn. in No. 11;
13. -g=- 5

ie ;+‘\/39P“tm8=x.
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18, ' N i
Ex, I?;. e, No. 12, applied to cos 66+ =cos 56 gives
€)% —6(2e)* +9(26)? - 2 —(20y5 _
or patis =(2c)% - 5(2¢)3 + 5{2¢), .
Z=2e=2c0s0, 25 - 15 = 6% Brd 4 0% _ 5 _ 9 0;
by the argument of Ex. 1, this has roots 2 cos L for

r=0 to 5.

Divid
= ivide by the factor z —2 correspondmg to

1

7. ofsumofsquaresofrootsofeqn inNo. 16=1{12 —2( _4

i8. 6 =55°, g5° » 175° satisfy - ok
0830 = —cog 15°= - V3 +1 v3+l

- 3 or 4cos?6 - 3cosh 4 =0 -
put z =cos 4. V2 IR 0;

19. As in the second method of Example 2, from th
e

eqn.
tan 136 =0, it follows that tan?. ;

ts of 28 - (1 "3 for r=11t0 6 aro the
roots of z8 - x5 4 _ {13
S ) s )x+13 ~0;
COos; 2m_ rmT
Z e 13° 12 +2200t2 i3

i +2{(13)—I3} =124 44,
Also Zsecz““—1°+22t

H12+2(13)H]2+156
Nos 25, 17 to €xpress sin 130 =0

88 an eqn. with roots sinZ. o I
parts (i), (if). in 13, eog? 13 respect sively for

Or, use Ex. IX. e,

20. Expression is sum of reciprocals of roots of th

21, p=27 4 87 l4rx
15° 15’ 15’ 15 satisfy cos8f= — 1, i, by Ex. IX. o
No. 12, (2615~ 5(2¢)3 + 5(2¢) == ’
2 5% 4+ 5w + 1 =0, divide
1011'

6 eqn. in No. 5.

1, or pubting x =2c=9
by the factor 2 +1 e cos6,
0,
to =2 gog 10T rrespondmg

22. Putx=tan6, equation becomes 1 =Mm
(4n+l)rr 1‘6t&1;28+tan46=tan48,
16

40 =nr +7 8=
7r+4, 0=

233
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23, Ex. IX. o, No. 12, applied to cos 90 =cos 86 gives
(20)? — 9(2¢)7 +27(2¢)® - 30{2¢)* + 9(2¢)
c=(2c)® — 8{2¢)® +20{2c)* — 16{2c)2 +2 or 1—9c -32c% +. =03

by the argument of Ex. 1 this has roots cos%;—r for
#=0 to 8; the sum of the squares of their reciprocals
is 92 - 2( - 32) =145, and seczg{; for r =0 is unity.

QOr, as in the second method of Example 2, from

tan 170 =0, obtain an eqn. with roots tan® % Compare

No. 19.
3 tan 6 —ten®d
94, Tf 6=10°, T0° or 130° + -y =tan 30 =l 07, byt
AP V3 T3 tant0

EXERCISE XI. b. (p.210)

2T 4
1. Egn. is satisfied by z=a, o+ g or @ + ;, and may be
' written cos 3¢ =4 cos’x ~3cosz =4y® -3y ; this eqd. for
4
y is thevefore satisfied by cos a, cos (a 4 2—;), o8 (a +?ﬂ-),

and, since these are all different, they are the roots of the
- constant term  ecog 3a

cubic. Hence their product =

coeiff. y® T4
2. Method of No. 1. sin3z=sin3e iz satisfied by z=gq,
a +2—;, o +%r and sin 3a§j sin‘a: - 4siz:w= 3z —-42% 1ia
satisfied by z =sin a, sin (a +?), sin (a +-3—). Hemnce the
product of these = -}sin3a; also

m(a +W) = wsin(a +ﬁ)
3/ 3/
3. Use the cubic for 2 in No. 2 ; the sum of the reciprocals of the

coeff. z _ 3
constant term  sin 3@

roots = —

4, tan 30 = tan3mlssa.t1sﬁedbyx 9, 0+= B+3,andcanbe
3t -
1—3!!2
(1 ~ 3% tan 36 =3¢ - % are

t:tan&,ta.n(&+ ) ta.n(9+ )
Sum of roots =3 tan 34.

written tan 30 =

where ¢t =tan z; hence the roots of
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5. Differentiate the identity of No. 4 w.r.t. 6.
6. The egn. in Ex. 6 may be written

n{n—1)

a™ tan —nah—1 -
na —nx 91 " 2tannag + .., =0;

the sum of the squares of roots
_ -n(n-1
={ncotna) -2 (T—)) =n?cotdna +nt —n.

g (%),
7. The eqn. tanna—i)—f—()%wﬁﬁ— found in Ex. 6 has roots
2

For # 0dd, it can be written

-1

tanne 1D 4(-1) F (1)

=(Dt- G+
- =0,

ori* —mtanng .14, =

i= tan(a+”—"' )

n-3

=1 (e

rmw
Ztan( a +~h— =sum of roots =n tan na,

o d
and ¥ sec? (a +_E) =~ {n tan na) =n? soc? na.
8. Compare No. 7 a With 22 for n, the eqn. in Ex. 6 is
tam na o (= G0 (1228

1- (Eﬂ')fﬁ‘I Fo (- l)ﬂ(2ﬂ)t2n
or i, tan 2ng 4+ 2n | 2ot ={;

sum of roots = - 2n cot Zna.

7 9. In No. 6, write %-ﬁ-a for a.

10. For = even, from equation ten nf =0, ta,nf: forr=0ton -1

i
iE

gives roots of ngmt w(g)t"‘a +...+8 =0; remove factor ¢

d =22 rjf e 1 !
- and pub  =#, then tan? p forr=1to {n — 1 gives roots of - ..
na¥® L _ (B2 4. —0;

n-1

' expression =4n — 1+ 2 tanﬂ rw

—jn- I-i-(")——n-'%n 1222 |
Qr, take the equation sin nf — =0 and use Ex. IX €, No, 16. .
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' Haul
11. For n odd, put a=0 in No. 9, then 2 E tan? T}-:n2 -1
i
o= o Mozl e
. T 2 77
S 21: secz—?;_%(n N+ 21; ltan p
=3}(n -1} +3n? —n)=%xn* - 1).
Or, use either method of No, 10 (Ex. 1X. e, No. 17}.
n-1
G S Gt Y 2 (%
1-(5)2+..

,
Bzr—fz; hence the walues of ta.n%r for r=0 to (rn -1} are
n

12. tanné, nodd, , and is =zero for

the roots of

(M- —(—1) (,, 2)5""“4—{——1) BN (“)tﬂ 0
or t*~(3)"%+..=0; the sum of the products two
together =—coeff. of ##~ 2= ~in(n -1).
By Ex. IX. e,

n-1
Nos. 12, 15 cosnf =27-1¢" —n . 2032+ +(-1) 2 =g,

2rmw
13. cosnf =cosna is satisfied by O =a+ S

thus the values of cos( a +-2-%3r-) for r =0 to n — 1 are the roots

-1
of #h1g® —  +{ -1} 3

nc —cosna =G, and the sum of the
n—1

reciprocals of the roots =( — I)Tn s&C Na.

14, sin ne =sin nb is satisfied by

v =8, (9+ ) (e+ﬁ) (9 3”)

By Ex. IX. e, No. 25, for » odd,
n—1
sinne=nsinz —... +(—-1) 2 .28 1gin®;
n-1
+{ -1y 7 .21 g% _ginnfd =0 has roots

SRS — ..
. 3
sind, —sin(6+f),sin(9+2—r), —sin (84+57), s
n, n n

. _n
the sum of the reciprocals of the roots =gl
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15, Put n=2m and f=¢ —E;
n
Lh.s. =cot# - cot ¢ +ecot (6 +ir)
m,
_ - m -1 -
cot(?5+m)+ p W) —cot(gb +mm1"')
=, by Example 6,
m cotmb — il né
e ~mcot me = 3 {cot—_ —eot ) +;>}

.. +cot(6+

2

_n nd né
=3 (cot 5 +tan 3 ] =ncosec nf,

: 1 2
16. (1) =§—2.0':i.._é_; .
ey ] 1 1
6 =0 - (Gegitgt
i

”2_4.

) on account of absoluze conver-

,A.E
ence, —-— —

g 6
17. Absolute convergence Tse results of No. 14, Bum = ﬁ T
8 24°

18. Absolute convergence. Sum =g - . — 1
3 g TgE T =0 5%

19, 1 /1 1\
nz(n+1)2 n n+1

1
3t 12 _2 1.1 2 e
(m 1P nin+1) (n+1)2“ E“ﬂ‘l)"

nz) (22 33 (n+1)a)

_(T‘n+1)—>“+<v-1) .

sum —
o} ntenns_(ﬁ.,_

20, —. 1 ___/1_
ns(n_!.l}a n n'{-_—l
1 _3 . 3 1
n3 nE(n 1 1) m—m

= JL_ 1 ) 1 1
w5 ) " (o)

z(v";é—(?;l'?)s) —;g‘(;sji—)g;'

EXERCISE XIs (pp. 210-212)

1 1
sum to n terms ;(F - W)
1

237

1
_3(12.2s+22.32+

— 1 -3x(answer to No. 19).

21, The eqn. in Ex. 7 with roots coseczT%- is

n-1 2 _ n-3 nt—-JHnt -9 n—5
w1 -9

. 6
nt-1\% 2
-. = cosec? (1:) = (—mg-—) - w!('n2 -1

1
LT 1)2)

—...=0;

Wn? -

{5 (n? - 1) - 3(n? - 9}

7180 180
1 2
Ag in Ex. 7, @-:cosec‘ ¢<(1 +a)—2) , hence
Em<u003%4( )<——M4‘221’%2-:-21‘4!‘”si
. wH(n? - 1)(n? +11) ¢ .
'- Zr‘< 90
ETCESEREY
a¥n —1) 2nt 1 . §
=i e 2 r” 274 But 14+24+ ia corlw.er
gent ; if T is its sum, taking limits of the inequalities,
‘ il
£ =<7,
Ts 90

22. On account of absolute convergence,

w=(3a) -(29-(5)

P

90" 60

’
23. Follows from No.7,since secz(a +%), for =1, 3, 5, (n-2)

287
= goe? (a + +'r-.-r) =sec? (a + _——)
7 n

n+l n+3

for s= 5 y ey ees (Tb—l).
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S

24. Put n=2m. Lh.s —2’"—1 2 rr ESS
; sec (6+;n—)-—-2 ; sec”(6+;~w

sinee sec*(& +ME)__ pr
m =sec?| @ +‘?;b-),

=2M+2Etan2(ﬂ tf)—
+m =3 by No. 9,
2m +{ 2m2 cosec? (m@ +f';£) - 2m}
g nt |

Se—

=

; mr .
2Sm2(m6 +——«2 1_,308(”3_,_?;7?

EXERCISE XL ¢. (p. 214,

1 1
1 t&n(a+ﬂ+y)=2tana—tanatanﬁtan7 “E‘('—E)
IStanBtany  — 5 —=0,
| P
since g+b, If a=b, the cubic b .
Puf-fhere is no angle f such thafc tﬁ%simi‘i--l )(('w -'1_11) e
mplya+b. [Evenin Ch, XIIT, tan—3(3) remaiz’xs ﬁ;egn(ladt?

2. 0=I—Eta.nﬁtany=1—g.

3. (c—bsina)”:a”cos’a:a’-a*sinza; N
o (c~bz)i=a? _ g2,
similarly for sin 8. It sin a+#sinf3, they are the two roots,

and their sum = .. %%°fl. 2 _  2b¢
coeff. 23 p% 2"

. sing satisfiag

4. (c05 0 - cos g cos B2 =sin?a gin? f(] .. g2 sin?9)
' =sin’a gin? B(] ~&" + k2 oos?p) ;
-~ COS ¥, o8 y are the roots of the equation in ;
2 3 3 ’
#*(1 — k* sin? q sin3B) —2zcosacos B 4., —¢.
COB X +cos g =sum of roots, ,

*

. ---_Q,B, ysa lsf? —-—k or 3‘!3&119—13&11 6v—k| ),
5 B ° t tan39 18— l_gtanz@.
tanas tanﬁ: t&n y are rOOtS Of xa-h3kx2—3a:+k_—0-

S Z{cota) 2]% and Z(tan a) ;—_315.
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—f
6, If & is the common value and f=tan 8, T
243 + 3%¢2 + 2¢ — k =0 has roots t =tan g, tan 8, tan y.

a+f4y=(2n+1) g;

—t=Fk, le.

Z(tanatanB) =1;

also g =product of roots =tan a tan 8 tan y.

7. Put tanx =t, tan § =i;, etc., then tan o, tan B8, tan y are the
roots of the equation in ,-
t—
E(ﬁ%) =0 or Z{{t — ) (1 + ;) (1 +#3)} =0
or DT (tyts) — 183ty taty — 228} + {3 — 2Zs8,) - Zby =0;
. _ (Btatoty, —238,) - 24
- tan (e +f4y) = Ztgty — (3 — 22t.85)
2ty —btgts
BTSN =tan (6 + ¢ +y).
8. a—sin 0 =cos {1 —~2bsin 8) ;
: S (@ —-sin 8)? =(1 —sin?0){(1 — 2bsin )%,
or 4b%s* — 4bs® + ... =0 has roots sin o, ete. ;

. 1
S E(smal) = +E .‘
9. Put tang:t, so that . -
—~ {2 . 4 (1-8) -
——, and sm2:n_(1—+z£)—z-, then

. £
X, COS T =
st 1 +122 148

(1 +1¢*) sin 20{2a + b({1 - %)}
=43(1 -*)(asin § + b cos )
E, tan'—, tauz, ta.nﬁ.

is a quartic for ¢ with roots tan 3 5 3
constant terra bsin 20
Product of roots = e AT TEam 98"

10, If f —tan 8, the method of Ex. 9 gives
dat(l ~2) +b{1 — 682 +18) =c{1 + 22},

or(b—-e)t* —da®+... +4af +(b—c)=0;
since constant term ==coefl.#, product of roots=1. For (i),
' 1+ 1
== - —_ E fiag
Z cosec 20 = %(zt_'- ) =0
Oy +37 3

Or, by inspeciion roots are 0, 8, 0,+3w,
S tand;tanf; = -1 =tanf,tan §,

and cosec 28, = —cosec 28, etc.
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1. Put 0 ~a=d¢, u -8B =Y, ta.n%:t. Then egn. becomes

acos2¢ +bcos (¢ +y}+e=0, or, asin No. 19,
(1l — 622 +3) +b(1 +*)[cos y(1 —2) - 2¢sin y)

+o(l +¢2)2 =0,
Here, coeff. of equals coeff. of ¢;

. E(cl)—z(tztat,,): * tan (214) =0;
L A2(0 -a) =kn; L 2(0) —da =2k,

Or, in Ex 8, p. 212, write & cos 2a, a sin 24 for a, b; then

_ tan (Z16) ~tan 2q.
12, (i) Method of Fx. 9, p. 212; but a =0, hence

cotzgzo; E:f+nw,
(i) sin 6(2 cos 6 —n) =m eos 0 -7
{1l —costB)(2cos @ ~n)?=(meos @ —r)2,
or £cost® —4n cogif + .. .=0;
Z(cos a) =sum of roots = : ;

(111} cos B (25 6 —m)=nsin§ —s gives a similar cuartic for
sin @ with m, n mterchanged

tand +tan a

"1—-tané tanaztan (6 +a)

=k tan no =IGM
L (%) tan26 4.
is an eqn. of degree (n+1) for tan §. 1t may be written ;
tan e +tanf {1 - k(”)}+ =0;
the sum of the cotan
=—{1-k. (J}{tana
14. tan 0y, ete., are the roots of the eqn. in ¢,
13t__3i+b 2 et +d =0, :
or a(f® - 3t JEE ~1) — 2b2(3% — 1) ot +d)(36F - 1)(82 — 1} =0,
or (3¢ +a)t® + 345 — (da 4 6b + 40)83 — 42 4 (¢ + 25 + 3a); +d =0,

tan (26) = —H%jzz

(~3d) ~dd +({ —d) _-d
(3c+a,)+(4a+6b+4c)+(c+2b+3a) afb+e

gents =sum of reciprocals of roots
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. 15, The egn. may be written

asinf+beosf=csinfeosd or sinfl{e~ccos )= —beosb,
or (1 -cos?f}a —ccos 8)2=b%cos?f;
coefl. coz%d 2a.c
Z(oos ) = ~ cooff. costl
(i} is proved similarly by writing the eqn. as
{1 —~gin?8)(b —c sin #)% =a?sin2b,
8 1% 0= +t2
For (iii) put tané =i; .. cosecf =5 § 1of
eqn. becomes a(l +¢2). 26 +5(1 +8)(L —#2) =c. 2. (1 —1%)
or bi* —2(a +e)® +2(c —a)t ~b=0, and

7] 8, &, [/} 93 9,
1 —-E(banilt&n 2) +tan§tan —ftanEtanE

—1-04+=l=0; - E(-) =(2n+1)2.
b 2 o g
Cne condition for the normals at 8,, 6,, 6,, 6, to b” =1
to be concurrent is 20 =(2r + 1}x ; the eqn. to a norma,l is
axsec  —by cosee § =¢?, thus the four normals pass
through (wyy,) if 8 =6,, 6,, 85, 0, satisiy
az; sec § — by, cosec § =c?;
this is of the form a’secf +b cosecf ==c’, hence the
condition follows. )
16. (i) Eqgn.is {{a +cos 8) cos B cos y - b}% =(g +cos §)2sin?f sin? y
=(a +cos 8)%(1 —cos*8) sin®y,
or costf (cos?y +sinf y)
+2a cos 0 (cos?y +sin®y) +... =0;
= eos 6 =sum of roots;
(ii) Egqn. may also be written ]
¢os 8{a cos y +sin Osiny} =b —asin @ sin y - cos?d cos y
=b —asin Gsiny +(sin?6 - 1) cosy,
or {1 -sin®8}(wcosy +sin O sin y)?
=(b~cosy —asinOsiny + sm” 0 cos y)?,
in which coeff. of sin®8 is zerc; .. Zsin f=sum of
roots =0;

(iil) Put 6 - —«i) and y=28. Eqgn.is

(¢ -B)=b ‘
m +00§r(¢2:£>)s1 (‘;{C)’S_ﬁ) +c08 2¢5 -+ cos 23 = 2B,

AME. ’ Q
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¢ _ -6
Put t&n2 ={, then cos2¢ =T

and eqn, becomes
2a(l +£%)feos B(1 ~ %) +5in . 2¢]
+(1 - 622 +£5) + (1 +£2)% {cos 28 —2b) =0

coeff, of 3 =coeff. of ¢;

L2y Ey=0; o tan (234)=0

V328~ dy)=kw; . 5(0) - 2y = .

17, 8 =x, 6 =y are essentially distinct roots of
acoszeosf +beinzsin §=c;

put tang-:t, eqn. becomes

acosz(l —#*) + 2btsinz ~ (1 +£2) =0
or e tocose) ~2btsinz +¢ —geogz=0;
- tan Y _ Bttt 2bsinz
2 1 -4, (c+acosz)—(c - c082)

=-tany,

== tan z ; gimilarly tan <

Y-z Ty x4z
g TR T -y

g(t«anz —ten y)

X3
1+—§tanztany

absin (z ~y) .
T alcosycosz+bisinysmz’

divide by sin %—, which is not zero ;

L @fcosyeosz+bisinyainz

= —2abcos=y;z= —ab[l+ecos{y —z)] ;

(az-s-a.b)cosycosz—r(b"‘-l-ab)smysmz-f»ab =0;
(a+b)(acosycosz+bsmysmz)+a,b =0;
. (@ +b)c +ab=0.

18, (i) x=a,# =4 are distinet roots of
acosycosz+b(siny +sina) +e=0;

put tan z zt, egn. becomes

“005‘}'(1 =) +hsiny (142) + 2B +e(1 +42) =0,

then as in No. 17,
a+ﬁ=_wb__; similarly tan2tY__ b ;
2 acosy 2  acosf
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B -y a+B a+'y ab(cos 3 —cos y)
= tan aﬁcosﬂcosy+b“

2absmﬁ27 B- 7

H

a?cos 3 cos ¥ +b"
dividebysinéﬁ , which £0;

2
. alcosfeosy+bi= »2absm}3 +ycos‘82 L4

= —ab(sinf +siny);
. afacosBeozy +b(ein f +siny)] +52=0
Loal—e}+52=0,

;1+,8

b a+y
== =cos 3 tan 3

+B
2
. coBY . sin(a+¥)+sinﬁ_2_2’:‘

=cosf3 . [sin (a +§_§l§ —si.nE;—?];
ﬁ;?’

(i) cos y tan

H

at+y a+fi
cos ;
2

—cosﬁ sin. —— 5

. cosy . &in cos =

o, sin (a -i—ﬁ +7)(cos;3 ~ 008 y) =sin

. 2sin( ﬁﬂ’) !;H Y;B
Y

;. cosa— cos(a+ﬁ+7)——(cosﬁ+cos-y)
. a+f b a+,3
= - COS
2 acosy 2
. sing+sin B +siny -sin{a+8+7)

(cos B +cosy);

=sgin {cosf3 +cos y):

{iil) From (i}, sin

=2$i_na-;-ﬁcosa;ﬁ_2cos(7+ +,3) a-;-ﬁ
2b a+f - atf  asf
:acosy{cos 3 cos = 5 —cos(7+ 3 )cos 2
=acosy{cosa +eosfB —cos (a +ﬁ +%) —cog-y}
. 2b
“aoos 7{ —2cosy}, by (i), = .
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19. Use the method of No. 17. If in No. 17,
a= —csecta, b= —ccosect g,
the condition be4-ca+ab=0 is satisfied; .. the third
eqn. can be deduced from the other two by using the
processes of No. 17.
20. ¢(a —2sin ¢} ={(sin § +sin ¢)(zin § —=in ¢)
=sin®6 —sin® ¢ =cos®p — cos* O =b(2 cos H —b),
and similarly with 0 for ¢; . if f=tan 10 or tan }¢,

( 1+32) {2(114-—;2)4};

. (@® +B%)(1 +£%) — dat — 2B{1 %) =0.

4a !
Thus eot 30 +eot i =T C5
a®+b% +2b

and cot 18 cot L P N R
" cot?3 +eotd i

_ dq 16¢? 3(a? + 52 +28)

@b -2b{(a2 T6E -2 af 1 BE -

4a

=m{16a3 - 3(@2 + B —25)(0&2 +h? +25_)}.

0+¢ sind-sind

t
g " cos § +cos ¢ b’
2 tan ;Cf) 2%
osin{f+¢)= = .
0+¢ a
1+tan2———2— .

_ EXERCISE XI. d. (p. 216.)
1. By Ex. IX. ¢, No. 1, 5z - 2023 4 1625 =sin 56'=sing. Roots
are found from 58 =2nx -f-g or Zaw +§;_f whick. give
{8n + 1) or (8n +3)r
20 20
" x=sinﬂ=si.n%, sin gz, smgg in:é%f, sin_—5E
2. Asin No. I, frbm sin 58 =0, roots of 16z° ~ 202% + 5xr =0 are 0,
Zar

2 4
}-sin ?'r . :i;sm ; dividebyrzand put 22 =y; .°. sin® "~

8=
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sin94~—7r are roots of 16y? —20y +5=0; ... their sum is £3.

. .8 . dm . W8T ., 2w
Since gin? — =sin? - and sin? -~ =sin®—,
IR 5 5 5

4 Snar
2 sin? wm =2 x £§.
5
1
3. cos 87“ e %lr; put z =2¢ in Example 1, p. 204,

2 8
4, By No. 3, 2cos-$+ﬂcosé7lr+2eos—;=smn of roots=~1,

’ dar 3 8 "
but 0037— —cos—,r, and cosrim —eos .

5. Use Example 2, p. 205, second method ; expression =surm of
reciprocals of roots of % — 21x% + 352 ~7==0; this is 4%

dr Tar

6 From ten 36 = ta,ng it follows that tan - 57 , tan — 5" ,tan 9 are
3t -2 1 4
roots of T 5= v3; . pubting =~ o cot— 3 cot = 5

~cot—§arerootsof 3. z% - 3% - 31,/3.w+1=0;

. . 3 \2 v .
S expressmn—(—‘—/—g) —2(-75- =3 +6.
7. From 31;90820, using IX. e, No. 13, eos%r- is & root of
(2¢)8 — T(2c)® + 15(2c)* - 10(2)? +1=0; put ={2¢}?, then

2
(2 oS %-) iz a root of 8 — 7% 4+ 152% — 102 + 1 =0,

8, Use second method of Example 2. From tan 116 =0, tan ;;
is root of 11t - 1652° 4- 4625 — 33047 + 55¢° ~ 1 =0, and so
t&n 11 for r=1 to 4, is root of

af — 55z +330x® - 4622 + 165z - 11 =0;
(i} sum of roots =55;
(if) sum of squares =552 —2 x 330 =~ 2365 ;

(m) cosec?f =1 +ecot®f; reqd. sum =5 + sum of reciprocals of
roots =5 +152;

(iv) from the eqn. in XI. e, No. 16; 2(2 cos—m) = -1, and
cos?%:%(l +cos _) . reqd. sum =4[5 +( - })] —2}
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9 The egn. cos 70 =0 is satisfied by B—M,

14

eos TA=2%cos" B... —Tcos 0 ;

n
OOSZTE, for n=1, 3, 8, are roots of 2%%,.. —7=0;

3 LT
. 2 2 R |
S, Cos 1 1 O g - 0¥ =97 take square root and
note that each factor of left side is positive.
10. As in the second method of Example 2, from tan 136 =0,
tan® Zl%r, for n=1 to 6, are roots of
-2+ - (Pz+13=0;

. square of reqd. expression =product of roots=13.
Take square root and note that each factor cf left side

is positive.
27 4dgr 124
11, Sumofroots_cosﬁ+cosﬁ+ +cosﬁﬁ,by eqn. {11) of
o8 7—” sin — b= b in 57
13 13 13 .
Ch. VII, = B -3}, Product of
sin- . sinie |
13 - 13

roots is the sum of terms like cos x.cosy; sxpressing

each as }{cos (= —yi +cos (z +)}, the produet iz 32 cos%

for r =2, 6, 2, 10, 4, 12, 8, 12, 4, 16, 2, 18, 10, 14, &, 18, 4, 20,

w%EeosT—ﬂ- for =2, 4, 6,810, 12, =3 . —.

12. 1h.s. =64 cos 2u cos 3a cos gcos% cos a cos o = —MH cos s

by Ex. IX. e, No. 17,

13

27T i _ -1 12 46
cos? o2 satisfies 1 5 ...+ a8 =0,
and the produect of the roots is f};é ;
‘. given expression = - 64 - %ﬁl =F1;

the =ign is —, because Lh.s.=
of acute angles).

—64 . (product of cosines
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13. Sum of the two expressions:cosa_+coé 3a+... teos 1ba =,
by eqn. (11) of Ch. VII,
cos Be . §in 8a %sm 16a -3

sina —gin 16a
Product of the two expressions, as in No. 11, is $Zcosra
for r=2, 4, 4, 6, 6, 8, 10, 12, 6, 12, 4, 14, 2, 16, 2, 20, 10, 18,
8, 18, 6, 20, 2, 24, 12, 18, 10, 20, 8, 22, 4, 26, =22 cosra for

osg—wsi.u-g—at sinwlﬁﬁir
17 17 17
T=1m8,=2 = - :_‘1.
1 E_ smi
M0 17 17
Hence the expressions are the roots of 2* +Jx —1=0, and
S VL
are [, ————3
4
107 147 140r 371'
but {ii}=cos —— 17 + o8 —— 7 +2cos —— 17 =
has each term negative, and is ——l—i#.
E-Fr k-1 i
= 3 w0 0T Ty .
14. Sum of roots=k+&¥+..+k T % 31 % 1; wusing

k1 =1, the product is found to be 5+ 2Zk" for r=1 to 10,
=5 ~2; the quadratic is 2® +x +3=0.
10
2

Z cis “T gum of roots = — 1,
T 11
10
- cog—- = ~1,
2%
16 2re 5 2ra
but A cosTl—=2 eos 57

t

15, tan 3a =tan 36 = is & cubie for ¢, with roots

13a

T 2
tan a, tan (a +§) , tan(a +—3~ H

it may be written £* — 3£2 tan 3a ~ 3¢ -+ tan 3a =0;
.. surm of squares =(3 tan 3a)® - 2.( - 3).
2t~ ... —( — L), Ingtnt
1. r (L. on

degree 2n, satisfied by = =tan [8 +

16. tan 2n0 =tan 2nx = is an egn. of

(r-1)r
1

for r=1
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to 2n; it may be written 127, tan 208 + 2ni2n-1

R (r—1
..Lt,:Eta,n[BJr 2n)

— =0
m
:l = —2ncot 2nb; differentiate
w.rt 8; . Esec? [6 + & ;;) le =4n? cosec?2nb.
17. From WNo. 186, since —— (seczﬁ) ——=-=2tan8(1 +tan2), by
differentiation 6
d
2(2t,+2¢,) T (4nZcosect 2nd)
— 1673 cot 2nh cosec? 2nd
but It

= — 20 cot 2nb ;

Zt.® = —8n3 cot 2nl cosec?2nd + 2n cot Inb
differentiate again,
—_ 3 2 2
d&t&n 0 =3 tan?6 sec?®
- S R A
= —8n3( _

8 =3tan?6(1 +tan?8);

2n cosec?! 2n8 — 4n cot? 2nd cosec? 2nf)

4n? cosec? 2nd
=48nfcosect 2nb — 32n% cosec? 2nb — 4n? cosec? 2nd

but Zt,2 =3 sec? [8 A - ks

T
roots cosec?

n2 —
values =

n? -1

sum is twice

20, 2sin?f =1 ~cos 26 ;

by eqn. (11} of Ch. VII,

n
T
% COS———-CDS(

1
Ton
oy,

. an
henee required sum =—-

21. By Ex. IX. e, No. 22

] —2n =4n2cosec?2nb - 2n;

. 28,4 =16n%cosect 2nb — %’g— cosec? 2nB(8n2 + 1)

(4n%cosec?Znd - 2n)

2

= 16ntcosect 2nb — Tn {2n? +- 1) cosec®2n8 + 2n.

18. Let y=sin~'x, z=cos(}sin~lz)=cosly;

Sodt —Be=cosy =4 4/(1
- |

product of roots is D

—x?) ., (d2?

—32)2 +af ~1=0;

19. Use cosec?a =1 + cot?a and the method of No. 22
Or, By Ex. IX. e, No. 25

. T .
sm;; satisfies ns

n(nt -1 n-1 .
_mn - 1) T )s~“'+...+(_1) 2 or1gn =g
for r=0, +1, 42, :{;-— dlvldmg by s and putting
1 #-1 3 -3
T=— Wwe get nx 2 -M
8 3!

.. =0, which has

c0s 2nl =

(2n)?
2

where 8 =sin f; now

2
cos 2nd =0 for B=( "

. (2n)?
sum is sumn of reciprocals of roots =

Or, use

coseela =1 +eotla, and in cot 2né =0, put tan?d =2

22. @ =% satisfies tan nf =0, and

r .
tan = satisfies ni — (’3") B+,
n

for r=0, 41, :|:2,.- Lin-1).
for £2;

then 1’,8,112 for r=1, 2

n— (%) x+...mﬁn_1}

=0; -
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—_— for'r:lton~
n

. rw (n
Since cosec? — =cosec?
n

4 s5int@ =1 — 2 cos 20 +cos?26
8gintf =2 — 4 cos 26 +(1 +cos 40)
- 8% i

sin®f = 3n — 42 cos 20 + % cos 48

T
e sm— cosec — = — 1, and
*3n)

2ra EA ™
cog — =cos | T +— ) sin w cosec — =0;
0 n 7 )

~£ . {-1).
&4 +( -

-1
in

2n)
for # =1 to n are the roots of 1 ——-~4-( ) +

e

. 2 cotz

249

3

i
thus 2 cosec? — for these
n

—-r)w
n

, required

G

2ra

&
1yrgenl gtn,

{2 -Da .
, 50 Slnzg——-‘i—ﬁw

..=0. Required

21

1)} Dm0,

Divide by ¢ and put =
...3(n - 1) satisfies

=(8)-+n
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I .
satisfies

23, From the eqn. in No. 22, ta.naﬁr for r=1 to n;
n
n-1 n-1
D -Bx+...+(-1) %« * =0; the sum of the squares
of the ramprocals of the roots is '

{ WG _(n-1Pm -2 (n-1)n-2)(n-3)(n-4)
('n

TS | 80
n-lin-2) 11);:_2}{5(n—1)(n—2)—3(11-—3)(?@“4)}
:@L}_gﬁ’f_ﬁ(nz +3n -13).

24. By eqn. (11}, of Ch, VIIL,
{(2n + Dsmr
M pew  COSTTTERTTTC

= 8T
r=t sin —
n

Ex, IX. b, No. 15 gives
ra\#m &3 {(2n)!
(2cosz) m2c0s(2n- ?[)'{"Z +W,
where = stands for & series of terms of the form
(2;4) 2cos {(2n —-23) %r}
and s goes from 1 to n-1. Taking r=1, 2, ... 2n and

adding the results, the sums of terms cos {(2n —2s) rj}
are zero by the first part hence "

22 re (2n)!
;(2 cos— _220082r¢r+2 (n!)“
=2.2n+2n (2n)! A4n{1+(2”“}.

(n1)F 2(ni)
. 1 1 1
2. @ ni(n + 1)“= (E Twn+ 1)

1 4 6 4 1

S TR D) IR a1l mr i

1,1 __ ¢ [, 1
AT RTIE rmaD| 2 mrR) Rl s 1R
1 6

1
mTmriptemrne

4 {(1 2 ‘
n(n+l) n n+l n(n+l)}

;
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1 1 .
TS RS ) A S Vi

1 4
but 2?51”%6 by Ex. XI. b, No. 21,

1 _™ 3py XI. b, No. 19, and
Enz(nﬂ)z“‘g yoAd B RO 25

1 2
Zm ;0‘ 13 by }i_Is- b, No. 20,
— — - — — Y .
, thus the sum =a5 2(3 3) 4{10 ~ 7%} ;
(if) As in part (i) it can be shown that
11 1 5 5
WBmrlp nd (n+1pF ndn+ 1) nin 1
1 1 . .
also Z(E—m—l)—ﬁ)wl, her:r(ie, Tgﬁg previous re-
sults, sum =1 —5(10—1:'2) m5(1-5 +—§—— —35)-
26. (i) Compare Example 7. From the equation
n-1 2 n-8 s _ ﬂ 5
nt .1 28 —1)(n2 - 9)
R s
n?® — 1){(n? - 9)(p? -25)x’i*—"i
71

+..=0

whose roots are cosec? %—r, the sum of the cubes of
the roots is found, by Newton’s equations, to be
8

wte Hence, using the method of Ex. XI. b, No. 21,

945 s 3
with the mequahmes < cosect <(1 +— 2) , the
I LTS $ 8 ¢
limit of 21: -3 15 found to be ooz
(i) If & ~y=zy, 2*+y* =ay®+2zy;
-t ot =(aty? 4 2oy)? - Day® =iyt +4a%yS + 2052
LAt +yt= (2R )t -2ty )
=(zPy® + 2oy )2ty + day® +aty?)

=y’ - GaBy® + Rty + BatyS.
1 1
Put T=ss Y=o thus .
1 1. 1 2

TP TR il LR T §T
9 6
TR F1)P wi(n+ 1P




252

(iii}
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and use results of No. 25 and of XI. b, No. 20
1 1 1 7 14 7

Proceed as in (ii) and No. 25.

27. 2¢® =2a? cos?6 +2b% gin® 0 + dab zin f cos 8

=a*(1 +cos 20} + 5% —cos 28) + 2ab sin 26 ;

S {202 —a? -b2)sec 20 =a? - b2 + 2ab tan 260 ;
squaring (2¢? -a® ~ b2%(1 +tan? 20) ={a? - b* + 2ab tan 26)2,
a quadratic for tan 20, the sum of whose roots is

dab(a® - b2)[{(26* — a? - b?)? — (2ab)?}.

28, c=a(4cos®f -3 cos 0) +b(3sinf — 4 5ind8)

=acos (1 —4sin®8) +b{3sinb — 4 sin3) ;
5 (c—B8bsin® 4 4bsin®6)® =a®(1 —sin®8)(1 - 4 sin2 0} ;
. cosec B, r=1 to 6, are the rcots of

2 2
(c-—ﬂ)+g) +a2(1 —i)(l —E) =0,
x  xd x? a2

or (c? —a?)a® - 6bea® +... =0; Zcosec 6 =sum of roots.

29. sec (8 —8) =cot (e +8) ~tan (0 — a)

30.

_eos{la+B)+(0—-a)} cos {0 + ) .
“sin(e+B)cos (8 ~a) sin(a+P)cos(f ~a)’
*. 08 (0 —B)cos (8 +8)=cos (0 - «) sin (a + 8} ;
" 08 20 +cos 28 =2 sin(u + B)(cos 8 cos a +5in f sin a) ;
put tan 46 =¢, then, as in Example 9,

. 2t 1-¢2 I
Slne*m, GUSB—W, and cos 29—-W H

. tan 36, ete., are the roots of
1 — 682 + 5 +cos 208(1 +12)2 ‘
=2(1 +1%) sin (a +ﬁ){( I-t¥)cosa+2tsinal;
the coeffs. of &, ¢ in this quartic are equal;
. Z(tan 10,) =2(tan 16, tan 16, tan £0:);
" tan 3(36) = 0.
(i} Use the same method as for XI. ¢, Nos. 17, 18.
6=P, 0 =y satisfy acos (0 ~a) +b(cos f +cosa) +¢=0;

put ta.ng =t; then eqn. becomes

Bl(b-a)cosa+e-b] +2asing .t
: +[{b+a)cosat+e+b8] =0;
+Y_Hh+i,  asing

. tan = ;
2 l-t¢, btocosa’

ALY mr (ml) mdn+ 1P n(m 1 d(n 1)
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- wry_ asinf
similasly, R S cosfl’

a-f a~i~)’_ﬁ+‘}'
5 =tan 5 2]

. tan

asin B{b +acos o) —asin a(b +acos 3)
T (b +acosB)(b+acosa) +atsinasinf
ab(sinf —sina) +ofsin (8 -a)
5% rab(cos a +cos ) +afcos (@ —B)
a-f

divide by sin » which #0;

b? +ab{cos @ +cos B) +a? cos (a — f8)
- -+ —-a
=—-005a2'8{2ab(!082-2—§-+2a2008ﬁ2 }

= —ab{cos a +cos 8} —a?[1 +cos(a - B)];
.. 2a?cos{a —f) +2ab(cos a +oos ) +a? + 2 =0;
‘. 2a{scos(e ~f)+b(cosa+eosf)} +af +b2=0;
o 2a{-c)+at+b=0;

+ . a+
(i) (b +aCOSB)SinE-é-Z=aschos 273
. . G;-!-‘yw . wa+7 .
. bsein 5 —-asm{ﬁ S

. a-+
similarly, b sin > ;B —asin {y ___2ﬁ};
-
- sin % Y sin(y -4 oin ® P in (8- 217)
3
R o) (l‘l -7 +E) -—eos(l ...g)

' 3
:cos(a —g+%) —cos(—g—g);
- 3,
. 2sinasiny B:ggg(?ﬁ'_@ —cos(ﬂg-%)

2 2 2
'—291'117;'351’11(,3-7)
_ Y4B y-B  v-B.
= —4sin 3 sin ) cos 5
" Sina:—?..sin'y;ﬁcoﬂ%i=-—sinﬁ—sin'y;
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B+ 7 B-7
2

ﬁ;_'yms'8 _ycotB +y

“ (i) Z(cos a) =co8a+2eostt

=cosa +2sin

2
mcosa+(sm]3+smy)cotﬁ 4
=cosa+(-ginag). m, from (i), = —I—).
: asing a
CHAPTER XII

EXERCISE XIIL a. (p. 220.)

1. Ason p. 219, «* -1 =0 ifx:cia—%rgfforr=0, +1.

2. In eqn. (2}, put n=3.
3. Asonpp. 219-220,

at+1 =(a: —eisg)(m —cié%r)(x _cia 3})(:.; i ~431r)
=(mﬁ «22&0033;; +_l) (:c” -2z coai: + 1) .
x‘+1:~..=(x”-@_—1)”—(x\/2)2 .

x5
4, ittt tl= —MH(x cm—-—) for r=o41, 12;

. -~ 2 Dar
and :0—018—5—-)(3’:—0!3‘ 5 ):m —2xeos—5w+l
=2 —da{/5-1)+1;
and similarlj for (:c—cis%r)(x—-cis _;W)

x’(w’ +m+1+£+;—i§) =2 {1l +y+(y® - 23}
L e i B (R ) [ RE S
=(x.’+1 +'}m+-y§~5x)(xz+ 1+ —% )

5.

6.

7.
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(i) (% + 1)(at — 22 + 1) =(2* + D{{z® + 1) - (&3P}
Or the methoed used for eqn. (3};

(2r —1N)=

when z =y cis 3 H

(i) = —y*=yfecis (2r—-Dm; ..

factors are (:r—ycisl%r)(xwycis - for k=1, 8, 5,7

or x? -—2:t:ycosk—8w +y%;
(ili) (z® —a®)(2® +a®). Or, use egn. (1), writing iEfe:rr T3
(iv) (2 — 16)(at + 16) =(a? — 4)(a2 + 4){(2* + 4)% — (2w /2)%}.
Or, use egn. (1), writing ; for =,

E 'on—zm+
Xpressi =FT

ITI("’Z _29005@1{"5’!}3+1)*§wﬁ(ﬂ -2z cos (28 — L) ;1)'”4_1)

1 1

11=by eqn. (4),

=11 x”——Zxcos(%—l—E})j+l)
. &
for r=1, 3, 4, 6, 7, sincecos(zg sm for s=1, 2 is the
(2r -1
20106 ascosT for r=2, 5.

Compare also the method of eqn. (10};
' M _gb 1= - 20 cos s +1

3
21:'[ z? —2wcosw1';{:-m-;ir+l).
(i} By Ch. IX, eqn. (12), there are not more than n values.
nd=_2r-+1) E; ", values are those of cos(2r +1) gﬁ'
and r=0, 1, 2, ... n— I all give different values because

v
(2n—1)5- <.

. o e 2
(ii) Asin (i), butcosﬂ:cos—;:—r. Forneven,r=40, 1, 2, ...,g;

of these, r=1 to g -1 give repeated roots of the
equation in Ch. IX, because 1 - cos nf equals 2 sin*inf.
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n-1 v, -1
—5 of these r=1 to 5

give repeated roots because
cognf—1 smzénﬂ J'sm Hn +1)8 +sind{n— 1)9}

For nodd, r=0, 1, 2 ...

cos§—1 ein*6 | gin @
(iii) As in (i) and (ii); but cos & —cos(-—mmﬂ#’~1~)j~r
Forneven,r=1,2,..., % ; all of these given repeated
roots. Fornedd,r=1,2, ..., T—L%} ; of these, r=1
to 22 t give repeoated roots.
(iv) As in (ii), but 76 =2rr4ne; .. cosf=cos (2’%‘":}: a)

But cosf =cos ('%":;E +a) forr=0,1,2,...(n~1)give n
different values, unless (?%75 + a) +(2::1r + a)- =2k,

whieh reguires o == ie.cosnra=-+1; also there

cannot be more than n values; .. there are » distinet

roots, cos (2"_;,’1* +a) where r=0, 1, ... (n - 1}.

(v} By Ch. IX.,eqn.(13), there are not more than(n — 1) values.
Numerator is zero for n@=rx; .. cosf mcos%r
forr=0to n-1; =0 makes the denominator zero.

S. {i) By IX. e, No. 18, there are not more than n values.
n =(2r + l)g; .va.lues are those of sin(2r + 1)%;,

and 2r+l=41, £3, ..., +{n —1} gives n different

ﬂ".
E’

{ii) By IX. e, No. 20, there are not more than (n —2) values.

values because (n ~ ”é% <

.

" . . T
Numergtor is zere for nf =rr; .. sin=sin — for
n

r=0, £1, 42, ..., 4-4n, but r=0 or 4 In raskes the
denominator zero.

9. (i) Asin No. 8 (ii), sin&:sin%r; r=0, 1, £2 ..., £ 4n-1)

gives n distinet values;
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(i) As in No. 8 (i), sinf =sin (2r + 1)%;

2r+1=41,%3, ..., 4n gives n +1 values,
but r = +n makes the denominator zero.

“10. (x® ~cosne)? = — 1 +eos? ng =i?sin®na;

. @ =cos nad-iginne =cos (na + 27"7:—) 4 sin {(nu + 2rr).

, then

11. Put 2n forn in eqn. (3). Change x into i

Lea\n 1tz 14w (2 - Ldar )
(l—af: MH{ 1- m) 2(1 _x)cos 2 +1}’
multiply by (1 ~x)™, thus factors are
H{(l +x2)2 l—xz)eosgi_—l—)—z-k(l —x)z}
(2r - Dimw
3 — 2 .
1 +a% - (1 —22%) cos 5 }

{ + x% . 2 cos? M}
4n

_ ( L)r
=A. I;[{xa + tan? T}

where A is independent of x. DBy comparing coeﬁ‘icmnts
of % it follows that A=2. (Ci. No. 12.)

12. Put x=itanf, then (cos@ +isinf)®™® +(cosf —isind)™ =0
. 2cos2mf=0; . 0 :&2_7;_1)'# ; the different values of
ttanf are given by 2r—1=2+1, £3, ..., +(2n —1) and are
the values of Litand for r=1, 2, ..., n. Hence by the
" argument on p. 219,
exprn. =pg[[{x — ¢ tan 0)(x + ¢ tan 8) =p,[[(2* + tan28) ;
equating coeffs. of 22" gives 2 =p,;; equating coeffs. of
#*2 gives 2. (') =poS(tan®0) ;
2 2n(2n — 1)
By 2

l—‘m3 HES

. Z({tanf) = n(2n -1},

and sec?f =1 4 tan?6.
13. w,, +alatu,_, m:c“n"'z +a?ntl g2t gin—2 § g2n-2)
- 2am g eos (n + 1)0 +cos (n — 1)6}
=[x + @) (2? + a?) - 4x?Ha"H cos nd cos 0
=(x®® +a*) (U, + 2ax cos 0) — 4™+ cos nlb cos §
={(x?* + a*")u, + 2axcos 0. u,.
A T.K. ' R
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;= - 20%? cos 26 +at
={x? + a2}t - Zata?(1 +cos 26) =(x? +a?)? - (2wa cos 0)%;
. #, has u for a factor, hence the first part proves that
w, is a factor of u,, then of u,, efe. Srar
#,, = %" — 2ztat cosnp +a?", where $=0+—, and
therefore has #? — 2a2 cos ¢ +a? for a factor.
2 .
14. By No. 13, for a=1, 8§ =0, z? - 2z cos % +1 is a factor of
— 2% 4 1= (z™ — 1)%, where 7 is any integer or zero. For
r=0, thiz gives (x-1) as a facﬁor. ¥or r =g, it gives
(z +1) as a factor. For other integral values of r between

0 and g, x? —%x cosz%r +1 has no factors in real algebra

and s0, being a factor of (z® —1)?, must be also a factor
2
of a®~1; ;. o —l=Alz+1)z~DI[(2* —2;::005—:—:I +1)
for r=1 to $n-1; equating coeffs. of 2%, we see
that 1=A. :
EXERCISE XIL b. (p:223)
1. (i) and {ii) See Nos. 8, 9 below;
{iii} A polynomisl of degree 5, zero when 50 =wmw - ( — 11"5a;
', factors are ‘
AL TT {sin@ —sm("?’%( - 1)%)} forn=0, +1, + 2;
A =coefl. of gin®H =2¢ by Ex. IX. e, No. 25.
2. Ses Nos. 4, 3 below.
3. By Ex. IX. e, No, 12, cos nb — cos na is 8 polynomial in cos 6,
with 2% cos™ @ for term of highest degree; it is zero when
cos&:cos(z%r +a) for r=0 to n-1 by Ex. XIL a,

No. 7 (iv), r=0, r =n give the same factor,
4. Method of No. 3, using XIL. a, No. 7 (i).

2 1)6
M =polynomial of degree in cos*8,

08 § (2 - Ly
which, as in No 4, vanishes for cos § =cos =

5. ByIX.e,No.12,

r=1 to n, and .. also vanishes for cos § = —-cos +—c"ro-,
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2r - Ui
2(2Zn +1)
eos* 18 in gos (2n +1)0is 230; . result follows asin No. 3.
Further cos? —cos?a=sin’a - sin?8.

s0 that cos?f —cos? is a factor; also the coeff. of

G Asin No. §5; cos 2n8 is a polynomial of degree n in cos?6 which

2
vanishes for cos # =cos “rﬂw?;llf and ., for
cos B = —¢os (2r - 1}“', ete.
4n

7. By Ex. IX. e, No. 13, 3111:11;0
27=2 pog 18 for termn of highest degree ; it is zero when

cos § =cos§~f~ for r=14t0 n ~1 by Ex. XII. a, No. 7 (v).

8. UseNo. 7; this gives factors (cos 8 —cos il ) forr=1to 2n,

r
2n 41
and the values k, 2rn +1 -k of = give
(eos # —cos —‘—k—?——)(cos § +cos ke )
2n+1 2n+1/’

kw (en+1-kyr ¢

Stee @Ensl) T @+
kw kew
d h' o 2 - 2 —aind - — T2 .
and this cqu cos 51 Sm_2n+l sinZ 6
in {2 1
Or, sin{2n+1)8 5 o polynomial of degree » in cos?#, and

gin
use the method of No. 5.
9. Use No. 7; this gives factors (cos@ ~CcO8 E) for r=1 to

2n —1; the value r =n gives a factor cos 6, and va.lues k,
2n -k of r give factors of the form

{cos B — cos a)(cos 6 +cos a)
ag in No. 8; hence
. . n-ly - rw
sin 2nb =2%""1gin fcos § [[ (0059 & - cos? ﬁ)
1
and 2 sin 0 cos & =sin 26.
tm=1) -
10. By No. 5, expression=A ?]a_'[ {1 —sinﬂecoseca%l)_ﬂ-} s
; i i 7
where A is independent of §; put 6 =0, then 1 =A.
11. From No. 6 by the same method as No. 10.
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in 7 bn=1) o
12, ¥rom No. 8, s;?nn;:A fh (1 mshlzﬁcosec“%r), where A
; 1. i
ig independent of 8. Make §-20; . A-_—-]imsu,”w:
20 sin ¢

13. ¥rom No. 9, a.smNo 12, A= hm—f-mn—o——
4o in 6 cos @

cos 30 sin 40

cos ana s 6 ‘
-, expression is a polynomial of degree 3, and is zero for

are polynomials in sin@, of degrees 2, 3;

14,

.

cos 36 =ain 40 =cos (g - 48), whence
w T
§=(4n+ l)ﬁ or {4n+ 1)5 H
rejecting (4n + l)g, which makes cos#=0, factors are

{si.nﬁ—sin(én-kl);-z}, and n=0, 1, and -1 give

different values; -
- —A( inf - gin )( in# sm5w)(s' ¢} L‘siingw>
. expn.=Als sin 7 H sinf ~ 12 /) snf i
but 52 4:—2 cos 26 . 25in 0 =4 sin6(1 ~ 2 sin?6), in which
the coeﬁ of sint8is —-8; .. A= +8.

15. By Ch. IX, eqn. (13); expression is only = polynomial in
gin® if n is odd; in that case, as in No. 1, factors

are A. H{sinﬁ —sin l}; +( - 1)’&]} for
r=0, £1, £2, koo
n-1

and A zcoeﬁ of sin®f =( —1) 2 .27 1hy Ex. IX. e, No. 25.

16. Put a=;—; No. 3 becomes
2n

cosnf = 2"‘1H cos @ - cos(4r+1)m

in this produet, such of the values of 4r + 1 as are between
2n and 4n may be replaced by the eorresponding values

of dn ~4r —1, since (4r+1)——+(4n—4fw1)— =2, and

the value 4n +1 may be repla.ced by 1; the va.lues are

then 1, 3, 5, ... (2n — 1} as in No. 4

EXERCISE X1Is {pp. 223-226)
17. For n odd, [In] =}~ -~ 1) =[4(n - 1)]; also

cosn(g - 9) =sinn?1r . sin %l ={ — l)“n_l). sin nd,

)“"'_ D, cos n.

and sinn(-g - 9) =smn—;cosn6=( -1
For n even, [In] =1n and [Hn -1)] =}n—1; also
€os n(g w&) :cos%fcos nl =( — 1)%009 né,

2

Hence first expression=r.h.s. of No. 10 if »n is odd
Hn-1)sinnd
sin 8

and sinn(—g—ﬁ)z —eosn—frsinnﬁﬁ - —l)iﬂ.sinnﬂ.

and of No. 11 if n is even, and .. =(-1}
n

and ( - 1)3 eos nf in the two cases; also second expn. =r.h.s,
of No. 12 if n is odd and of No. 13 if n is even,

and ., =(-1}*"Yeosnbmcosd

and —{ — 1" sin n8j(n cos 6 sin 8).

¥n-1) in? i
18. For  0dd, from No. 12, h i i =1 sxf'm,& =, from
1 sin2 '™ n sinf

o 1 Ha=1 s o
No. 8, - 2% ]I (sun2 - - sin? 6). Make §—0 and take
1
the square root; ambiguous sign is + because T< T

also {n—1)=[{(n - 1)}. For n even, from No. 13,

l"ﬁl 1_ssinzt’i 1 sinnd
o ( szr_w)"nsinﬁeosﬂ

I

i dn—
=, from No, 9, - 2n-r 1T (sm2 - —sm’ﬂ) Make 60,
1
ete. Here §n-I=[}n-1}]. The result ean anlso be
deduced from egn. (12); divide each side by gin 3, make
B —~0, and take the square root,

18. Method of No. 18. For n odd, compare the form in No. 10

with that in No. 5. For n even, compare No. 11 and No. 6.
ghe result can be deduced from XII. ¢. No. 1, by putting
=(}_
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] 20. In No. 4 put B—O ;

take the squ&re root, all the a.ngles are < = and ., have
positive sines.

21. In No. 7 divide by' sin & and make §—0;
n-1 rr o
n :21:—1 . 221%—2 k- .
. I1I ( cos n) H sin 5,
take the square root; all the angles are < and ", have
positive sines,
ro . . - :
22, cos— =sin (Ehr—ﬂ) :smn vr:sinif, Wheres:gwr, and
7 n 2n n 2
takes the same values, 1 to 3m -1, as », in the
reverse order,
(2r-Dwr (-rr (2?‘-—1}7;’)
T T TN T T

=sin(n-—2r+1)%=sin(2s—l)§%,

n .
where s =g T +1, and .. takes the same values, 1 to iz,

as r in the reverse order.

23. As in No. 22, coswzsm (n—2r+ 1)£=Sm_‘9£ , where
2n ] 2n n
s=3{n +1} —r and assumes the same values, 1 to §(n 1),
as'r. Also
rr . n-2r . {28 -1}
eos — =8l ——— o =sin ————,
. 7 2n 2n
where s =}(n +1) —r, ete,
: Hn-1) -
24. (i) n odd, by No. 23, expression = ”II (M =, by

2n
No. 19, 202 o sven, by No. 22,

. in-1 g
expression = ] sin — =, by No. 18, 4/{n . 217} ;
1

{i1) As in {i), use Nos. 23, 18 and Nos. 22, 19.
— 1) Sin{-%'_(%' -1l

25,
cos 4n 4n
(28 —-1}x

=sin {2n — 2r+1)4n in
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ifs=n-~r+l,andforr=1ton,e=ntol;
s

2n 2n
ifrt+a=n,andforr=1lton-%,s=n-1%c L

: roeo .
also cog—=s8in

cos 78
cos §

3 Sin5ﬂ-'
14> EERgr FEn g use

Ch, IX., Bx. IX.e, No. 21, p. 183; then eqgn. is
—(2s)%... +1 =0; take produsct of roots.
27, Put n=11in No. 24 (i}. Or, as in No. 26, take tho product of
gin 110

sin G
28. Put n="7 in No. 18. Or, as in No. 26, take the product of

the roots of sin 76
gin 6

29, For o odd, each is zero. TFor n even, put Z for 6 in No. 4.

26, Put n=7 in No. 19. QOr, roots of =0, expressed in

terms of sin §, are ism

the roots of

=0, expressed in terms of cos f.

=0, expressed in terms of sin 8,

Qr, find the product of the roots of the eqn incos & gwen

by cos nf =0.
30, Use Nos. 20 and 25. n
31. Put 6=m, a= —o in No. 3, thus
2n

gn1 7] dr—1) 2~
Cos R = 1;[{—1—009( r — )%}
23 T oos? (4 ki)
[y - Xl - — P
=(~-1)"2 I;[cos {47 1)411,’
7 r ) T
. Tlcos{dr —1)— =+ 4/(2%); now Q< {4r ~1)—<w
i _ 4n 4
and W“‘”@% >g i 47> 20+ 1, L. if %>?—;(n even) and

if r>n—;‘w~1(n odd); .. for [Hn+1)] values of r in

~ both cases. s
32. By No. 3, 3 \
cos 56 + 1 =cos 56 —cos 5r =28 ] {cosﬁ - cos @’-4-5:—5-!3}
X

=18 (cos g +cosg51~r) (cog 8 +cos %{)

- 6
% (cos 0 +cos -éf) (cos 8 +cos %) {cos 0 +1).
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33. By No. 3, '

5.
cos 54 -+ =cos 50 —cos}%ﬂ;m% -H {cos # —cos (3r +5)%}
' 1

oo . Tar
=16 (cos 6 + cos 13) (cos 8 +cos —1—5)

® (cos 6 - cos %E) (cos 8 —cos %) {oos & +3).
If cos O =c¢, cos 58 -+ % may also be written
16¢5 - 20¢* + 56 -+ 3 ={c + §)(16c4 — 8% — 16¢% + 8¢ + 1) ;
", expression =swmn of squares of reciprocals of roots of
16¢% ~ 8c® — 1602 +8¢ +1=0; . =82 -2, (—16).
34. See p. 226, eqn. (10).
35. In the result of No. 34 put = =e¥, then
ony o 2roy
e - 2e"Vcosnf +1 = 1;{ {629 — ¥ cos(a -}-7) + 1} ;
divide by e™, using e™¥ 4 ¢ % =2 ch(ny), e¥ +e ¥ =2 ch (y),

thus 2 ch (ny) ~2 cos (n0) = 1T {2 ch(y) - 2 cos (& +2_”£)}
[4]

1 %5
=2" . T {chy - cos?-?f-—n 'm}.
0

£ y
36. r.h.s. of No. 3=222]] {1 -—2sin_2g -1 +2sin? (g +if>} ;

.. cos nd —cos ne = 22"*11—[{31119( w) —&in® - }
put § =0, thus 1 —cos na =221 {sm2 (2 +?; )} divide.
{1
BEXERCISE XII. e. (p. 229)

1. See (iii) on p.227; put =1, a =28 +:—:.

"2 and 3. See (iii) on p. 227; put = —1, a =26.
4 and 5. See (ifi) on p. 227 ;. put 2= —1, =28 +g.

6. Change 88 into 'B'-!-g; cos 3 becomes

T P
cosnf3 cos 5 —sin nf3 sin 5
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=, for n odd, +(-1}**DgnnB, and, for n even,
(-1 ecosnB. Similarly from formula (12) sin /8 becomes
(- 1= 005 for » odd, and ( — 1" sin nf for n even.

7. logccmnﬁ=(n—l)logg_;_glogsin{ﬁ_i_w};
Eag;,p( - sinn). (n) zwt{ﬁ+(27+1)-n-}

8. Patn=3,n =4 in equation (12).
9. Put n=3 in Ex. XII. b, No. 3

10, Equate the values of sin 2n8 found by putting 2n for n in
equation (12) and No. 3.

~1 -1
Il. l.h.ﬁ. z2“.nH Sin_ (‘i) +T£) .ﬂH o0s (4) +T£)
: 3 o ! n
L -1
=%sinng H cos(qb +r_1r)
by equation {12}; also equation 12, with qb-i—— for 8

gwes Heos<¢+ ) 21“"an(¢+?). :

12. See No. 7. 13. Use eqn. 13; differentiste w.r.t. ,3

14. LPOA,,_lmG-i- T, OP=0A_; =a; .. PA,,ﬂ_zasm( ;
nf

sin —

. : _ 2
~. by eqn. 12, product =(2a)? - b
15 If AOB, =28, AB, . AB,, ..., AB; =245 sin 50 by No. 14 for the

other positions of A replace 20 by 28 +§ 26 +—§- 26 +-2m
hence econtinued product

~(2a6)¢sm5&sm(59+_)sm(5e+m” i (53#%’5

=16a9"s'm565in(56+z) sin(sﬁ +~2-)sin(58 +3£—r)
and use No. 8 (ii) or eqn. (12).
186, Perpendlcula.rs aré asinf, asin( §+— ), asm(ﬂq—-)

n-1

product =a® [] sin | 0 +w and use eqn. (12). Or, if PM,
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is perpendicular to OA,, M;, M;, ..., M,, iz a regular polygon
inseribed in a ecircle, diameter OP ; and arc PM; subtends

k3
‘28 at centre; .. by No. 14, product:?,(g) . S}'_nﬂ(ge).

17. In No. 14, write 2rn+1 for n and take 8=—w——; then
2n+1

' . -
CAy . CAy, ... Ch,, =20 gin {(2n 4+ 1). il Be2ntl
~ but GAy=2a, CA, =CA,,,, CA, =Chy,,, etc.;
" (CAy.CA, ... CA,)?. 2a =2a2742,

Or, from Cotes’ second property, p. 228, when :r:wa,
CAg . CAp, ... CAgn =211, elc,

18. In No. 14, divide by PA; and make P—A;; .. 80, thus

- 2a® sinﬁ
AlAa ‘AlAS’ A Aﬂ 2Em_m,,,_._a =mﬁ—1 ;
| =0 a4 sin 3

similarly, make P->A, A;, ... A,; each product is na®1;
multiply and take square root as each chord oceurs twice ;
continued product = 4/{n® . a™*N},

19, Let BC be diameter; if p,=perpendicular from A, to BC,
p,.BC=AB.ALC. As I No. 17 or by Coies’ second
property, AR . AB, .. A B =20 =A0. A0, ... A0

_ Jo PiPes «or Pap - (2077 =202" , 2?7,
20. From Ex. IX. s, No. 24, and Ex. XIi. b, No. 13,

n?—4 52
i- 2= i—— 5
rak s H( : a'"")
sin? —

equate coefis. of s%. n
2i. From Ex, IX. e, No. 22, and Ex, XII. b, No. 1],

n 8%
gy = — 1
1-ge H{ - 2(27‘——1)'«'}’
equate coeffs. of &3, 2n

22 From Ex. TX. o, No. 23, and Ex. XI1I. b, No. 10,
n? -1

hY

#i..=]1 ”1 _—-—}
{2r ~1)r
S

equete coeffs, of &2, ] Zn
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23, From Ex. IX. e, No. 25, and Ex. XII. b, No. 12,
ni{n®—1} o - n(nt-1)(n*-9)
ne — 6 53+ 120 48

I. 82 3
=mn{ = z_ﬂ,};

B - ~—

n

6
=sum of produets;

: n
equate cosffs. of &% thus —Ecosecz‘:l , and coefls.

(n? - 1)(n* - 9)

5
of s%, thus 180

] 2
p cosec‘*-fﬂE = (2 cosec? r—;) ~ 2 (sum of products)

m(”’ss‘ 1)2 e {n — 1) (n2 — 9).

Seo also Ex. X1. b, No. 21.
24. See No. 20; equsaie coeffs. of 5%, thus sum of products two
(n? —4)(n? - 18)
12¢ ;
_r2 -4\ (n?-4)(n? -18)
sumn of 4th powers—.( g ) - 260 .
25. For n even, see No. 21; equate coeffs. of 54, thus sum of
‘ ni(n®—4)
24
AR n2(ndw4)
sum of 4th powers —(E) BT
Similarly, for n odd, see No. 22;
n? — 1)ss (n? - 1}{n® -
2 : 13

together =

products two ‘bogetﬁer =

sum of 4th powers =(

EXERCISE Xi1, 4. (p. 234.)

1, Use the method of Example 1. )
(@ —1)={x - 1}{z —&)(® -}z — &) {z - ¢!), where

2 i A + B_+ C + D + E
em0155 Z_1 w1 r—e w—e ;-
1
‘where A= 11;111m ! B =lim, S

Wl:rﬁ—l_"’ m_,,xs—f‘sei’g’

__lma:—-e‘ 1 &
st @ —1 58 5’
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B  E (B+E)z—-(Bé+Eq).

’

Cx—e w—¢  xf-z(exct)tl

2
but B +E =}(¢+¢%) =-§(cisg;j+cis 5”)-:_%005—; and

Bef +Ee=1+1%;

T
2
T Q085 5

2
- 41
2z cos

xeos‘hr 1
- c D ., 5
Similarly ., —e“+a¢—c3_3" ypan
: ‘ -2xcos— +1
5
2a kY
Or, £5-1=(x-1) z”—-2a:ccs—5—+l :r:3~2mcos—5— +1);
Lo b A + Pr+@ + Rr+$
" O | R 2r dar
x~m2mcos?+l m’-—-2:rcos~5—+l

ete., by the ordinary method of real algebra.

]
2. As in No. l,ﬂ+1=n{x—cis(2r—1)%};-
1 !
8

L1 _2 A,
TSl . 7’
- a:—cls(Zv'—Ijg

a:wcis(Zr—I)%

where A =lim
T 28+ 1

when &—-cis (2r — 1} % .
1

. . . T
=lun§—a-—;7= —slmz= m%cxs(%—yl)mé;

taking together the partial fractions given by r==1, r =8,

their sum is

1.7 . 167y, . ibw . T
—3-013—8- z —cis—o- | - cls——-— z —cis g
T — 01s z— ms—
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. 15 -y
which, since cis _SE =cis % )

=( "i‘”cc;sfg +i‘)/(“’2 -2 cos%«{- 1) ;

gimilarly the fractions given by r=2,7 and 3,6 and 4,5
can be combined. :

' 14
3. The deur. is a quadratic in »%, and is zero when ;— m( -1,

. . . . (2r — )}
which gives, as in Example 2, x =1 tan-—T ;
3
- - — a2 =27
comE tan 10 or -tan? i’
‘. expn. = A + B 5t but coeff. of #4 in
2 2 2 12 e
x? -+ tan i0 &% - tan 0

denr. of expn. is 10;
- 3w r
. Ba/B= ].OA(:!:2 + ta.n"‘w—) +10B (m2 + tan? Tﬁ) ;

Ce v 2__ 2
. A+B=0"and Atan +B tan —5 ‘/5

. ~B=A=—z+(tan ———tanzm)

=T/3+{(“%)‘(‘ ‘75)}=‘-

4, {(1+a) =(1 -=¥}/z is a cubic in a?, and as in Example 2,

is zero when a:—zta.n%r
2 3
- Whenx2=—ta.n2"% —tan? _7'{ mta,na_;f;
3 A x(x9+tanaz;1)
Soexpn.=%'__ T ____ where A,=lim-——r———"—
Emmﬂ P ey (1w
ST
for weimn%r,
3zz+tan21r
¥i

=H T eR (1 -
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L 2 I P
- 3 tan’ o + tan o
- T rr\E 7 —rm\S 1)
7 {oeet 7| (05 + (057 )
{sec | ol +{ cis 7 J(
-2 tan97 cos? T;— rar o
= =( 1)1, }sin® cos®
7
7(20056%‘— 7

Gre ra
i 2 el 1) OB e
since €os — {~1)"cos 7

2 . -
5. Bee Example 3, cos* = Z A sforr=1ton

cos nf cos @ ~cos (2r — 1)I

but excluding r =%(n + 1) for n odd in that case expression
reduces to (eos §)/{a polynomial of degree n — 1}, but has
partial fractions of the same form.

(cos 0 —cos a) cos?d

™
A =1 p— when ‘6——>-a =(2r ~1) 57
hence
—ai 28 ; 13 _ pyr—E .
A, =lim sin 0 cos stmacos az( 1) sin @ costa.

- sin nd 7 Sin ne n
8. By egn. (5),

.1 K A, A,
sinnﬁ_m-l_zf i . r-:rL

sinf 4-sin — sinf —sin — |
n 1 |

and K=lm sin 1
9.;.051111’!;9 n

ra
sin@ +sin —

; . cos
A,= lim ——— =l
g S nf n cos nl
re
o8 —
wo_ (1)
B s 2 el GOS
7 COS i n
. . T roe
sinf —sin — 6 cos —
. n . cos
A= lim T ==lim = H
g,TT 8D #h neosnd ncosrr
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7 1

" sinnd sin@ .
- 1 1
:Z(—l)"cosr—w +
ny . . T . .
sinf +sin — sind —sin—
7% n

. ro
2 sin 0 cos —
n

=3(-1y
sin?§ —sin® -
[

sin (e +’”—"’) +sin(& -ff)
T n

sin (9 +T) sin(ﬂ —ﬁ)
7 n

is a polynomial of degree n -2 in cosf; there-

=%~ 1)

gin (n - 1)0
gin. 6
fore, as in Example 3,

nein (n-1}8 & A, (2r — 1)
Foisd h T ————
sk 8 cos nd 2cosﬂ—eosawerea 21
A= hmnsm(ﬂ 1)8. (cos 0 —cos a) .
sin @ cos nB
wnsm(n—i)a' . —-sinfd  sin(rn-1)a
T sina : ~nsinnd ° sinna
sin 7a 008 ¢ —cos nasina
- - = COB d.
S0 N

8. From Ex. XIi. b, No. 3,
Iog (cos nl — cos ne)

=(n-1)log2+Zlog {cos 6 - cos(a +E;;~)} ;
differentiate each side w.r.t. a.
9. Asin No. 8, but differentiate w.r.b. 6, and divide each suie by

sin 0.
10. In Example 3, make 6—0, then n:%?ﬁ-e-n . n=n?.
1i. In Example 3, pui 6 zg , then
n '
/3 3 —cos (21'—1)11-_

2n
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- ki ne N _
o Sm:_ﬁ' tfon?=0 if n=3p,

=nifn=3p+1l,=-nifn=3p-1.
12, From eqn. (10}, writing # for q, _
Y 2ro
log (x®" — 227 cos nf - 1) mEIogI: ? — 2 cos (6 +7) + 1] ;

differentiate w.r.t. ¢

. Zna™ sin 1l RN
tn _2xfcosnl+1

1 E n
T a2 1 00 = 4
® 2w .cos no+1 x? — 2z cos (8 +__2:r) +1

2 .
2 'sin (8 +ﬂ)
n -

o —2.1:(:03(6 +2%r +1

n

Or, expression

st
w—»cis(@é»?w:;) x—cis(—ﬁ—g@—— :

n
and proceed as in Example 2.

13. By equation (1),
71 o
-1 =(x? - 1) H(xﬂ —2xcosw?; _;_1) ;
1

n—l ro
. = - 2 ™ 1)
. log (z** — 1) =log (x* 1)+21110g(x 2x cos i l),
differentiate w.r.t. .
The first result gives

1 T
1-——cos—

x 7 nat—t 1 .
- - ; pub x=cisf;
2ot .1

T
x+——-2cos— 2" ——
x n pi T

1-cis{ —G)COS‘T—W

. n _neis{r~1)8 T
e rr\ | 2¢sinnb 2¢sinf’
- 2(005 @ —cos —?—@—)

equate * second parts,”

1 cosec nd sin (8 + 27.?)
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sin B cos bl
n

_ —1rwo;s(n~~l)1.‘)+ 1
ey Zsinnd 2o’
2 cos&—cos;;

maudtiply each side by 2 cosec 0.
[Note that this can also be deduced by differentiating
logazithmically XII. b, No., 7, and then replacing

T
. . CO8 —
sin § sin 6 n
by . | s —
o cos 0 T
cos § —cos — cos— —cos
n n

14. By eqn. (10) writing Y for and multiplying each side
by a*®, a

2 - Bata® cos b + 620 = H{m2 — 2z cos (6 + _2__;11') +a2};
~ log (23 — 220" cos nl +at™)
| =% log {m2—2xacos(6 +2%r) +aﬁ} ;
differentiate w.r.b, 2.

tannd n—{3) tan%0 + .. tan"29
tan® 1 (%) tan?6 + ... tan™0

15, By Ch. IX. egn. 8, ; the

denominator is zero for nf =(2r +1) g, and therefore for
tan & = +tan (2r+1)% ; the factors of the denominator
are given by r=0to in -1;

tan nl
" tan

=2 A, + B,
tan 6 +tan (2r+1)a  tan 8 —tan (2r +1)af ’
. tan nd
where A, =hmm{tan 6 +tan (2r + 1)a}
when 0— - (2r+1)a; )

i+tan(2r+1l)acot §

. A.=Hm
T cot nd
—lim —tan (2r+ 1a cosee 28
-1 cosec? nd

ATE. s
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:%tan (2r + 1) cosec? {2r + 1)

:g cosec 2(2r +1ja; similarly for B,.
n

sin B {polynomi-al of degree 4 i_n s%n o) . and sin 76 =0
sin 6 (polynomial of degree 6 in sin 8} °

16. Expn.=

rw sy . . .
when £ =7 hence polynomial in denominator is zero, ior

sﬁl&:sinﬁt,rzii, -2, 4+3; hence

7
3 A B N
expn. mz T + kel ,
L rT . . T
sinf —sin— sin 8 +sin—J E
7 7
heve A, hmsm58 sm(")—smr——) for B—a-ﬁ
WAEES A = 0 70 7 7
sin 80cos 8, . Bre
=l =1sin (1Y
Hm oo 70 F B~ 5 cos -
similarly B, = -same;
T L
3 o 805—7‘— co3 —7—
JSoexpn. = T;(ml sm——— ._8 - Twﬂsmﬁismm
sin § —sin - g 7}

o a1 sm T
2 cos — —
N i (—1yrsin 5T 71
- 7. . LT

1 sin?8 —sin? -

. rir )
sin {(6 +—> - (9 7d->
- 7
(- 1y sin o0 J
(G+ )sin(ﬂ —ﬁr)
sin 7 7
. 3 :
. brw re wr)
-1 — T —_—f - conems :
_72( 1)” sin — {(:_ot(ﬁ 7) cot(9+ T },
putting » =7 —5 in the second part of this result.

Ll . Brr 7
‘—Z ( - 1)1‘Sm—f—-005(9+7)

I

1] . T
= —Z—( nl)sSill(é'vr—?%E)cot(G-i—vr—i;——

4

e '

1
ki
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= +2 {- 1)’s1n-—— cot(ﬁ —-—)
]

mZ(ql)fsm'?“cot(e—7).

r
sin f cos adratic in sin@
- (qu - Hf m- m s ), and the factors
sin @ (sextic in sin f) »
‘of the sextic are, as in No. 16, sinf ~sin—- for
r=:41, &2, +3; hence expression 7

Bf
=cosf. S‘ ( + m_)
7

gin B — sm7 sin @ +sin —

17, Expression =

where
A =tim— 2240 (o s ””) for §-—>t
T cos B sin 76 Sty tor Sy
sin 48 cos 0 + 4 cos 46 sinﬂ—sinﬁr)
=lim 7
7Tcos Gcos 76 —sin 0 5in 70
-1 gin 40 (—1)" . 4?'11‘
7oos760 7 and B, = ~A,;
thus
3
. Ay coa & cos 0 :
expn. =33>)( - 1) sin == - o
I sinf —sin— sin# 4-sin —
7 7
3 Ay 2sm r';r cos §
=1 — 1) sin —-
T‘?{ )7sin 7 rw

gin2 @ — sma

sm (6 +m) sm(ﬁ -
sin (0457 ) sin in(0-37
3
=%2(—-I)’siuﬂ{cosec(8mvf)—cosec(8+r—w— ;
T 7 7/ 7
putting =7 —s the second part reduces, as in No. 186, to

s .
-h}é:;( - 1)"51'11#7# cosec (6 mr,;-r),

3
=+2.(-1ysin




276 ADVANCED TRIGONOMETRY

Or let P,(tan §) denote & polynomial of degres r in
tan 8 ; sin 76 =cos?{. tend . Pg(tanb) and

sin 46 =cos?8 . tan 0, Py{tan 0);
cosfisindf _ P {tanb)
sin'T8 ~ Pgltan®)

. . o
where, since sin 76 =0 for 6 =

B T
Ps{ta.nﬂ)=A.H(tanB—tan-7—);
i
. cosOsind@ 6 A

S ;

1 tanﬁ—tdn%r

cos A sin 40 (tan@ - ta,nr—,;—r)

where A= ]11:1:’1” - e
G-
7
Sjnf.ér-rr
—cosrwsin“w Jim sec?f (=1 1,
- 7 7 Teos 70 T
- COB —-
, 7
A0 s 1y s 2T 1
sin 76 7
cosOcos— tang -~ tan 7
4w

i Sin“‘_' 51:1(6—-——)

polynemial of degree 5 in gin 6
cos @ (polynomial of degree 7 in sin §)
_cosf (qﬁ&rbic insin 6) cos 0 (quartic)
" cos®f (sextic in sin 6) octic
=, ag in No. 17,

18. Expn. =

A

4 B
cos @ T + L2 :
in B —sin —  sin § +sin
T\ 8 8

the terms given by r=1, 2, 3 are found, by the method
of No. 17, to be equa.l to

é( —1)"3111?5{00300(8—?) cosec(ﬁ+ 8,)}
1
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or to %Z( - 1)"sin§-g£cosec (9 —%’5) forr=1,2, 3,“5, 8,7;
sin 50 (sin 6 —~ 1) ' ‘

alSOA‘=]'m,l, sin 88 cos 0
-3
l-cos¢p .. tandd .
ﬂsm&;,sm(p T FA i

and similarly By = —4%; .. term given by r=4 is

1
i _ [
“c"sa(sina-l sine+1) % soc
4
(9"?)-

[The work of No. 17 does not apply to r=4 in No. 18,

because

limsinliﬂ(sinﬂ—l)_.‘ sin 50 cos 6 + 5 cos 50 (sin 6 - 1)
sin8fcos 8 8 cos f cos 80 —sin O sin 86

: . sin 58

is not equal to ]J.mm

)
Or, using the second method of No. 17, we find that

cos Gain 56 cos®d . tan 0 . P,(tan &)
sin$8  cos®6. tan 0 . Po(tan 0)
_ (1 +tan®8) . Py(tan 0)
- Pg(tan 6)
The direct application of the partial fraetion method

cannot be made because the degree of the numerator =the

degree of the denominator.
sin f.9in 50  sin®0.P, (cot. 6) {1+ cot?8).P,(cot 0)

But sin86  sin®0. Py (cob 8) P(cot 8) !

‘of T
where Pg{cot 8} =A ] ( cot 8 —cot 3
1
since gin 86 =0 for & m%r

and since sin&.sin584=0for9=%ifr=lt07;
. sinfsinbf_ 7 A,
e in 88 _‘2 )
sm cotﬂwcot%

1
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sin 0 gin 50 (cot 8- cct%,-
where A= lim — ] '
s—>;%' sin

( —cosec? TE)
5ro 8

. Lo
=,asin No. 17, sin — ain —

8 8 8coarm
. Brey
§in -
=(-1y+.1
(-1 1‘1"
, sm(ﬂ-——)
a;ndeot.ﬁ—cotir= -
8
smﬂsm——

8
18. Put i =ten z, #, =tan a, etc., then
sin ( -a) =sinx cosa —cosesine =cosxrcosa, (¢ ——tl)
and similarly for sin (xz - b), sin (@ —b};
. lhs = tcosx
o 'S'_cosacosbcosﬂx(t —t, M(E—~1,)
=, by partial fractions,

ty + ty }
t— tl)(tl - ta) (ta —'tl)(t - tz)
sinacosxcostacosh
cos a sin (x —a) sin (g — b)
sinbeosz cos’beosa | h
cos bsin (b -a)sin (z - b)} f.h8.
By the method of part (i),
sin®tx . I] cosec {x —a) =sec @, 88C a, ... 56C @, B6C T X
tlﬂ'_l

2 (8 — 88 — 1)ty ~B) ... {8y — 2}

secasecbsecx{(

=secasecbsecm{

_ Z sin®*ta,
_ sin (95 a,)8in (@) —a,) ... sin (g, ~ aﬂ).
20. Method of No. 19; Lh.s.
_secasecbaseccsecs .t

(E =8t —24)(t —15)

=secasecbseccrec . Z(t G
— )y

b

— &g}ty — U3}
ginacoszreosdacosbeose

gin (= — a) gin (@ — b) sin (G - €)

=sgec a sec b sec ¢ seo zz =r.h.g,
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21, By No. 19,
sin?a
sin (& —a) sin (z —b) sin (& --¢)
sin? ¢
=2 (x —a)sin (G — by sin {a —¢)
multiply each side of this by sinz, and each side of
No. 20 by cosz and add, thus,
sin®zx +sinz cos®x
sin (# —a) sin (@ —b) sin (z —¢)
sin*a@sin® +sin ¢ cosa cos ¥
=Esin(w —a)sin {¢ —b) gin (g —c)

but sind z +sin @ cos?x =sinx, and
sin®aq sin © + sin @ cos @ cos ¥ =sin a cos (x ~ a).

' 2 2rr
22, LPOA, =0 +—t7f PAT+1=w2 Exacos(ﬁ %T> +a?,

From No. 14,

2a® - 2xa cos (6 +ﬂ)
nEt Yz —atcosnl) 1 2 P n

I _ ot oos nb @it 2@ , 2w
» — 2xa cos B+T +a?

S _ g2
e
© 2:cacos(ﬁ+ )-i—azj
1 2 _ gt }
== {n-{-(:c a?). EPA§+1 ;

. 1 2nz™(z"™ - a cosnl)
" EPAEH T 1a2n — 2270 cos nb +a®®

-w.}—:—(xz —-a?).

EXERCISE XIL e. (p. 236.)

- LT .
1. Expression is zero if o=@ cis—, factors are (:z: —acm_) for

r=0, &1, +2, . [
; = 2 _ B L ge
given by r = L kis 2? — 2za cos . A hence

..t (n -1}, n, and the product of those

k
2 — g —(x —acis 0}z —acis w)H(x” ~ 2za cos —;L—” +a.9).
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2. x“~:c3+1:x5—2m3‘cos%+1=, as on p. 226,

Hl x~ cls{i(w 2;”}}] for r:@, 1,2.

Z{z—a)® =62t ~ 22Za + Za? ; but Za =Za® =0, because coefls,

of 2%, 2t in % — 2% + 1 are zero.
3. Compare p. 44. To solve #*-38z+1=0, put x=2cos ¢,
¥-dw=Becos®h-Beosd =ZcosBd; . cos3d=-}; hence

the three values of cos ¢ are cos %—r s COS 4—; 8;.
4. To solve (I 4+z)2*+i (] —q)®+t=20, put x=7itan &; then as

in ¥ix. X1 8, No. 12, 2sin (2 +1)6=0; . 0= and
x=Litand for r=0 to n; hence 2n+1
exprL. ”cwﬂ(w‘* +tan® 2 and ¢ =coeff. of :c2”+1 =2.
7T .
Also c};I tgn* Sl :cogff. of & =2(2n +1).

5. Asin Example 2

n=1 o
expn. = 4nx _H (xa + tan? 2_n)

=dnx H {:1:2 +tan(n - s) _—} where s=n -7,

n-1
— 2 2f T TN
=4nx H {:v + tan (2 Qn)}
Put x=2; thus 32% — 1 =8n (required product).

cos 50 sin 260

6. By IX. e, No..21, =16sin%6 ~...; also o .=Bginf; |
cos @ cos &

. given expn. is a quartic in sin 6, and it is zero when
cos 50 =sin 20 =cos (g - 28), 56 =2nw :};(g - 29>,

G=(dn+ l)% or (4n — l)g ; .. excluding values for which
the denr. (cos f) is zero,

sin 6 =sin — sin—-ﬁﬂ— si sm ‘i~
= 17 14’ o, oF smﬁ.
Hence expn, =

. 5w 3
16(311: —sin 14)(5111 6 - 14)(s1n 6 +sm--—)(sm8-§-§)
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" 7. By IX. e, No. 12,

Lhs, =7cosz(8 cos®x — 16 cos® x + 8 cos®xw — 1}
=7 cos 2(2 cos®x — 1}(4 cos’x — 6 oos?x + 1)
=T cos 2 cos 2z{(1 +eos 2x)? — 3(1 +cos 2x) + 1},
and the last bracket
=cos? 2w —cos 22 - I =(cos 2z -} - ¢

=(cos 2 ~ § ~ §+/B)(cos 2 ~ § +F/5).

8. By Ch. IX, equ. {13), sin 76 is a polymomial. in cos 6, equal 0

in #
A cog™ 18 +Bcos™* 8 + ..., and similarly
M =Acos" 1 +Beos™ 3 +.0.,
sin ¢

henes given expn.
=A(cos™ 18 ~ cos® 14} +B{eos™ 8 —cos ) + ...,
and eos § —cos ¢ is a factor of each term.
9. In XII. b, No. 3, put 8 =7, a =0, hence

LiJ 2rm
cosna — 1 =271, TT (cos o —Cos —-)
: 1 e

=2.ﬂ_1 e i ﬁ(z cos® 7—'}:—)

1

=gm-1 _(_y)m, ﬁ (cosz Tﬂl‘) ;

but, since cos = —cos (2n —7)— i ‘
-1
H cos— (H os—— -eosSw= — H(cos3 )
1
_ _cosaw - 1 _2i_2n'(—1)“—1
227&—1( l)ﬂ ( — 1)1’5

= —9L-3n [1 (- 1)7].
10. In XII. 4, No. 9, make 80 and write ¢ for a.

11. From eqn. (3), 10g(w2n+1)—}_,log(a:ﬂ 2z cosa + 1), where

2r -1
(m:mi;;lf . Differentiate W r.t.x;
2natn—1 2 —2cosa L1
Ttoging] _sz —~Zreosa+l’ Wnte:; for ;
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2n (§>2n_1 % ~Zcos o

— x -
n - ’
(E) 1 21 2
X

E—-?neosa+1

2ne 2(l —zxcosa)x
1+x% o] -2xcosa-+a®’
12. In XIL b, No. 3, put 2rn+1 for n and 2?;1_1 for @, thus
.- 1 &+ D
cos{2n +1)8 —cog g =2 ];[ (eoseweos;;:_:;}
Since cosa+2m_“ccs a+2ﬁr-2 )
Il o\Zmx1 )7

the factors given by »=2n +1, 25, ... (n+1) would also o
given by =90, —1, ... —n; thus

" Dy
cog (2n +1) 0 —cos a =22 H(cos f —cos 25 TT) .
a v Zn 41

Take logarithas, and differentiate w.r.t. 0.
13. Compare Ex. XII. 4, No. 15.
tannd n —(g) tan20 4... +{ - 1PE D gann1g
tan0 1 ——(g) tan?8 +... +{ ~ 1@~ P ptann14 ’
the denominator is zero for

nez(2r+1)1; and .. for tan@:j:tan(2r+1)-%;

the factors are given by r=0 to }(r-3); but the
expression is of the same degree in numerator and
denominator, hence thero is a constant term besides the

. . . |
 partial fractions, and this is = because the cosffs. of

tan® 1§ in numerator and denominator are 1 and »n;

: tanno_}+z( A, 4 B )
tand n tan § +tang,  tan 6 —tana,/’
: tannd
where Af—-—lﬂ»-r—u: e (tan 6 +tan a,)
T
—Tim 1+tang,cotd .~ —tan a, cosec?d
cotnf - —n cosec n

1tan e, .cosecla, 1 -
== — L e —T = - 38C @, COSOS Oy

™ cosec? (2r+1)g
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and B, = —A,, hence the sum of the two partial fractions is
tana,{A, -B,} 2 sec® o,

tan®
14. sin (2n +1

a, —tan?8 n'tanfa, —tantf’

)6 is & polynomial of degree 2n + 1 in sin 6 which is

zerc for Bz—i—, r=0, +£1, j:?, ...-hence by p. 231,

.cosec (2n -+ 1

where A, is the limit for - —

<A

2n+1

}fizw—.c L0 Ar + Br
sind M6 +sin — . sinf - sin—
T\ 2+ 1 n+1

06 4+ sin T
: sinf +s
ro 2rn+1

Tl TER e
cosf (=1 7

R N [PV s YT Rk s R T

gimilarly, B, =same; also

C=tim_ 28 L,
Teoosin(Zn+ 138 2n+1
' cosec 0
- 2 —
. cosee (Zn +1)8 51 + ¢
' y 3 il cos—m'—
a1y | e Zn+1
3 : ;
T (3n+1) sin @ +8in v sin® —sin s
2rn+1 n+1

no@en

+ 1} cosec {2n -+ 1}0 —cosecd

. . T
2smecos2n+1

“wr

2f _ein?
sin2f sm2n+l

i (6+ il )+ain(6-——m- )
#n 2n+1 2n + 1)
. i . ra
Bm(“m)sm(‘”"m

=F( -1y

15, Use the method of Ex. XII. d, No. _16; the denr. is zero for

sinﬂﬂsin%, r=41, +2,..£%(n-1);

Hn-1) A, B, -
. eXpn.= +
. N . T
- (smﬁ-sm-- sm8+sm—)
: . n n
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1 .
and A,.:f'—% smwnw cosf_-: (-1 = -B,, ete.

For the B, terms, put r=n —s.

16. If m is even, and .. n iz odd, use the method of Ex. X7I. 4,
No. 17. Compsere with No, 16. If m is odd, and . n is
even, use the method of Ex. XII. 4, No. 18.

17. By the method of Ex. XII. 4. No. 19,
cogec {z —a) cosec (z —b) cozee (z —¢)
_ sin’xz + cos?z
" sin (x —a)sin (x — b) sin (x —¢)

1+82
zl - tz)(tl - Ea)

=secmsacasecbsecoz(t T
—iy

“Eain (x —a)sin (ac —b)sin (a-c)’
Similarly, f m=2n+1,
{8in?z + cos®x)®
sin (@ — &, ) Sin(x — ay,)...8in (T —a,)
(L +02)
ZE) G ~ t) e ()

= B0k T 50 & S8C &y ... 8OC amz (t

=8¢ & 800 2y X

2 gec? gy
sec & sec™ @, sinfz ~a;) sin (@, —a,)...sin (g; —a,)

1
~_Eain (z —-a,}sin (@, —a,)...sin (g —a,)
18. By Ex. XII. J, No. 19,
sin x cosec (x — &) cosec (x — b)
=2 gin a cosec (x —a) cosec (€ —b);
and, by writing z +~g, a+-g, b;lrg for @, a, b,
cos x cosec (& ~a)cosee (z —b)
=2 ¢os g cosec (2 ~a) cosec{a —b);
multiply by sinz and coss and add, thus
" cogec (x —a) cosec {z — b)
=Z(sin a 8in z + cos @ cos z) cosec (& — a) cosec (@ - b)
=2 cot {z —a) . cosec (a —b).
Similarly, if m=2n,
sinz (sinx + cos?x)?Leosec(r — g, ) cosee (% —~ Gy)... cosec(r —a,)
=2 sin g, cosec (& —a,) cosec(d; —a,)... cosee (a; — )

’ ’ . -R
20. The perp. from A, to PR is PA, - R,
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and cos z (sin®w + costx )" cosec(x —a,) cosec{x —ag} ...
x cogec {% —a,,)
=¥ cos @, cosee (T —a,) cosec (@ ~ Gy} ... coSeC (@, —dy,};
multiply by sinz and cosx and add, thus
{sin®e +cos®m)? cosec (T —ay) ... cosee (T - a,}
- =Z(sin @, Sin @ -+ cos G co8 &) coses (¥ —a,) cosec (dy ~ G ...
x cosec {a; —a,,)
=Zcob(x —a,)cosec{a; — ) ... cosec(a; —dy,).

18 cos¥x ___secasec bsece
" gin (x —a)sin (z = b} sin (x —¢) T =) (E 1)
cos x cos?a

_Z sec a sec bsec ¢ ""E .
T Ld(f )ty — )ty —2;) ' sin(z —o)sin e -b)sin{a ~c)
but cosw=cosacos{x —a) ~sinasio (z -a);

cos® : .
. e =coB & cob (¥ —a) ~8inag;
gin {x —a)
cos®e cot {z —a) —sin a cos’a

sin {@ —b) sin (& —¢)

.. given expm. =Z
' Ay M 11;
o ? see J (g, p. 11;
.. product of perpa.
B
=(§%) {PA, . PA, ... PA} . {RA, . RAz..RA} 3
also 2 POA, =B ~a, LROA, = +a; .. by XiL ¢, No. i4,
. ﬂ(ﬁ 4-a)
2a g
=2-"gr{cos na — cos nfi}.

product :(—1—)ﬂ . 267 sin ﬂfi‘ﬁ—__a_) . 2a" sin

EXERCISE XII f. (p. 238, ‘
1. cos 76 —cos 80 =2 sin 36 sin 156 =2 sin $6(3 sin §6 - 4 sin® $8)
=2 5in 16 sin 50(3 — 4 sin® £0)
={eos 20 — cos 36){3 — 2(1 —cos 58)}.
2. Put 8 =§ —¢, and cos & =¢.
. (1 -coslip)(l-cosd)
E@reasmn«-(l —~cos 5gp){1 ~cos3P)’

I-cos8¢p 1-4c+3c
i-com¢  1-¢

but =1+4c+4c?=(1+2¢)? and
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1 -cos1id . 2.
therefore, sumla,rly Toosbg = ={1 +2cos 5¢)?;
Lo s f1+2c0088\E
, expression _(m =, by XII. b, No. 33,
(16¢% -~ 8c? - 16¢2 + 8¢ + 1)2 = lﬁﬂ{c - cos ¥ +155) } ;
. (6r+10w . (1Zr+8)7
but cwsmﬁ a.ndl cos—wﬁwm_ sl =

g,
81:;::% : is & polynomial of degree (mn ~ 1) in cos 8 with factors
of the form cos8—cos— for r=1 to mn—1: “omb
mn s sin B
similarly has factors cos @ —cos— for =1 to m -1, and

sinnd
iﬂ has factors cos 8 — cos % for t—l to n -~ 1, and these

factors may be written cos 8 — ~ cos = by putting r for ns
and for mt. Now mr

gin mnb . sin f  sinmnd (sin ml  sin nd
sinmf .sinnb  sin @ sind ~ sind

and all the factors of the denominator are faetors of the

numerator ; since m, n are co-prime, none of the factors .

sin mf coinecide with factors of ___n_t? , and therefore all
sin ¢ : sin §
the factors cancel, leaving a polynomial of degree
mu—1-(m-1)~(n-1)
whose factors are given by values of » which are neither of
the form ns or m#, i.e. they are not muitiples of m or n.

of

n
4. v.hs =A. J] (ch?xsin®e +sh®x cos®a) where a =(2r — 1} EE, and
i

A is independent of z;

k(3
w rhas =AL T {}ch?z (1 —cos 2¢) + } sh®z (1 +cos 2a)}
. 1
n
=A . I }(ch 2z - cos 2a)
1
n
=A . J] }(e®® +¢%% - 2 cos 2a)
1 .

. 17®
=Be~#% | TT (e4% — 2¢%% cos 2a - 1)
1
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=, by eqn. 10, B, e~ pn? _ 2¢8%00s{ — ) + 1}
=B "% (2% 4 1)? =C ch? (nzx)
where B and C are independent of . Put =0, thus C =1.

5. ch na end chx are always positive; ., the 4 may be omitted.

o (ZE=D)w o (on -9k D
Zn Zn
(2r - 1)
2n
the same. If » is even, the factors consist of in pairs;
if n i8 odd, there are }{n — 1} pairs and the factor given

‘. the values of cot? for r=F§, r=n+1-k are

by r=4(n+1) namely 1 -i—thawcotz%zl.

€. Zshnx=(cha +sha}*® ~(chx ~shz)*(see Ex.VI. ¢, Nos. 14, 15)
=ch® 2{{1 +#)* — (1 —£}*}, where t =thg,

' =1 o
=ch®z.%nthx. [] (th%:-&cot“—?:)
1
by Bx. XII. e, No. &
=2nshzch® iz F (thzm+czcﬁ;2 ?)
:Ashxc}l""‘x H (i —!-thgxta,nzz),
1

=2n;

- . 2shnx
where A iz independent of z; and A=lm 5
z->) SOE
when » is odd, Ex. XTi. ¢, No. 4, gives in the same way

f )
2shnz=ch®x.2thx [ (th2m+ta,n2%)

i
1) rr
=Bshach® e I] (1 +th2xcot2»;) ;
1 (2
where B=lim 2shna =2n.
22—} shz
7. ¥n Ex. XYL b, No. 3, put %for 6, and 6 for a. For

7Ef=1 (mod 6}, n=2+1 (mod 6);

cosnﬁ:cos(ﬁm:{:l)fzcos2mqr.cos%: :

3 -cosnd= zﬂ—ln {cos——eos(ﬁ +2::r }
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8. Lh.s. =}{cos }nr - cos(%mr-;—.‘%nr,b)} put 3= for 4, and
3w +4¢) for a, in Ex. XIL b, No. 3; thus

Lh.s. _2n—2H {cos%vr cos(%«rr+2qb +2W }

D

=gn—2 H gin (2(}5 e

5. cOS N +5in ng = V2, sin(mf)i- ) R smn(gb—i— ) > by
eqn, 12, V2, gn-1 ﬂsm(¢+_—+

10. In Ex. XIL ¢, No. i, put 8 :}E'
11, Use No. 10; take logarithms and differentiate w.r.b. «.
12. By eqn. (12), Hsin(a +%’ =2-ginnd; by Bx. XII. e,

No. 2, Hoos(3+r£)=21"“".(»1)“’3‘1).003716; square
and add. *

13. Put cosftsinf=y, cosf -sin§=z then y*+22=2 and
gantl _gpontl

2!3(y z)
g for @, and 2n +1 for n,
7 2 2ro 3)
é—ﬁ];[(y —2?,!zcc>s2 +1+z

1 3rer
2”H(2 2 cos 26 cos Tt l)'

14. Use Ex. XII. b, No. 3, put 2¢ for 6 and 0 for a; aisc put
2¢ for 6 and :_; for g, and divide; thus

yz=cos2f; lhs = =, by eqgn. (2], putting

cos 2ng — 1
cos 2ng + 1

15. Let the tangent be x=»5a, then the verticss have polar

coordinates (3a, 6) where 0 =a +(2r — 1) forr=0ton-1.
Product is thus

I;_[ 5a—3acoa{a+(2¢..,1%}] H(Ea 3“1 :,:)

]

Lh.e = = —tan®nd.
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where t:t&h%{a+(2rm1)g}.

n=t2 + 82 =
— gt L A,
= 1;1 1-+¢2 =(8a) I;I 1+

; - 1+x\™ . . )
The equation (T) = -~ 15 et =i {ne +(2r — 1}l

satisfied by L!-—:zei.s{a +(2r - I)E} or x =3 tan ¢, where

¢ = %{a +(2r - l)m} as in the squtlon of Exa.mple 2; thus

the factors of (1 +z)® +(1 —x)* cis na are
{1+({ - cisna}[J(z —<tan ¢);
change ¢ to —¢ and multiply, thus
(1 +z)2m (1 -2)2" + (1 —a?)" . 2 cos na
={1+1+(~-1)" 2 cos na}]J(z? +tans);

put & =% and = =1 and divide, thus

(%)24"2_ 3yen 1y2n 3y : D20

] T ={(3)"" +(})* +(£)" 2 cos na} + 2
=(3*" -1 +2. 3" cos na)-16"
2'rfr]

Or ﬂ];f 5a—3acos{(a—£) py J—:]
| =ﬂ12112[32 2. 3cosj(a—k +2”’}+1]

[i}
=, by eqn. (10}, (—) L [3% -2, 3" cos (ne —7) + 1}

- 18, If K is the projection of P and if KQR is the diameter through it,

PA?=PK2? + KA? =PK? + (KO® + QA ~ 2KO . OA cos KOA)
=PO? . 0Q2 — }(KR? - KQ?) cos KOA
=4(ry? +1,8) - 3(r? —ry?) cos KOA
=g% 4 d? - 29d cos KOA,

and / KOA=aq, a+‘%’, P Gk )

for the wvarious

vertices ; now use egn. (10} with 3 instead of z.

17. Use Ex. XII. 5, No. 4; teke logarithms and differentiate
w.r.b. 6.

18, 2 cot? 5

result on p 209 with 2n +1 instead of n.

2
—Z(cosecz ki )-—n=(2n+;) l‘—nbythe
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sinnf_,, ot ( ' rj).
e =2 Il'[sm ;8+n ; make 3—-0.

19. By eqn. (12) .
Take logarithms of each side in the first part, henco

n7—1

.
(n-1)log2+ ;Iogsm}?_lngn,,

Lortd . rm .-:rlog"n 1
S ;logsm?;_ - —W(l__ﬁ) log 2
which — —wlog 2 when n—x (see p. 68, Ex. 4 (i}). Now
" -
j (logsinx)dw is an improper integral whose existence
0
is proved in Ex. IV. g, No. 26, and is equal to
" k.
P (log sin z)dx + r "(log sin &) da -I-V {logsinz)dx;
0 = _F
n n
here the first and third terms are improper integrals
which — 0 when »-—+= by the Ex. just quoted, and the
middie term is an ordinary integral which, by the theory
of integration by summation of rectangles, differs from

n-1
z Zlogsing by less then -2. Z—rlogsinf. But
n < n n n

im| T logsin T |=lim| “log T+~ n™ /7)1
hmliﬂlogsm%]_11111[?1&1(:%ﬂ+nlﬂg(smn/ﬂ)_é

R "
=lim [;Llog 'FL]_O’ by p. 68, Ex. 4 (ii).

.. Yim (middle torm) =Tim (7S logsin ™) = - r log 2
. middle )""Hn(ﬁ 4 ogsmn)~ T I0Z 2.

No1 M-l pr
20. By No. 19, 2°7°. T sinwrs =N; from this result others may
i
.. N . .
be deduced by writing o for N where p is a prime factor of
N, also by writing % for N where p, p’, are both prime

L5 N
factors, also by ert.mgp - and so on. Henece

DY
N TT N) .
h= L =2¢] ] sin 1=

()

for those values of + which are prime to N,
=2 sin (N, a) sin (Nya) ... sin (N, a),
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also the value of k is

1S D)
(1 _;})(1 %) S14E) @)+ ) -..,

where z is the number of prime factors; but

N(l -i)(1 mi,) ...=m, and
P, P
1-(B)+E) -G +...=(1-1F=0; . k=m.
The number of N’s in the numerator of his 1 +(%) +... and
the number in the denominator is (i) +(§) +..., hence the
N'seancel; so do the p’s; .. A=1. TIf, however, N is

itself prime, there are no numbers p, and k=N, see
XII. b, No: 18, taking » odd and squaring.

21, In Ex. X1I. b, No. 24 (i), put 271 + 1, which is odd, instead
. on
of n, thus [] cos (ra) =2-%", thus
1
sec a sec 2asec Sa ... see 2%q =227,

Also sin a eos a ¢og 2a cos 2%a ... cos g
=% sin 2a ons 2ee0s 2% .., cos 27

1
=§Esm 2%2a . cos 2% ... cos 2"a =._.

LI
= sin 27¢ cos 2%¢ =

on gt sin 20+,

Multiplication of these two results gives

sin 2%+1lg

t
- ¥ : >
[T sec (n,a) =2¥"—"1 and sin 2%tlg =sin a.
r=1

22. ”ﬂl sin {(m ;I)F-—-(s - 1)W+8}=nﬁl sin {a i l)w}-,

§=1 (n-1) F=1 .n-1
o 2] n-2
whers =0T 0 _"FPan(a-TT
n -1 Poyiar n—1
— 1Y% &t -
—by eqn. 12, L2 N s~ La,

gn~2 *
*. the double product
— 7 — —
) Sin{(m Hin ””_a}

may 27E n
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' (-1 et mer
_2mn(n_2)m=0 319 (mw ry -—0)
_{(—npta-1
" gnln - 2) i

) _pr=l o
= oum-7 (- 1inte-1 ];I Sm(¥+ﬁ), since

L
- COS Mar Sin (_n— -+ 9)

n-1 - on=1
];{ €08 M =IOI( —hm = iRt o qyinie-n)

and this by eqn. (12)

{(—D)ie=1 ginng

i T
Honis odd, (~1e-D_ pe-D_r el 15, 5
even, (— L= = jyn _(_ g lin]

- d .
23, (1 sm‘*a@(ﬁ cosec ) =sin 0 - 8 cos 6 =cos H{tan 6 - ) ;

. d . .
smzﬂd—ﬂ(ﬁ cot §) =sin f cos § ~ 0 =Lsin 26 - 26) ;

but, for 0<8<}r, tan 6> 0 and sin20<20; - ag §
iereases, & cosec f steadily increases and 6 cot § steadily
decreases, hence, for 0 <f<¢ <imr,
B cosec 6 << ¢ cosee P and Bcotf> ¢ cob &,
. sind 6 _ tanf
" @n ¢ > g > m H

sin?f [/} tan?s sin?@
1 ——— 11— _—— = 2 ——i L )
i < ¢3<1 tant sec 6(1 sinig)’

@
—

(i) Put 6=

r=1; also ¢ <}w even for r=%n -1); .. conditions
in (i} are satisfied; give r the various valuss and

e -
¢=—£; then, since 0<z <7, 8<¢ even for

multiply ;

ginxz sinx .

(u1) Lh.as. =rm_> — P 70 gives sec® (x/n)—>1,
~. also sec ™ }xjn)—1, thus r.hs. tends to the same
limit. '

sin8® & tan®

(iV) If 0<¢<6<%7}", 1<§ﬁ<$<m, as in (i);

. sin?@ 1 o2 1 tant g
. Sint d <@‘“‘ <t—-—-—ans¢-].,
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hence the result follows. For# = ¢, the signs become =,
For an arbitrary positive value of z, to securs

0<<(6, p)<dr,
choose # so large that 0 <=/n <iw, then although 6 is
not necessarily less. than ¢, the argument above can be
applied to show that

. x x®
Einwxfz] =Il"[ 1 ~r

and it can be verified that the expressions inside the
mod. signs are both positive, both zero, or hoth
negetive. If x is changed to —a, both sides in the
result of (iii) change sign; for x=0 the result is
trivial, ’
24, Pat 8=wn, ¢={(2r~-1)xi2n and proceed as in No. 23;
we obtain

Hr-1) 42
< —-———
= Ill 1 1 (2r — 1)2r2

H

x
©0s Zfcos —
n

x
s_lsec“ﬁcnsm

‘make n->ow0,

CHAPTER XTII

EXERCISE XII, a. (p. 243.)
1. Use eqns. (2), (3);
@) p=1, $=2nm, $=0; () p=1, $=2nr+ T, dy=0;
(0) p=2: ¢ =(2n 1), by =;
@) p=2, =2 -7, ¢ =-I.
2. Use equs. (2), (3);
. T, LTy,
{a) 1+z-—=1/2(cosz+zsmz),
®) \/q::\/(cisg) :cisg, Log(cisg)z(2nw+g)i;
(¢} —3+4i=5(-3% +4i); p=5, cosd= -}, sinp=4,

ka 4
§<¢1<W; 1=rr+tan‘1(—-:§);
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(d) -3 -4i=5(-%-4i), p=5, cosp= — 2, sing=-4%;

2’
3. Log(ecis ) loge+é(n-+2mr)

4. Log(cosa+'¢.sma)wz(a+2kar), since 2nr —w<a< Snwr +m;
—w<a-2nrgr; o, log (eis a) =i{e - 3nx).

5. a+db= exp(Zm—) =exp(2). exp( 3:&

= 2 i — —_ —--}mn—u-—q-:—
ecls( 4)_32( 7373/

6. Log (1 +cos 20 +1{sin 26) = =Log (2 cos?f + 2i sin 0 cos #)
=Log{2cosd. cis 6} =Log {{ ~2cos f). cis (0 +m)}
=log( —2Zcos 8) +i(6 +m + 2kr)

. ﬂ'
Ty < - ¢1——r+tan—1(

. 3
sineo, for -§<0<?, cos 8 < §; also _;_r<9 ~1r<72—'—; there-
fore for p.v. put k= -1,

7. (i) From No. 1, {(3), ©. (2?’?-71.’ +2E)'£;
(i) 1+4v/3 =2(eos g +isin ’33)
8. Log(1 +¢tan a) =Log {sec a(cos a -+ sin a)}

=Log {( -seca). cis (a +m)}
=log { ~sec a) +i(a + + 2kr)

sin tor T 3 .
kzce_,l.or -2—<a<—2—, seca<0; for p.v., ag in No. 6, put

S (1+eP=1+30+3% 4% = -2 1.2¢;
‘. a+ib=exp {fﬁ—’( -2 +'2i)} :exp(— §+§@)

=e“§(cosg+i sin%r) =%e B(1+4i4/3).

. b . '
10, Since a <0 <5, &<0; _g<a<12_r Implies —g<a<0; put
e=+ /(@ +b%); sina<O, ., b=—csina; cos a0,

Soa=—ceosa; _
(i) log (@ +4b) =log { - e({cos e +isin a)} =log {c cis (a +7)}

=log ¢ +{a + )i, since 1§T<ar+1r<-n-;
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log(a —b) =log { —c{cos a —isin a)} =log {ccis (r — a)}

=loge+{ —w —a)i, since ~wr< —w~a< “5.
*. log (a +1b) —log (& —ib)
={logec +{a+r)i} —{logec+{-= —a)};
Or, direct from egns. (4), for a<0<b,
log (a +4b) =3 log (a® + b%) -!—'i{tan"g + 'u"}
=} log (e +b¥) +éifa+a};
log (a —ib) =log [@ +#( — b)]
=}log (a® +b%) +i ta.n‘l_Tb —‘J'r}
=3log (a2 +4%) +i{ ~a~n}.
. a+ib ceis(a+tm)
(i) IOga, —ib " Peeis(r —a)
=log cis {2a) =2ai since ~7 <2a<0.

i1, Log(2smﬂ?._2tsm cos ) Log{2smg cxsﬂzw}

=L0g{( —-25111—2«) . eis %ﬂ} ;

sing";-o if 2m1r<g<(2m+1)1r and in this case

_E<—B.~ ~w2m1r<~
27 2 2’

. expression =log (2 sin g) +i(9 = +2kw), and for p.v.

put k= -—-m; sm:<0 if (2m+1)7r<2<(2m+2)7r and
in this case

§<M (2m+2)1r

", expression =log ( -2sin g) + z(
and for p.v. put k= —(m+1).
_J+gi_ (f+gile—bi)
12, log{c +di) = a5 (@ bi)a ~b)
_(af +bg) +i(ag ~bf)
- as + b
then ¢ +di =exp (A +iB) =eA (cos B +isinB),

T
2

o ;:ﬂ- + 2]071").

=A -+iB, say ;
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13. Log 1 =Log (cis 0) =2nxi ;

3Logw=3Log( OIS*“—) ( +2kw)z~(6k+2)m,

therefore the values of 3 Logw are only some of the values
of Logl; similarly 3 Logw? =(6k +4)ré are also only
some of the values of Logl; the remaining values are
given by 3 Log (¥1)=3 Log (1)

14, z=exp (@ +bi) =* . cish; -, . Am(z) =b + 2% ;
Am(p +4g) =Am{z log 2} = Am (z) + Ara (log 2) ;

;. ban? (g) +nr =b + 2k +tan—2 (2) +mr;

-, Tan—t (iﬁ’) =Z . Tan— (2) .
e/ 2 P

== b —tan—? (P«) +n'r
2 a,

=tan—1 (%) -b+n"x =Ta,n‘1(%) -b.
15. exp [} Log a?] =exp [} (log a? +2nmi)]
=exp (4 log a?) . exp (ni) ,
=eoxp (log |a|) . cisnr =fa| . { - 1)n.
16, (i) By No. 1(b),
(1+4) Logs=(1 +4) .i(g+2nm~)
c= =+ D+ 3dn + 1) s
S exp {(1 +'&) Log i}

T S
(i) By No. 2 (a),

{1-+7) Log (1 +4) =(1 +3) {%Iog2 +z<§ +2mr:!}
=4log 2 —E—2nw+i(élog2+g+2nw);
.. expression =exp (}log 2)
m . k
xexp(-z~2mr) . ms(é log & +§)

but exp (}log 2) =exp (log v/2} = +/2.
AT exp{i.(a +2nw}i} =exp { —a — 2nm).
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18. Log (cos 6 +4 sin 8) =i{6 + 2nx)= (6 + 2nr) . cis ’5’ ;

*. Log {Log (cis 8)} =log (8 + 2nx) +4 (g + 2m1r) .

19. log (z - 1) =log {(x — 1) +4y}; use eqn. (4). I P is to the right
of thelme z=1, u=2~1>0; .. #=0; when P is to the
left of the line &=1, {i.e. u=x-1<0), if P is above
0:1:, v=y>0; . k=1 and if P is below Oz, v=y <0;

L k= -1,
20. 10g(z+1) =log {{x +1) +iy}.
=1log {(z + 1) + 4%} +itan—1x?j_l+i}m-, at -1;
in No. 19, replace s~ by z+land ¢ =1 by z = 1.
z-1 . (zt+yi-IMo-gi+l) |, 2P+y2—1+2yi
21 Jog —rp =lo @ryit-gi+]) ° @riP+y

2y .
—1
=, by eqn. (4),logp +itan 9+y2--1 +ikw,
2 2 _ 132
where p = + Vi@t +yt - 1) +4y}andk=01fa’:”+yz-—l>0,

(z+1)2+y°
i.e. if P lies cutside the cirele |2z|'=1. Tf P isinside the circle
(i.e. 2* +y2 ~ 1< 0), then k=1 if > 0, i.ef P in upper semi-
circle, and k= -1 if y< 0, i.e. P in lower semicircle.

] 6 8
—2gin®— 42 gin — cos -
2—1 ~1+4cosf+iginh 2 sin 2+2'z_am2cos2

22, z+1 1+cos@+isin®

V] 9
2 b G237 — —
2 cos 2+2@sm2cosz

If Pison upper semicirele, 0 < 8 <, tan 6>— 0;
s lo z_-1 =lo tan— c1s =lo (tan
- TOBZ +1 & : B
If P is on lower semicirele —» <6< 0, tan < 0;
. logm——lhlog {( —tan 2) cis| — -}}

—log( tan2)——®
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23. p+ei=log” " =logp +0i, where p=

 ADVANCED TRIGONOMETRY

Or, geometrically, if A, B are the ends (1, 0), (-1, 0) of the

z-1_ AP AP

diameter of [z[=1, ——=2=. The modulus of —=
z+1 Bp BP

6.
=B—'; =tan ABP =tan 3 if P iz on upper semicircle,
2z ; 6 = —tan§ if P is on lower semiecirele. The

. AP . . .
amplitude of zP=ant1clockmse rotation necessary to

and =tan

el , . . -
convert BP into AP, =g if P iz on upper semicircle,

T, . . .
and = — 3 if P is on lower semicircle.

izwczi__AP_
|z+a] BP’
. P lies on a circle w.r.t.

If A, B are the peoinis {a@, 0}, (-a, 0), pe=
y fof =gonst. AP—const ;
S = T 3
which A, B are inverse points, and for different values of p
these circles form a cosxal system with A, B as Limiting
points., Also, as in No. 22, q=6=a.m(:%z) =the anti-
clockwise rotation necessary to eonvert BP into AP; . P
lies on an are of & circle through A, B ; as ¢ varies these arcs
form the coaxal system orthogonal to the first system.

24. Asin No, 22, ¢=am (:—;g) =anticlockwise rotation necessary

to convert PB into PA. This =;5 if P is on the upper semi-
circle, diameter AB, and =5 —2r = —% ifPison the_lower

semicircle. . The function is undefined at z=a a.nd at
2= —q.

I P moves on an arbitrary circle through A, B in which the
upper segment cut off by AB contains an angle a, then as

in No. 23, g=am (Z——;—g) =g if P moves on upper arc AB

and =g -7 if P moves on lower arc AB.

25. From ecin. (6), it follows that the given equation holds unless
am (z+4i) —am(z ~4) ># or < —w; this cannot be 80 un-
less am (z +4) and am(z —1) are of opposite sign and at

z-a 2 -a),
——— |, 0 =am ___,);
zta Ztas
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least one of them is obtuse or each is a right angle. Let

the circle |z|{=1 cut Oy at C (0, 1) aid D(0, —_1);
am (z +4) —am (z ~¢) =am (DP) — am (CP).

If x> 0, neither am (DP), nor am (CP) is obtuse; if x=0, )

. I
either each is —‘2 or each is — 3 oF

— — T ™
am (DP) —am (CP) =g~ (- 5) =7
If <0, and if y>1 or if y< —1, am (DP) and am (CP)
have the same sign. But if m<_0 and if 1>y> -.-1,
am (DP) is positive obtuse and am (CP) is negative obtuse ;
-, am (DF) —am (CP) > .

EXERCISE XII. b, (p. 2580.)

. 1. Write —z for w in eqn, {14). The relation is true, by eqn. (6),

i —r<{am(l+z) ~am(l-2)}gor. If
z=g+¢.0and 2> 1; am {1 +2}=0, am ({1 —2)=r;
oam(l +z)-am(l -2}= -2 and so the relation is un-
true. From a figure, it is evidemt that the inequality

holds for all other values of z, excluding z = 4 1, for which
am {1 z) is undefined.

'2. In Example 4, p. 249, equate * first parts.”

3. In No. 2, put cos ¢ for » and 8 for «,

4, cisA +

5.

[ b . _cfb . B .
%GIS2A+§EOIS3A+...WE{EGISA+%EECIS2A+...

=§{ —Iog(l -_-ScisA)} since

b, ¢ ~beosA —ibsin A
but log (1 —5cls A) =log p

=log{acosB —iasinB) -logc =log {acis ( -B)} —loge
=loga —4B ~log¢; equate * second parts.”

Ecisl\l=§-<l;
¢ ¢

ceisB ¢? cis 2B ( ccisB) .
. W o—logfl - , Binece e<ag+b,
ars PG 8\ T awh
1 a+b-—ccosB ~icsinB
= mlee a+b

=log (@ +b) ~log (b +bcosC —ibsin Q)
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=log (@ +b) - log{b(.".. co.s2 =2 sm cos 2)}

=log(a+b —-Ilo (2bcos~) ——i- =
4 )] | 4 5y j
equate * second parts,”
6. As in Example 4, p. 249, with cos 0 for + and 8 for g,

éeries:ta.n‘l (Pl%is)—:lwzg =tan~*{cot 8}, since sinf+ 0,
= tan™4 [tan (g - e):l.
. T % T e p.
(i) For 0<f<m, §>—2~—9> ~g3 - series=g 0;
(ii) For =<6 <2, %>%-e> -g; series:gz_”—e.
7. By eqn. (14), cis26 — —4eisdt +}cis 66 ., . =log (1 + cis 20),

sinee cis 260+ -1,

=log (1 +cos 26 +¢sin 20) =log {2 cosf (cos 8 +1 sinB)}
=log {{ - 2cosf) . eis (= +0)}.

For —§<9<§, cosf>0; .. expression =log (Zcost) 446 ;
equate * first parts.” For E<g<§2f, cos <0, also

2
~-§<B 1r<~2—, -, expression =log ( ~2 cosf) +i(6 — 7).

8. By the solution of No. 7, the sum is z if —E<a:<E and is

Z—m if T g E ? g
g=F=3g"
9. As in Example 4, p. 249, with » = 1, e =26,
o enpmpe1f S0 20 i1 28in6 cosd
series = tan 100390 tan TS simip

=tan"}(cotd), since sinf= 0,
—tan-{ tan (-’5 - 6)] .
U2 TS

For nr <f<(n+ 1), %'>-Z:—0+mr> —g;

. kig
', series =g - 8 +nx,

10. Asin Example 4, p. 249, with » = 1, a=2A, :
cos2A+}cosdA+... = —}log {(1 —cos BA)2 4 gin® 2A}
= ~}log{2 ~2cos 2A} = - }log {4sin?A};
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", given series= —} log {4 sin?A} + é log {4 sin®B}
11, cosna cosnfl =% {cosn(a +ﬁ) +cos nla —[3)}. By egn. (15),
since a;};ﬁq& (2k + 1),
series =} {log | 2 cos }(a + B} +log 2 cos He -8}

=} log 4 cos §(a +f3) cos }{a - B8)]
=}log|2(cos u +cos B)}.

‘12, Series =3(1 +ecos 2z} ~ 1(1 —cos 4x) +4{1 +eos 6z} — ..
- =31-3+%-%+.. )+§(cos2w+%cos4:c+%cosﬁx+...)

=, as in No. 10, since 2x+ 2nr,

4
Flog2 -} log {4sin®z} =} log (m)
13. By Example 4, p. 249, for )
sin a
[#i<1, y=tan—1(i—A) ;

1l -2zcosa

sin zsina
. y:tauy=w’
cosy 1-zeosa

;. siny =z(sin acos y +cos egin ¥).
14, By eqn. (12), .

x -y =tsin 2x — 3% sin 42 + {5 sin B — ...
tsin 22

=tan—1m, since [#|<1;

tsin2x
1+tcos2x’
", t{sin 2z cos(w ~y} —cos 2z sin (¥ ~y)} =sin (¥ —y);
" tsin(x—%y)-"sin(mv—y); :

- sin(:cw%y)—sin(x—y)ztany‘
1+t sin(zx+y) +sin(z-y) tanz
15, FromNo i, forl z{< L,

log1 -—Iog(1+z) log (1l -2z)= 2(z+3+5+ );

" tan(x -y} =

ocos2d =

put z=x cxs@, | <1; o
1+z (1 +xcosd +ixrsind)(l —-a:cosB+¢.xsx-n9)
T-2z {1 -—wcosl —txsin0)(1 —x cosb + sz sinf)
. 1 ~a?cos?l —2%sin?6 + iz sin b

1 +atcos? 0 + #Psin? b — 2w 0086
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1+z 1-x244¢. 2xsin0
. lo —-uzlo — T
gl-z g 1 -2xcos® +a
—log R -+i tan-1 2esinfy
T )

equate *“ second parts.”’
16. In No. 15, write £ for z,
10g1+zi=2?:(z_2_3+ff_ . _ .
=2 3t% ), putting z =tan a cis 0,
=2{tan a(é cosd -sin 6) :
-} tan®a(i cos 36 —sin 30) + ...} ;
but 1 +zi= 1 +tan e{fcosd —sinh)
1-2i 1-tan g{¢cosf —sin 8)
_cosa—sinesing +4isinacosé
T oS a+sin asin G — 4 sin & 608 §
costa —sin?asin?@ —sin?a cos?0 + 24 sin ¢ cos a cos
cos?a +sinfasm?f +sine cos?f -+ 2 sin ¢ cos a S0 6
_cosZa+isin2acosB_
" l+sinZasing

=, ag in No. 15,

- i+z : m 2 2
.k 2 4 8In 2a cos
08'1 m;—%logﬂ +2tan 1(—58_._)

~ since coaZa>0 for |a[<g and 1+sin 2asin 6> 0, where

+__©05? 2 +sin? 2a cos?f
(1 +sin 2¢ sin #)2
- 1 - sin? 2 &in2f _1-—sin2asing
(1+sin2asinf)® I Fsin Sasing
Equating  first parts,” - 2 [series (i}] =%logR?; equating
“ second parts,” 2 [series (ii)] =tan-1 (w

cos 2a
17. cos B _ sin @
(I+z)cosd (1 -z)sin ¢
oxp (i) _ exp(—64)

Teisprmeis(—¢) cis(-¢)rmoiEd
o exp(200) =SS FzCiS(~$)  cisd . {liwois(~2¢)}
eis(-¢)tacisd  cis(— ). {1 +acis(24))

+

< 20i=Log {eis (2¢)} + Log {1+ cis ( —2¢)}
' ~Log {1 -+ cin(2¢)}
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=2k + 24 +3( - 1)+
x%x“ {cis ( ~2nd) —cis (2nd)} for Ja|<]1,

= Yo + 2 +2( - 1)n? .?_ix“( — %isin 2nd),
where, as in Example 5, p. 249, & - kr — ¢ les between

T T
+§ and -5

¥ 1 +tanaw .
tan e . _ltante ; in No. 17, put
18. tan A e snie tan a Tt tan a m‘ o pu

= —tan?w, ¢ =aq and G=A.
19. Asin No. 18, putting 2z =cisf, 9%(2114»1)%,

iogi'%% =2i{cis —~f cis 30 -+ L ois 56 - ...}
=2{(s cosf —sinf) — (¢ cos 36 —sin 36) +...};
1+icis® 1+icosd —sinf
but e . -
1-dcisf 1 —icosft +sinf
(1 —sinf +7cos8){1+sinf +icosd)
= (1 +sind)? 4 cost P
1 —5in28 —cos?6 +.21fcos6M icosh
- 2+2sim 6 “T+eim6’
also for %_<9<3g, cosf<0;
. log 1 +€cisﬂ=10g{ —cosf . cis(_:_r_)}
’ 1-3cizsh } +sinf 2
=Iog(-———co's.9 )——71';5
1 +sind 2
equate * second parts,” 2 (given series)= -

2

20. For |zj<1, log(l —a®+2ixcosf)=logR +itan*1(
but (1 —x® 4+ 2z cos )
={1+zsinf +ixcos0)(] —xsind +ixcosh)

={1 +:ccis(’§’ —9)}{1 +£ccis(1§r+ﬂ>}

also for |z| <1, am{l +z) lies between — 4 and + 4w ;

. am {1 +zeis (g - 6)} +am {1 +xcis (g- -1-6')}

A cosh
12 /)
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between —n and 4+ ; -
s log (1 —a® + 20z cos 8)

=log {l +z cis(g ~8)} +log {1 +xcis (g -I-ﬂ)}
=3( ~ 1)1, %:c"{ci.s (%75 —nﬂ) +eis (n—2——r +nl9)} ;

equating “ second parts,”
tan-1 ( 2x cos 6)
1-x2
1 nar ’ nw Y
= — -1 . 2 1 ——— — 1 —
(1) P {sm( 3 nﬁ) +sm( 5 +n6j)}
n_;— cos nf ;' .

if 7 =2, sini”;i' =0; if n=2r—1, sm”—; ={ -1y,

leg

=3( -1y Lan 2sin
- - m

Or, in No. 15, write g — & for 6.

EXERCISE XIIL c. (p. 254).

Numbers 1-12 are all special cases of equation (20).
Numbers 13-16 are all special cases of equation (25).
17. 1% =exp [(u+iv) Log e} =exp [(v +dw}(1 + 2nri)]
=exp [u - 2nrv +14 (v + Dnmu)] =207 g (v +Enru) ;
" Log (1) <log (%~ 2"™) 13 (y + 2naru + 2hor).
18. exp i Log (cos § - 4 sin 6)] =exp [¢ Logcis{ — 8]
=exp (i .~ 08 +2kr)i] =oxp (8 — 2herr).

19. i =exp [2 Log ] =exp [2 Log cis G)]

:exp[2 (% +2n-:.-) z] =cis (7 +4nw) =cisT.

20. p.v. of e exp [(u +iv) loge]
=0Xp (% +iv) =e%(cos v + £ sin v).
21. p.v.=exp [log(l +4) . loge)

=expl:log ( A2, eis E) -log (cis %)il

=exp [(log V2 +E—b R

T =i w2 . [
_exp[—--g-;-—a—IogZ]_exp(——sw).cm(zlogZ) .

2

23.

EXERCISE XIIIc (pp. 254-256) 305

22, Forz <0, p.v.=expelog {( —«)cisn}]
=exp [ {log { - =) +7i}]
=exp [xlog( —2)] . ciswe=( —2)* . cis {zx).

. 17, ewost-rising _ joosf-2nwsind i (gin § 4 2nar cos §)

and o008l —isind _ cosb+2Rmsind oio ¢ oin 8+ 2w cos 0);
. product =¢? w88 F2W a8 oig [9(k 4 n)7 cos 6].
24, p.v.=exp [{a +bi) log (& +yi)]

=expl:(a +bi) . {% log (#% + %) + 4 tan™! g}] ,
since am (& +yi) =-tan‘1% for #>0, =exp[#-+%)], where
v=3blog{z® +y?) +at.azn‘1g, =exp(u).cisv=p+0.1¢ if
v=tr. If x<0, y < 0, am (& +y7) =tan“1<%) -

;. v=3blog (@% +y%) +a tan? (g) —ar and this =kr.

25, p.v. of (1+3) "t=exp {{1 —i)log (1 +4)}
=eoxp {(1 -4). log(v2ci§2)}

=exp {(1 ~i). (log V2 +i. E)}
=exp {Iog V2 +%: -H'(E -log -\/2)} 3
opv.of (1 ~i) Fl=exp {log 2 -i-%: ——z(% ~log \/2)} ;
', ratio of p.v.’s of expressions
= gXp {23(2 —lqg \/2)} =cis (g -~ log 2) .
26. cis (aw) =¢* =exp {(x +iy) Log ¢}

=exp {(x +iy) . (2nn— +7-;~)@}

—exp { —y(2nﬂ' +325)} . eis {:z: (2mr +g)} ;

- y=0and :c(2mr +’f2-) =ar + 2k ;

3(a+2K)
T dn+1

A.T.K.




306 ADVANCED TRIGONOMETRY
27. Use eqn. (20);

(i) No, because every value of %y . 2k +uy . 2k, is not a

value of (u, +u,) . 2kr ;
(ii} Yeb, because every value of {4y +u,) . 2k is & value of
2 TR R
(iif) Yes, hecause

exp (w, logz) . exp‘(wlz logz) = eﬁp [tw, +w,)loga].

cosa-tisine -2
28. By No. 10, ¢ = gt03 8~ 2nmslng . cis {sin ¢ + Znw cos a),

If the polar coordinates of the point are (r, 83,

033 - Znweing
r—e s B=sina+2nrc g;

r = gtos A tena (8- aina)_ sec:—etancz esecq wﬂta'aa
%8 clsat+nveis(a+8) +...
‘ =eisa {1 +nxci36+.-..}:cisa.{pwv. of (14w eis )7,
sinee | cis 8| =|z| < 1,
=cisa . exp {nlog (1 +xcos 8 + iz sin 8y
=cisa . exp {n (logr +4i¢)}, where
7=+ v/{{1 +zcos 6)2 4zt sin? G}
=+ {1 +22cos0 422 and
wain f
¢ =tan 11+xcos~5
=cis a . exp (log #™) . cis {ng}
=7" . cis(nd +a); equate « first narts,”

n(rn+1) af
R bzcns20+

s 8inee I +weos 6> 0,

30, 1+ngcis(}+

.\ ia
=p.v.of {1 mgmsc) , since f-geiscl< 1,
i i

:exp{_nzogM}
o

. [P
=eXp { -nlog [5 {ccosA—dc sinA}:i}

_ e . 1
=exXp -nlogg -nlogeis( —A)}

- b AV L
=exp IOg-cf,, +nAa) =y cls (nA);
equeate “ first parts,”
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31 By p. 258, ifeis 20+ — I, that iz, if § is not an odd maultiple

ofz,xf?z> 1,
i — 1
1+neais 2E)+f-b—i,f- ‘)1’
L

Also log (1 +eis 20) =log {2 cos 8. (cos § +4 sin §)}.

.. =exp {nlog (} +eis 20}}.

e ™ ™ T
Bkrw§< < 2Ic7r-r§,cosﬁ >0, also -—E< 6mzkw<§;

" log (1 +cis 28) =log (2 cos 6) + ¢(0 — 2kr) ;
', series -—ew:p {nlog {2 cos &) + i{n€ - 2nkm)}
{2 cosd)™ . cis (06 ~ Bnkw);

equate first and second parts. If 2ir +§< 0 < 2k «!~§§:~T »
cos 0 < 0 and log{l+cis29)=log[{ - 2ecosh). cis {8 -m)};
alsc ~%< G- ~2Icn-<:g;

" series =exp {nlog( — 86 +i(nd —nr - anﬁ')}
=={ - 2 cog ), cig \?H" nr ~;.nk~r\

equate as before. If 4 iz an odd maiz‘.ipie of = 5 {ii) iz zero

e

sinee each term is zero. Also by p. 253, the same working
holds for (1) 3 »n > 0, and so its swn s wero; for n=0, the
sum is 1, sin¢e every term except the first is zero; and for
n < 0, the series is divergent.

23. Use the same moethod as in No. 31. The results may be
"~ deduced from Wo. 31.(i) by writing —= for » and a+n

for 24.
1.3
2.4
sincecisf+ — 1.  Also

els 26 ... =exp { - L log (1 +cis 8)}

)

5

33. By p. 253, 1 ~}cisf +

log (} +cis @) =log {2 cosg- ols

P.O'(b o @

=log (2 Cos 7 +i3

4]
since, for 0 < 6 < m, cos g >0
i)

o Sﬁ!x’i%mexp{ w%iog(z cos;)—zj»
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 =exp {log(2cosg)_*} . eis(.'_g)

[} -8 8 -8
= - 18— =34 - 15—
\/(%secz).ms r \/(251302).013 ol

Equate first parts. But for 7 < 6 < 2x, cos-g<0;

s log (1 +eigf) =log {( - 2cos g) . clig (g- hvr)}

=10g( -2 cosg) +@(§ -—71')
0]

sinceo —%< g~ *< 0; hence as before. Or, deduce the

case 7 <0< 2r from the first answer by puttizig
0=27 —a s0 that 0< a< .

34. Tijzt<1, 14 200D o MENOAN 2D,
' =p.v. of F{(L +2)7" +(L - 2) "} ;

put z =itanf, where —§< 8 Z:;

given series =} {exp [ - nlog (1 +4 tan 6)]
+exp [ -nlog(l ~itan #)]};
log (1 +1 tan8) =log(sec 6 . cisd)

=log {sec 8} +40 for —1-r<8< ;j;
*oexp | —nlog (1 +¢tand)) ]
=exp {log cos™0} . cis { —nb);
~. series =1 {{cos6)* . [cis ( ~nf) +eis (n8)]}
) =cos™f . cos nh,

3r

b . .
For i< 8 < 4 fontinte as in No. 33. Qr, put 6=¢ 4

T w
that —— -,
so tha 4<<;';<4

35. cia20 + 2z cis 30 + 3x® cis 48 + ... —=cis26 . fpv.of{(l1-= cis @)=,
since |z|<1; proceed as in No. 29. Or, more shortly,
as follows: From Ch. IX., equation (9):

Sinf +xsin 26 +... + 272 gin (n — 1)8
_8in6 — 2™ gin né 4+ 2" sin (n - 1}
o 1 -2xcosf +2? ’
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Diﬁerentié,te- w.r.t. ¥, then the first n —2 terms of the
given series
_ ~sin (2% — 2 cos 6) LK,
(1 - 2xcosh +x%)?
d {z"sin(n —1)0 — ™ 1sin _nﬁ}
where KEdTv{ 1 -2z cosf +a?

since |w|<l, K-»0 when n—-cc.

»

EXERCISE XIf. d. ({p. 258.)
1, ()X 22 +y%<], then
2

5 2ay=tan™! 1 —x? -yt ;

'2- 3
(ii) If «®+¢*>1 and x>0, then cos2e<0 and sin2a>0;

2x
—_— < 0;
1-—a? -yt

T n
eo82a>0; 1 -5 <2a,<

w —

. g<2aa<n—; but —-2~<ta.n t
2%
1-af g2’

(iii) If =% + 32> 1 and = < 0, then cos 2e <0 and sin 2a< 0 ]

-, 2(10 =%+ t&ll—l

o™ ~1 '521' <._ﬂ:;
T B P —g but 0<tan V-2 gyt 2
- 2z
. 230:—7r+tan w——-——-l_mz_yg.

2. (i) If Ch™tz =w, z =ch w=ecos ($w) ; .. cos(iw)=cos (cos™'2);
. dw=2kr fcoslz; '

; |
(ii) If Shlz=4w, z=shw =2 sin (fw) ;
| - sin (fw) =iz =sin [sin~*(iz)] 5
- dw =kr +{ — 1)¥ . sin7 {4z} ;
w= —ikr —4{ — 1}*. sin—1{iz)
=ing —1( — 1", sin~(2z);

: 1 .
(iii) If Th™'z=w, z=th'w:—£tan(zw);

. tandw =iz =tan [tan—1{iz}] ; _
© dw=kr +tan~1(iz) ; . w=inw --itan"(iz).
3. If Sh1z =w, z=shw =4[expw —exp( -w)];
*. exp (2w) — 2z . exp {w) - 1=0;

L expw=zt /(22 +1);
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o w=Loglz+ /(28 + )] :2‘nri+iog£z+«/f’”‘

r

13

w=Loglz - /(2* + 1)] =Log ( /( j
i + 1)

=log{els =} ~ Log [z + (2% +1)

2]u+i‘ua——?on [+ /(= 2“‘-“1,ii;

the two formg ars included in

quesbion. the single form of the

4, if C?’“iz_w, z:ghw:}.[e < r@&};fmw)
- e&p!vaa—.?za\per]m{j, - expﬁf«-—zjzv’(zgw}}-
L w=Log{z i /{22 -1} ’

i
bﬁt Log [z — +/{a% - 1)] —Logi

gmvw—u
—~E«Logrz+~,/{z5—lﬂ = Bnad J-log [ 4 4/ (2% - 1y

3, a—;—a,dmcos(fuww) csosuchy —{sinushe;
Loa=cosu.che, O

o = —sinu.sho;
(i) afsenty

—£2cosec?w =ch?v —ghl v s
. -
(1i} efsech?s + B nosech? » = doe? +sinfay;

{ifi} Ths sum of cos®u and chie
!

:fﬂ? 608 2u) + 31 +ch 2y =
=1 +cos(u + ot} cog { {2t —23)
=14 ((z—raﬁ Ha - a{(j)—l-&a"‘f—ﬁz;

and the product is a2, sse above.

+ {00 2u +cos (2vd)}

g As in \o i, }‘e sum of sin®u and ehiw i
praoduct is ¢,

o

g I+o?+3% and

8. It ‘ch“ifxtéy}:pi-gé, z+w=chip+ g@}::cm( -+ pi);
._—Ji{by No. 35, % =costgehlp ang y* =sin®gship; bug
eh™a =(p +ig) +(p —ig} =2p;

Jo@=ch ?_2"} =2 (‘:hz_'p -1 :2gh2np +1 :
Y 2efle + 1) + %yt - 1} =cosdy +sin?g =1,
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. sin{u+iw)=%; .. as in No. 6, sinuchv=2, cosushe=0.
If sho =0, then chv=1; .. sinw =2, which is impossible;

-_u=(2k+l)g; but chw >0}

. cos =0} - sl

positive ; . as in No. 4,

v=tlog[2+ /{4 -1)]. _

. cos (e +iy)=5: .. as in No. 5, eosmch ..u,sm:vshy =0,
Hshy=0, thenchy=1;  cosax=%, Whlch is impossible ;
©osina=0; .. cosx=41, but ehy>0; . cosx is
positive; ., cosz=+1; . 2=2n7; alsochy=%

;. as in No. 4, y:ilog[% +4/(38 - 1)]milog[5;- +4].

- =2 -;-T»ng; also chov=2;

. sin{w+iyy=Ff; . as in No. 6, sinwchy=§, eoswshy=0,
but ag in No, §, shy =0 is impossible; . cosz =0, also
also

L. . aps - T
sing iz positive since chy>0; z=2nT +§’

chy=%;
-, asin No. &, y=+log[8 + /(3% ~ 1)) = +log[& +£].
. eos{z +iy) = -~ 1% ; use method of No. 10;
. coszchy = —32, sinzshy =0,
e also Shy=0 is impossible; sinz=0; but ehy >0

. cosx g negative; ., 2=(2n+1r; chy= -i—T— gives
y=log[R2+ v(RE -1)] = tlog {32+ 1F

13. sin(x +49y)=%¢; .. as in No. 6, coswshy=1, smmehy E)-
but chy>0; ., sine=0;
] Loeosw=1 andshy_l orecosx = —landshy=-1;
(iYeosx =1, x=2nm, e¥ —e ¥ =2; ., - 2e¥ ~ F =03
'. ¥ =14 /2, but ¥ >0; oL V=142

L y=log(l ++/2}; zt+iy= 2m—+@log{1-r1/2),
_(u) cosa:w—l & ={2n+ )r, ¥ - e“"'—-‘—.‘z a.sl_)efore

y= 108[\/2"1)—108\/2 1= ~log (v2+1);

S iy =(2n+1)7 —tlog(v/2+1);
both forms included in b +4( - 1¥log {1 + 4/2).

" 14, In eqns. (28), (29) put z=cos , y =sin §; thus cos2a=0and

Zeosh
1 1 = — H
sin 2a TV (d o055 ) + m(l), but I in (ii); hence
ao=+g, —z in the two cases. Also
24 {L+ypP 242y 14sind

o +{l-y)2 2-2y 1-sinf
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- 15. (i) See solution of No. 5;
(ii) Solving A =3[1 +2? 4424 V{1 +a? +5%) - 4x?)]
= HV{(1+a) +4%} £ v {(1 -z}t + g2
= (% £ 2,)", where £, > £, 0 since x >0
but eh®v > 1> costu; '
soeh?y =(t +¢,)2 and cosfu=(t; —1,)%;
“ chwo=t +¢, and cos u= +{t ~ta);
but cosucheo=2>0; - cosu>0; o cosumil 1,
(iii} 2 =2nmr £ cos™ (¢, —13), Where 0-< cos™1(t, _tz)<z; also
. v=Zch™ (4 +1,), where chi (s, +4) > 0; but 2
. sinusho= —y;
" 8in u is opposite in sign to sho;
& if =% +eos g —f), sinu>0; - show 0;
Soe<0; 0 w=—chl(g, +%;) ; similarly if
U =2nw — 008~ (8 - 1,), sinu< 0, sho>0;
W #=+eh™t +4,) ; hence result.
16, By No. 6, sin®u, ch®» are the roots of
' P -p (L2 gty +at=0; .
" as in No. 15, cho =1, +#, and sin w = 4-(, —4,). But
sinuchv=x>0; . gine>0; - Binw =t —f,;
Sos=nw k(- 1P sinT (8, ),

where 0<sin‘1(t1—tg)<g; also v=ctchl(t; +¢,}; but

53osush v:y>0_; . sh# iz the same signascosu. If n
18 even, cos'% i8 +; .. shois +; - p= +eh (g +1,);
if pisodd, cosuis ~; . shois =5 ov=—chl(s, +4,);

hence result.
17. (i) In eqn. (28) put x =tan b, y=sec ¢ ; thug
sin 2a: cos 2a: 1
=tan ¢ : ~tan® ¢ : + 4/(tan? ¢ +tan? ¢)
=tan ¢ : ~tan® ¢ : tan ¢ see ¢
=cos¢ri-sing:1;
. In egn. (29) 2a,=4¢ +4r and

a+4f =Tan™! (z +iy) =nr +ag +£ log (cot? }¢)

=0 +a, +§ log (cot 3d);

equate “first” and *seeond parts;
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(i) For S < < 0, +/(tant ¢ +tant ¢)

= —tan ¢ sec ¢, hence sin 2a : cos 2a: 1
=—cosp:sing:l; . 2u=¢ —fr;
also log {cot? 1) =21og ( ~cot §4).

T nr + 8

T . 7}
18. If »n is even, nr +2 +1 log cot 3 = e +§ +zlogcot§;

if n is odd, ,
expression =(2k + 1)w -1-%- +ilog( —tan §)

=2k + )7 +:2£+'£ {iog (tan g) +m§}
= . (1]
= 2lorr +3 —zlog(cot 5),

T 8
S piven form = 2kr +%:|:z log (cot 5) .
If cosec 8 =sin (¢ +if8), as in No. 6,
sin ach 3 ==cosec 8, cos ash 8 =0;
as in No, 9, sh 8 =0 is impossible;
weose=0; ., sina=%1, but chf>0;
". sin g is the same sign as cosecfy
{i) For 2nm <0 < (2n +1)7, cosecl>>0; . sina=+1;

Loa=%nr +;—r and ch 8 =cosecf;

. 1+cos® AW
., asin No. 4, B =+log g _ilog(coté), |

coa+iff =2k +g:tfilog(cotg);
(ii) For (2n +1)m < 8 < (2n+2)r, cosec § < 0; " sina=-1;

L a=2%x —g, and ¢h 8= —cosect;
.B=:l;log(—cotg);
sooa+if =2k «-g«:l:'ilog( —eotg)
T . . B ,
== Dl —E:i:i- {log (cot 5) +m}
p S ]
=(2:r+1)1r —E:l:zlog(coté)

T . 8
=2rr +§:tzlog(cot §) .
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. As in No, 6, ch%, sin®z are the roots of A% —ZA +coste =0 ;
A=ldging;

{fjFor b<ao<w, sine>0; - chy= + /(L +sinz);
cosxm

V(I sz’

fromsinu . chv=cosz, sin « is the same sign 85 cosm;
oSl = +—~ﬂm—~ﬂv(;{f5 )a-nd for pv.,

v= e /(1 +sina)} =, as in No. 4,
Tleg{4/(1 +sinz) +iy/singd

sinw = 4/(1 —sina)=+

() For v <2 < 3, sinw < 0; ehw= + /{1 —ginz);
sin o == +/{I +sinm)
COS & ) cos

Ve —sinz) * V(1 ~sinz)’
&s hefore; eteo,

EXERCISE XML e. (p. 260.)
:}:. exXp {(2% + I)Tj- Loge} =6Xp {{2% + l)ﬂ; {1l + 2?@-5)}
...exp{ Br¥(2n +1) +4. (20 + DT }

=g Pt els(nr+ )
2

2. exp {(a: +wyi)® . Log e} =oxp {{F ~ 4% + 2my) , {1 2 2Ekwi)} ; then
ag in No. .

3. exp {z - Logeis (% - 5)} =eXp {@ (—- -8 +2nr> }
\

=GXp (-9 2nar —-2«)

4. Log {Log (cis8)} =Log {{2nn + 6)¢} =Log {(2n1r +0). cig g}
¢ *; '
8, tan (zlogi}mzthlogtwﬂ@——i =3

s
¢

-1
1’

P tan”g—l
' tan (’éiegtan 5) =2 = —gcosf;

tan”g +1
2

EXERCISE XIilz (pp. 260, 261) - 315

) tan +icosf
- EXPTeSSION = r B tan 8
sin f ++ cosf 1+*§sinf}‘
Teosti{l~ismb) 1+isind

7 £ . ; PP
6. exp {{I+1). Log{l +9)} =exp 4: (3144}, Log(vzeisz)}

i
" A
iexp{(l 43} Lmﬂ'v2+k4 +2mr)zjl} H
then as in No. 1; exp{log/2)=+/2.
7. ¥ sin {x oy} =r{cosd +isind}, - .
log sin (x +4y) =% log#? +4 . am (cisB);
2 =gin (@ +4y) . sin {z —4y) =sin®x - sin®(wy)
=gin%z +shy =ch?y —cos®x.
Also reosf=sinzchy >0 for O<z<Cmw;
. cosf >0 and rsinf=coswshy;
. am {cis @) =tan~*{tan )
=% 1_(‘3?25?}_2“ =tan{eotx thy).
sinwehy,

For 7r<a:<3-2?'_, sinz< 0, cosx< 8, but s‘hy;ﬂ} since ¥ >0 ;

oeesl <G, sind< 03 amfcisf)= —-n —i—tsn“i{ta,pﬂ}.

&
I +tan ¢ 1
. 7 [£AN 2 . ?ﬁa e C;
8, e“:tan(;f+é)="—f55 v t&_nzz—_e“rl th2
l—mné )
exp(8) -1 1_ ¢ 2.oni

- exp(84)+1 ¢ 2 @ 2

¢ (ic\ +1
an{ < .
___—2) e = hBT fe T) H

9. Pub =7+,
. u 8 3ol ; 18 .
series::sinq&.sinq&+~?3«sin2c_f).sm~¢+3~s.n?up.sm R

=hy Example 4, p. 245, where r =sin ¢,
smz ¢ \
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for |sindl<1, ie. ¢>=f=(2n+1)—- result alsc holds if
lsin ¢| =1 because smgbcrsq‘_aaél
for q5:(2n+1)§,

~ result also holds

sum. :t&nml(msmzqs

sin® ¢ +cos?¢h —sin ¢ cos b
. =got— 1(1 cot ¢ - cot2

10. As on p. 257, ’ # -
A Ta.n‘l(cosﬂ+isin9):mr +a +Ei %cos26+(l~-sin8)"‘
cos?f + (1 —sin §)2
where sin 2a:cos2a:1=2cos 8;0: |2cos 8] and

-r<2a T}

. for cosf>0, sin2q= +1, g="3
. 1

tan~1{cis §) = il wl.ﬁﬂl_a
{cis8) itz og T
ko k' x
oglrsino_ Pytshy &
1-sind OgT_;=I°g - =loge” =g ;
ChE“Shg e &

. 0 "
" [tan—2(cis§))m = ff(l +¢)} = (E)m. {qz cig ;I}m
_( ) Lot e 'Ef ‘
. 1
expression =™, o9m 2t [ms — +czs )]
11. By Example 4, p. 249, putting r =1, we have series

=tan—1 % sin 18 = tap—1._ S0 B

% cosB/7 '*_EO_ST.}

. 2 tang tan = _ tan B
=tan—1

=tan—1
2 +4tan® é

1 1 - —
an — tan

'=Wl{t&n—«} “}a-p)

since 2> }(a - ) > -5
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12, (1 —~¢)tanz. (1 +tanxtany)=(1 +¢)(banx —tan y);
. tany{({} ~ec)tan?y +(! +¢)} =2ctanz;

. siny  cosy
“esin2r 1-+ccos2e
exp(yd) _  exp(-y9)

T l4cexp(2xi) |+cexp(-2a3)’
1 +eexp (2x1)
1+reexp( - 2xi}
. 2yi=Log{} +cexp (2wi)} —Log {1 +cexp( ~2xi)}

. exp (2yt) =

=2kme +2( — 1) 1. %{c"{axp (2nai) - oxp (- Znai)}
for |e|< 1.
13. As in XIIY. b, No. 9,

oo, f sinf )zm _1( ﬁ)
series —tan (————-——1 oo I eot 3

=tan~1| tan ——E)]-
2 2

. @ 3 8
butfor2:.-_<6~..41r, ‘““2~< 2—§<"2-. ¢

14, I+%cis€+r1w£ci826+...zp.v. of (1-cis8)~* by p. 253,

for cis 8+ 1, since —4> -1,
=exp{ ~$log(l - cosB_zsmG)}
log (1 —cos 8 —esin 6)

.6 .6 6)}
_10g{(2sm§) -(smﬁ—zcos§ f
toe {94 e) . 60—
—-Og( sing | +¢.am| cis—— |,

since.sing >0 for 0< 6 2,

2
AN . T 8-m w
=Iog(23m§)+§(ﬂ—m—), since -5 < —5—<g;

", expression =exp { ~$log (2 sin g)'—-z{ﬂ -1.—)}

‘ & LT -8
=oxp {IOg \/ (%‘cosee §)} - eis
_ ( 3) . w -8
—-vir-,\/ %cosecg - el
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R L P
llcxsé‘-r 51 eis‘&ﬁ—-...::p.v.of(i+cist}‘)"-"‘if

- —-lfand Heisf+ ~1,ie n<landg 04 (2r + 1)
=exp i -nlog (1 +ois 6} =, as in XIIT. e, No. 33

X — { AT R A
sﬁp{ u[;egkﬂuosé/;nrz.éj},

o ' 4 N
) g \ 4

B\ —=
:(2COS§) . ciSi/_,f‘_a
For \ 2

w < f< Jor,

expression —exp { -n [log( -2 cos g) +1 g -7 ).:'} F

by XIT1. ¢, No. 83,
9 —%
:(~2cosn) celsn{x _f\
' \ 2/ 2) ’
18. As in XTI b, No. 16,
for leos 6]< 1, cos 8. cis -4 00?8 . ois 3¢
+EcostF . cin 50— ..

=-£1 1 +icos 8 cis &t
Fa R ]
2 1 dcosfois g

i —g .
=5; o8 f1-5in0c0s6 +i00s6 14sing cos 8 44 eostp

. : X e
i -ﬁsm@cosﬁ%zcosaﬁ I+ain #cos § +ivostgf
sin®f 4 27 eos? g

= Og ST T —
23 Y+ 2sin 6 0os 6 + cos?o

3 o
=& {% log RT.+{tgn— (2 cos 9)::’ )

sin?@

g — el . .
I 0 =rr, sorieg =1 ~EFE-E 4+ =tan™1, see p. 8¢, -1
y . 8,

17. cos (z +1dy) =exp ({a), where tan g —3 »
]

Loeoszchy —{sinmshor— s A
¥ COSa Fegin g=1 (4 +3d);

L eoszchy=4 singshy= .3,

. R 18 seolx -8 cosec?y =25 ; )
solving, sinfy =£, cos?xy =2; but ehy =0, - co8m >,

. S CoSEm =+ /{3, chy =272, ,
¥ sine=4 {5}, shy e . vi{E); v

=2 aincY 4/8) sincn

' 2 BLEOS T >0y y = —gh~ly /3
I sinp= - V{2) shy=+ {2}, eto. e
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18. exp(z Logi)=e.cisa;

. oxXp i:z {4dn o+ 1}?} =oxp [l +{a +2%&r)i];

3 z(énﬂ)%“":l (a4 )i

2 o
Z—m{*b"r&"kgk#j.
19. Put 38 =q, then ~§—7—r<a<f;
2 P
1+%;cisa+3 . Gci32a+...:p.v. of {1 ~ciza)"¥,

by p. 253, for cisa+ 1, Le. a+ Znw,
=exp| -$log {1 —cisa)j.

As in No. 14, log (1 —cis ) =log {2&1}% s ;T} . First
i 2

3 . .
lot: —~£-<§< 0, then sm§<0;

- ‘1 — o3 — e & oot E\l‘L' o ?,+._.7r
oolog (1 —cise)=log Zeing | .m‘am[as 5 ]

Bl

. &+ ki
spwce — - << <=3
4 2 2’

. I 4 Loay 4,
expressmn:expL —«}Iog\\ —ESm;;) —g(a +r)

AL @+
::(—2.51115) -as[m z ],

: serins—(_fzs:nf\."%,/_s:na+7r)
Soseriss | —Zsng ) \ in—z
. 8n . - N
for -—g~<a<0, i... ~i,;< 8«90, Next iet 0<a<gst’hel‘.
g e
. o

- log{l- cisa) =log CZ sin g-) + 4 (9—;) ,

ine ‘:-T‘<(I‘—’n".'< ki
Binee — 5 << —p— < ——3
2 3

4 H
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. expression —exp [ —%log (2 siﬁ ;—I) - % (e - :'r)]

-3
(2o 2) . oo
(Sln?' 0136 .

If @ =0, series =0,
2 ,
20. cos 2z =sec {¢+id) =sec (24 — 2ic);

W cos(2d — 24c) =sec %:mzw
. I-tan®*z ™ 1 -thZ(g-1ip)’
sifice tan x =th (a +45), =ch 2(a +ib) =cos(2ig — 2b);
<o 2d - e =2 4 (24q - 2b); equate second parts.

. EXERCISE XIII. f, (p- 261.)
L.« wa',(iti:l?gsin (z —y);
=log {sin (x +4y) sin (z — #y)} =log {}{cos %y - cos 2
1.
2. log (1 +2h cos 6 +72) =log {[1 +h exp (6i)]]1 +hexp( - 191,})]}
=log {1 +hexp (62)] +log 1 +% exp ( — 8)]

. L Bn .
> for |Bj <1, B( - 1)1 ;{exp (n62) 4 exp ( -nbi)}

En
=Z{ - 1)#-1. u:;’. - 2 cosnb.

3. sin™l(zx +iy) —tan— ——ﬂL ;
VI —(z+iy |’
R Pk ST ; T -ty
VIO S@r T i e
but £2 +92 = (£ +in)(£ - y). vii-teman
4, By Ex. XTIT. ¢, No. 3, using —n for g,
Log =Log[e~¥én+hm _ $dn + 1) + emi ;

- si iy s e .
sin (Log i) _sm( - 2nz 3 +2km) = - o8 2kri.
5, If on p. 252, z=q +bi, then
7= +4/(a®+b%) and am (z) =tan—t ((—7

a
fora>0. By eqn. (20), expression is of form i if Am(2")
is of the form ki +g,

be. logr +atant(Y) (ot 1)
Blog qln - (2k+1)§.

" 2a=logsin (z +iy) + log sin (= —4y)
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6. log (@ +4b) =kn +tan™ (x +1iy); _
2 logla —ib)=kr +tan™ (z —4y); .~ H 2 +y2+1,
log (a® +b%) =log (@ +%b) +log (@ —ib)
_ o Thwybxedy
e @ i)
2z >
. 1 2 e —e
. tan {log (a® +& )}_lwx’a—-ya'
7. cos (u +) =sech (x +iy);
s sin (2 +40) = ok /{1 —sech® (z +dy)} = - th (z +dy);
. €08 2u =cos [(w +iv) + (6 — )]
=sech (x +4y) sech (z — 4y} —th (x +iy) th (z ~4y)
1-—sh{z+iy)sh(x -dy) 2-(chZy—cosly)
" ch(z+iy)ch(z —iy) ~ ch2x+eos2y
1-cos2u ch2x—-1 2shir
1+cos2u 1+cos2y Zcosty’

. tan?u =
sirnilarly
‘ 2+chlx ~cos2y
Teh%x +cos 2y
ch2 -1 1-cos2 _2sin’y,
“ch2v+1 lich2xr 2chiz’

ch 2p =cos {(u +iv) — (u i)} =

©, thie

e b
" 8, If P, Q are the points (a, &), (e, —b), am(ztzb) =rotation

needed to convert OQ info OP anticlockwise or else minus
the rotation needed to convert 0Q into OP c.lockwise ;o In
all cases, am ( pd -HJ?) =2tan! L ; also at ?fb
@ — b, a a —1b
‘ coszechy +isinxshy
cosxchy —isinxshy
sinzshy
cosxzehy/

=13

. expression =log
=log 1 44.2 tan"l(

9. (3cis20) - (3 cis 207 +3(}eis 20 - ... | | .
. =log(1 +%cis26)=iog2 +cos 28 +14sin 20

2
_ 22 —IM
=}logR® +itan 2 +cog26’
since 2 +cos 26 > 0;
2sinfcosf

*. sum of series =tan*———————
3 cos?f +sinif

AT.E. x
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2tan6 . §tend
3 +tan?g 1+4tan2d
_, tan @ —tan (6 —a)
I+tan@tan (0 —q)’
where tan (6 —a) =4 tan 6,

=tan™'[tan {6 - (6 — a)}] =tan™? (tan a).

=tan—t

10. 1+ eis 20 —-2—1—40is46 + .=, by p. 253, p.v. of (1 +eis 201,

since cis 20+ ~ 1,

=exp {}log (1 +cos 20 +4sin 20y
=exp [} {log(2cosh . cis 6)}
=exp {} log {2 cos 6) + 38i}

since 2¢os 8 >0 and —g< 9<g,

=exp {log /(2 cos )} . cis (16)
¢ = +4/(2c0s8).cis(L0);

Sooseries = + 4/(2cosf) . cos 30 = +\/{20033 . cosﬂg} .

11, cisO+4cis 39 +Lcis 56 + ... =${log (1 +cis §) ~log (1 —cis )},
since cis A+ —1,

=} { log(2cosg ..cisg) —10g(2sin—g . cis 6 ;r)} ,

see XIII, e, l_\Tb. 14; but cos g— >0 and sin g >0 and

F S -
»-§<—-2—<0f0r O< b7
*. expression :
AN AN 1
=x{1 g IR o) — (6
%{og(2cosz) +f,.-,2 Iog(2sm2) 2(6 'r,f
& dr
. ,—_%Iogcot§+z.
12. Let P, A, B be the points (z, y), (1, 0), (-1, 0);
exprossion = Ifo AP ) aﬁ —Aﬂf}
P _'bl. gBP“f' . -E_ﬁ 3
where P lies above the ®-8XiS; [, w=am (Xﬁ) —am(ﬁ’}.

If P tends to a point Q on the z-axis,
am (AP) - am (BP) —» -0 =,
if Q lies between A and B; am (AP) ~am (ﬁ?)—e-:.— - =0,

if @ lies on AB produced, and —0-0 if Q lies on BA
produced. )
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13. Expression =exp {¢ Log sin (= +yi)}
=exp {i Log (sinz chy +icoswshy)}

. .. _,ecosxshy
=e'xp{?,[%log?'2+zt&n lm]} )

since sinx > 0, where
72 =sin (x +yt) . sin(e ~yi)y =sin?x +shiy,

=exp {... tan~{cotx coth ) ~§~% log rz} .

14. As on p. 257,
" sin 2r:cos2z:1=2cot 8: - 2cot?h: + /(4 cot? B coseef).
From tan 2x = ~tanf, 2z =nr ~ 0 ;

(i) For O0< 9<%, gin 22 >0, cos 2xr< 0;
'
" §<2x<1r; S 2x=m -0

(if) For ~§< 8< 0, sin2z<0, cos2w<0;

o r < 2o wg; . 2z=—‘7r-—ﬂ;
cot?f 4 (1 — cosec §)2

cot?f + (1 +cosecd)?
2 cosec?d — 2 cosecd
g 2 cosec?d -+ 2 cusecd

also y=2%log

=Hlo
15, From XIII. d, No. 16, where (2, +£,)2 and (¢, —I;)* are the roots
‘ 175+81Y 25 %7
- —_— =
Of p? "(l * 56 )t e58 O
Le. p=3f or g & +1, =&t ="
. expression =nw +( —1)* {sin—l
11 “"/7 —13 h15 =} 5 a5 1
also sl =eosTiE, ehi=log { + V(£ - 1)},

as in Ch, VI, eqn. (15), p. 110.

-16. By XTII1. d, No. 2 and No. 15,

Ch™Y(x +3y) =203 1+¢ CosL(w +4y)
S =2nmiticos™Nt, —£,) -4 ch™i(t, +2,)].
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17. The p.v. of
%{(1 -I-z)"‘ (1 ~ z)"}
n(n I) n(n-—l)(n 2)(n ~ 3)
a1

for|z|=1, n> —~1
pv.of (1 +i)*t=exp {nlog(1 +)} :exp{n log (v‘2 . cis g)}
=OxXp L;—”Iog2+n.?}
KO

ﬂ k)
=oxp {log 22} . c:is?/—:ur =22, cis f ;

n
Y series =4 . 22[315 Z;E +ocis {f — EE):I
5

n

=2E . 2cos ?1:
18 2z 22% 23
T RIS s il (R JRLTE T DRI SUF (R
=z ~§ 420~ )~ (e —Jet 4 §e8 -

=, for [z} =1, 24 1, log (1 +z}) ﬁ;l-{z ~log (1 +2z)}
1.
= -l+(1+;)10g(l+z);
put z=cis8, 0+ (2r+1)r, ‘Then, as in XIIL 3, NO- 7,

expresswn—»—1+(1+0059—'bsm9) {log(Zcoa )+z~}
sinece cosE >0 for ~or<f<n;

. given series = — | +(1 +cos8). log(2 cOoS §)+€ sin#g
] 2/ 2 ’
Also if 7 < < 37,

expression = — 1 +(1 +ecos § —isin )

{108( 2 cos ) -i-@(— *:r>
and series j

= _1 +(1:i—cos@),log(—2cosg) +sin8.(g~ .).

S l+ta.n§
19, exp(y):tan(z+§)=%; stant = %l_mg.
, 1 —tang 2 exp(y)+1 2’

" series =p.v. of 3{(1 +¢)» +{1 _i)n};
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= xi ( g)
cosé sin exp 3 exp{ ~ 2]

é
¥ ¥y Y Yy ¥ .y
eh2 sh§ ,Ch ~[~7,sh ch2 zsh2

1 +1.thy 1 +f;a,nw-3—’

2_ —tan(?'y m-)
1-ithY 1 —tan"g
" m_Log {ta.n (@y w)} 3
y'a, thatyisof x; .. (2kr +2) =a,(iy) +axliy)® + ...; taking
the value of x Which vanishes with y, & is zero.
20. As on p. 248,
cisa+3}cis2a+ieisSa+...= -log(l ~cosa~iginal,

for cisa+ 1, a+ 2rr,

- — cos @) +sin?al — 4 ban-1—P¢_
[{;log{(l eos a)? +sina} — 4 tan T

. exp (xi) =

.. @i is the same function of

Il

1.

—%log (2 —2cosa) +étan™! (cot %‘) ,

. . ; ¢-~7
Losine+4sin2a+..= ~ n‘l[tan—z—- H

" H{sin2x +}sindx +1sinbr + ...}

-y )]

. also }{tsin6r+}sin 120 +Lsin 182+ ...}

= -%-tan—l[ta.n (3:: m;i):l;

subtract, given series

T ) s e D)

(i) <z §’ series = —-%{(x—-—) %(3:8 }

(11) T<E< —3«~, series = —-}{(x —é) —%(32: -5 ww)};

(i) 2 <z <, serios= -1}{(:.: -%) -§(3z -2 -2,;-)}.. |
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21. From No. 20, coz a +4 cos2a +ieosBa+ .= — }log (4 Sin2g) .
- . ) 2 '
. twice series (i) = {cos (6 -;-g) + cos (B _g)}

2
+ %{cos (26 +§) +cos (28 _%T)} ..

- _ L0 T ] ]
}log [4 smz(é + g):l -1log [4 sin”(é - g):l
=1l [16 ; 2(9 Z) me(0_7
R e T b
T 2
= —%log {4(0033—-%0036)}

= —1log (i —2c0s0)? = —log (1 — 2 eosd),
if 2 ie. i T
' cosf< 1, ie. if 2nr +§< 8<2{n+1)n —g.

Similarly, twice series (i)
={sin (e +§) +sin(6 "’31 } +... =, by No. 20,
— tan~1 [ta,n (g + %- - g)] - tan™t ':ta.n (g - % - g)}
= —tan—! [tan g - g):l —tan—1 [tan ( g - —23E )] H

this reduces to ~ g, only if it is of the form

N ICRAWORR .
1\273 +(§_§—+T)};

these require that

—I g w ki T [/} Qr
2<(2_§ <g and ‘§<(§—3—+n~ <g,

7 S5 5
l.e, ——— 4 T
3<6<—-3 and %?<8<§.

- 22, Th:hrela.tior_l Is true if -7 < f{am(z —Z)-—eam(z -z, <r, It
i e re_iatan is Eu;true, am (z —z;) and am (z —24) im;;t ].DB of
sfp}gsgle :lgnh, Le. the directed lines PP and P,P must be
c at the line through P in the sens
' ; e Ox cuts
mi;ema.lly. If the half-line through P in the sense Oz gé:;
not eut PPy, |am(z -z,) —am(z —Z)l=LPPP, and is

S <w. If the half-line through P in sense Oz cuts PP
2

internally, —2y) —
! >: y. lam(z —z,) —am (z —zz)f=27;-—LP,PP2 and is

e

EXERCISE, XIVa (pp. 264, 265) - 827

CHAPTER XIV
EXERCISE XIV. a. (p. 264.)

cos A +sin A cos2A +sin?A
sin Acos A sin A cos A

={cos A +sinn A)(cob A +tan A).

1. cosec A +secA = ={cos A +sin A)

2. {2 —cos’B)(2 +tan®B) = (2 zec®B ~ L}{2 cos®B +#in®B), by multi-

plying the two brackets by sec?B and cos™B,
=(2 tan®B + 1)(2 —sin*B).
3. sin?C + cosiC + 2 cos2C sin?0 ={cos?C +sn’C)t =1.
cos?C sin®C. _
4, sinD +cosD=+2.sinD cos D, squering
14+ 2sinDecosD =2sin®Deos®D;
+1=2sinDecosD (sinD cosD ~1) .
= 4/2(sin D + cos D)(sin D cos D —sin®D - cos?D)
= V2 (sin®D +eos3D}). ¢
5. 2(Lh.s.)=1 +cos45° —1 —cos 135° =2 cos 45°.

Divide by

8. 2 cosl = +/(4 cos28) = 4/(2 + 2 cos 20), similarly

= [2++/{2 + 2cos 48}]
=2+ {2+ (2 +2 cos 80)}]. Put 80 =45°.
7, Lh.s. =2 cos 36° {(cos 60° + cos 108°) = cos 36° — 2 cos 36° cos 72°
= ~cos 108° =gin 18°. :
8. The equation tan 50 =1 is satisfied by 8=8°, 45°, 81°, 117°,
153°; from p. 172, the equation is % ~ 5tf + ... =0;
. sum of roots =5
but tan 45° =1, tan 117° = —tan 63°, tan 153° = - tan 27°.
9. cos 12° +oos 60° + cos 84° — cos 48° —cos 24°
=c¢os 12° 4 cos 300° + cos 84° + cos 228° 4 cos 156°
== 008 12° + cos 84° + cos 156° + cos 228° + cos 300°

D
=, by p. 128, cos 156°.§;%'=0. Or, cos50=1% is

satisfied by 6 =12° 60° 84°, 132°% 156°; the equation in
cosfis {see p. 172) 2% cos®0 —a cos®0 +boos 6 =%; .. sum of
roots =0; but cos 132° = —cos 48°, cos 156° = ~cos 24°.
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10. sin 40°sin 50° =1 (cos 10° — os 90°) =
sin 80°  sin 80°
11. By No. 10, m=ms
sin 50° 4-sin 30°_ sin 80° +gin 40° L.
" 8in 50° —sin 30° " sin 80° —~sin 40°° "

. . , ) X i . o)
©0s 10° =sin 30°sin 80°, 21, 4sin?(60° + ) +4 sin?(60 ]
% ‘ ' =3 sin (60° + 6) —sin (180° -+ 36)
+3sin (60° - 6) —sin (180° — 36)
=6sin 60° cos 8.

tan 40°  tan 60°
tan 10° tan 99°°

. —200t8) =6 5in®6 — 4 cos?0
Or, tan 20° tan 80° tan 146° =product of roots of eqn. 22. sin 26(3 tand ):1 — 5 (cos?0 —sin%6) =1 — 5 cos 26.
= 3t - L. = .
‘tan:}ﬂ%j/& 0111—3:,‘2&_‘/3’ Sois -3, _ 1—tan§ .
‘ - tan 20° ot 10 tan 40 = v/3 =tan 60 . 28 1 +tan %1 + tan z_g)ﬁl,,, 5= 5
12, Lhs. =sn?40° - in?20° ; sin2go° ~sin?20° : 5in?80° - gin2age ) 2 4 i +ta,11§ 1 +tan 3
=sin 60° sin 20° ; sin 80%5in 40° : gin 100° sin 6C°, . )
by the identity sin?a ~sinfy =sin(z + y) sin{z —y); ' 2A—1 ~tan®A =~ —2tan’B = ~gin?B =3(cos 28 ~1).
Ist : 8rd =sin 20° . sin 80° =1 r 2, 24. cos T1+tan*A 2(1 +tan®B)
and 2nd : 3rd =sin 40° : sin §0° g Y. { cosec 2q - cot 2a) —tan a
13. 2(cos?14° =8in?7%) =1 tcon 28° _1 +cos 14° =2 cos 21° cog 7°, £ 25, tan (26 - a)= 1 +tan a(u cosec 2a — cot 2a)
14, 4.5 30 _ €8 a ~ (cos 2a cos o +5in 2asmn &)
T Teos ko’ - ~ (in 2a cos a ~ cos 2asin @) + psn @
. 1+t cosdf+sin -}8=(eos;~3+sin §6}2=1+sin3 ; 14008 & ~ €08 (2 _a)_(,u—l)cosa'
= cos 30 —sin 1§ cos®ld —sin2lp cosf T sin(a-a)+psine  (g+l)dna
4 . g 7}
- : . .0 4 : §§ Fg(sin*—+cosi~)
15, l~tan2A=a:tanA; tan2A:?; Y ban 4A =5 26"1+3Sina¢=sm2§+cosgﬁ+3sm 2008 2 2 2
x )

_ B
16. cos A =2cos 24 €05 A + 008 2A =(cos 3A -+ ens A) +ocos 24,
1%, cosec 46 +cot 46 = {1 +cos 46)/(sin 48) :

=2 008%20/(2 cos 26 sin 20) =eot 26,
similarly cosec 26 + oot 29 =cot f,

8 0 in2 Ak .
1 — 1 1 3 H
=1+3sm§2008 5 (1 +38in? )

g . . in? )
sin“d::sin”gcoszé(l +36in? ¢} =3}sin?0(1 +3sin? ¢)

] " 4 tan®$ =sin?8 sect ¢ (sec®¢h + I tan?¢);
; . . 2
18. Muitiply out 1h.s. and express each product as a sum ; this if t=tan ¢, 45 =sin®f . (1 +#)H1 +2 +3¢%)
gives =sin?@(1 + 662 + 98 + 4%} ; _
8 o1 — = 312 2;
2(1 +¢05 20 +¢0546 +-cos 66 + ... +oos 140) zw, ‘ ' < €ostO(L 4607 + 9t +41%) =1 + 64% + 961 = (1 +3#%)
sin 150 +sing sin @ © (1+36%)? tan% =422,
by (13), p. 128, = ' cosa-cosf
- =ef(eosacos B -1); .. ¢ osacos B 1}
19, Lh.s. =(eot0 -+ tan ) eot®6 - 1 + tantp) 27. e(cos a - cos B) =e?(co B cos a cos 3
=i o — : 5~ 3 | =2 cosec 26(4 coseciap ~3). . 1-¢_cosacosfi—1-cosa+eosfl
. 8ind. cosH\gin®f cosip S " T+e cosacosf —1+cosa—cosf3
20. 4.(Lhs.) =(8sin 6 ~ sin 26) sin 39 +(3 cos B +cos 36) cos 39 (cosa+1){cos 8 - 1) cot2 Z. ng_
:3003(30—6)+cos”39—sin”36 =(cosa—1)(008ﬁ 0 2. 2
=3 cos 26 + cos 66 =4 cos?2p, . .
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28. sin G =k+/(1 — e cos @ +e?) =5V
. {20k Vz) =(2¢ sin 0)2
={2¢)? - (2ecos§)? ={2e) — (1 +e? — )2
which reduces to a® 4o (de?f? .. 2 2e?) +(( 1 —862}226 ;

similarly if gin ¢ =EVT, .
¥ ¥ satisBes th e
Ty =product of rooty = i ey, & same quadratic ;

29. 2(Lh.s.} =cos 2¢ = €08 (2a +28) = 2sin B sin (2a +13)
: =‘>si.nﬁ{sin,3 +[8in (20 +8) - sin 8]}
=2sin B {sin 8 +2cos{a+f)sina};

Or, change a and 6 of Example 1 intog +a and % +8.

30. c0s 3¢ + cos 3B = co
. =cos 3a +4 cos®B -3 cos B, i ic in ¢o
+ and is zero for £ =180° - a,ﬁ;0° - af;fx;dmﬁg" ‘ill;)'lv i cosfl
Loit=4{cos B —cos (180° - a)}
x {eos B ~ cos (60° - a)}{cos B - cos (60° +ajh

31. Th Al
e normal to 5+ 35 =1, at (acosf, bsinB) is

arsec S —bycosec 8 =af - hrm o2,
the hypothesis proves that it Passes throtlgh
(32 cosfa, - ¢ sin® a)

a . b

vr.rhieh isB the‘ centre of curvature for {2 cos a, bsin a);
I;. a, ;z,, .f?‘&i‘;l:sfy the condition of concurrence for threé
ormals; . sin(a+a) +sin (a +8) +sin (8 +a) =0,
32. 2sin (308 —a} - sin (30 ~2e}=3sinf;

* 2{6in (36 - a) -sin B} =sin B +sin (36 - 2a) ;
" 2cos (2ﬂ —g) sin (ﬁ -g) =sin (28 — a} . cos (§ ~a),
2cos(2ﬁ —52’) ~ 2o (,8 -g) cos (B —a)
:eos§+cos(2ﬁ_¥32f);
cos(2ﬁ _g) ~eos§ =cos (38 - 32;’) ~cos (38 -9 ;

", .'.—sinﬁ . gin (B mg) =sin (20 - a) sing :

. ABC any A, ABX =B + 5, ACX =Ci =3

EXERCISE XIVs {p. 266)
s osinf = -2cos(ﬁ' —g)sin—g: ~[sinf —sin (B8 -a)];

. 2sinf =sinfcosa—cosBsina;
». sinf3 {cos a — 2) =cos 3 sin «.

EXERCISE XIV. b. {p. 266.)

. ~cosA=cos(B+C)=cosBcoaC —sinBsinC;

.. (cosA +cosBcosC)
=sin?Bsin?C ={I —cos?B){1 - cosC)
=1 —costB ~cos?C +cos?B eost C.

3
" AXBC is equilateral, XB=a =XC;

et ral ~ 200 cos (B +;—r)

=AX?=b% +q? - Bba cos (C +%) :

but a:b:e=sinA:snB:sinC.

. Lhs. =2cos?A +2cos(B+Clcos(B -C) 3

=2cosA{ - cos(B +C) —cos(B + C)}
= —-4cosAcosBeosC.

. I.h.s.:2sin3A;380033A;38+25in§29003§§-
=2 cos3—C[ — cos A -38 — oS8 3A+33}..
2 2 2
B C+A
1+eosB 200325 _SmT.
' eosA—oosc""QSinA+csinc—A“Smc:—A"
2 2 2
m»sﬁacmp‘ 2 cos smﬂ
Lhs, = 2 2 2 2_
sin +sn~(-)-—_ﬂ 2sin-—cosé
2 2 2
Lhs. =sin >0 - 2 B+CsinB;C

.B+C< B+C .B-—C)
=2gin cos

i 4 T

331
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. T —A B+C 2ﬂ'+B—'C)
=2 gin oo Bt

ral cog ) +COoR

s +Aeosn- »;—Beos'fr —C‘
4 4 4
7. Zsin2Asin?A =1% sin 2A(1 — cos 2A) =32 sin2A - }Zsin 4A. But
Zsin 2A =4 gin A sin B sin C, ete. (See No. 11 below, or
B.T., p. 271 and E.T., XIX. b, No. 9.)

=4 cos

8. %(2sin?B sin®C —sintA) = (‘%2(26%2 ~at)= { 21R)4 16A2

1
= (2—R-S‘i + 4b%e2 sinZA =4 sin?B sin?C sinZA.

9. Lh.s.=23in 5A+58003M+2sm£9 cos5—c'
2 2 2 2

=2 cos §9(coa 5A 5B +oos AT 53)

- 2 2 2 /)

10. 16 cos%0 =10 cos § + 5 cos 38 +eos 58 ;

S Lhus. =§Z eos A +4F cos 3A + 12 cos 5A.
ZcosnA, (n odd),

nA +nB nA —-nB. nc

coa—§— +1-2g8ip2—

nr  nl nA —nB
—1+2cos(§~——§)cos P
95 nC | ('m'r nA+nB>
sm—2—-sm ?—— 3

n—; =0 for » odd,

l+2sinn—7rsi nc(cosnA —nB co! nA +nB)
2 S0 2 T3

=2 cos

=, expanding and using cos

n-1 -
= IV E c4ein™ n8 Y e
=1+4{-1) 4sm23m2sm2-
Take successively n=1, 3, 5 and substitute i the ex-
pression for Lh.s. :
11, Lh.s. =2sin (nA +nB)eos (nA —nB) + 2 sin #0 cos nC
=2#in (nar ~nC) cos {(nA —nB) + 2 sin nC cos (nw - nA-nB)
=, expanding and using sin nr =0, _
— 2 cos nr sin ne {cos (nA —nB) —cos (RA +nB)}.
12, cosAsinBsinC +cosBsin Csin A +cosCsinAsinB
—co3AcosB cosC = —cos Acos (B +C) +sin Asin (B +C)
=—cos(A+B+C)=1.
Divide by sin Asin B sin C.

nC
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13. Z(tan A) =IJ(tanA); .. from No. 12, Z(tan A) Z (cot A}
- =1 +secAsecBszecC,
cosBeosC cosBeosC
cosA  sinBsnC ~cosBcosC
- cosfu=cotBeotC; .. Z(costa)=1.
i i —gin 1B} =sin }B sin G ~sin $C sinB -
15. sinAlsin 40 : )=2si.t%%Bsin%C {cos 3C —cos §B); )
-, B =C, (otherwise the expns. in brackets have opposite .
. — s
signs.
Tf bisector of £ ABC cuts AG sga K,
(}e.BK +}a . BK)sin g = A ABK + ACBK;

i14. cota =

-
»

N
" BK(c+a)sing =24;

i : B . C
~. if bisectors are equal, {¢ +a) sin-z- =(b +a)sin 5
16. Z{i(tanB +tan C)} =0; .. multiplying by cos A cosB cos c,
E{lcos A(sin B cos C +sin C cos B)} =0;
- Flsin2A=0; .. (Blsin2A)2=0;
o Z(12 sin®2A 4 Zmn sin 2B sin 2C) =0;
-, dividing by sin 2A sin 28 sin 2C, s

I? sim 2A Brmn 0
> T =0;
sint 2B sin 2C © sin 2A )
. Zi*{cot 28 +cot 20) =Z2mn cosec 2A;
o E(m® +n?) cot 2A =2 2mn cosec 2A;
o Z{(m +n)?(cosec 2A —cot 2A0}
=Z{(m —n)t{cosec 2A +cob 2A)} 5
" Z{(m-+n) tan A} =Z{(m —n) cot A}.
17, Lh.s. =sinBsinzsin (8 +a —y) ~¥sin (B -y} {ecos (A~ C +z -x)
. —cos{A+G+z—:c)—eos(A—C+z—:c)+‘cos(A+C—mw'z)}
=sinBsinzsin (B +% —y) —sin (B —y)sin (A +C -z}sinz
‘=% sinz{cos (x —y) —cos(2B +x —¥)
pemed (—cos(A-i—C—B—x+_y}+(.los(7r.wx~y)}
=1 sin z {cos (z ~ ) —cos (& +y)} =sinzsinysinz.
A+B _A-B _ . C+D__G-D
18, Lhs. =2sin ;r cos—3 +2sin 5 GO
A -B c-D
=2$'mA;:B(cos 3 + 008 5
- D) -(B+C)
A+B-cos(A+c) (B+D)COS(A+ )4( .
2 4
use B +D =2r — (A +C), ete.

=4 gl
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13. Lh.s. =1 {cos (A +B) cos {A-B) +cos(C +D)cos (C -D3
A—B+C~DCOSA—B—C+D

=cos{A +B)cos

=cos (A +B)cos (A +C ~mw}eds{A+D 7},
Also 4{eos A cosB cos C cos D -—siliAsinBsinOsi.nD)
={cos (A —B) +cos (A +B)}{cos (C - D) +cos(C +D)}
—{cos (A —B) ~cos (A +B)}Heos (C - D) —¢os (C +D)}
=2 ¢os (A +B)cos (C - D}+2cos (A -B)cos {C+D)
=2¢08(C +D}cos(C ~D)+2cos (A -8)cos (A +B)
=2 cos 2A. '
20. tan (A +B){tan A tan B — tan C tan D}
=tan (A +B){(1 ~tan Ctan D) - (1 ~tanAtanB)} ..
= —tan (C+D). (1 —tan Gtan D) —tan (A +3)
%{1 —tan A tan B)
= —%anC -tan D - tan A - tan B, and similarly,
a1, t&nOE=sulnﬁcosrry -E—ci)sﬁ’s%ny::sin (B .+-y)’
cosfBeosy +sinfBsiny  cos (B -y)
. 2tan g 2sin (B +y) cos (B -y)
s =" — s
1+tan®a” cos? (B —y) +aint B+y)
: sin 203 +sin 2y
“Hivcos (28 - 2y)} +1{1 “cos (28 +8y)
22. tan ¢ (1 ~cos ¢ sec 0) =sinatan g ;
:  tan®e costa{l +tan?g) ={tan ¢ —sin a tan 6)?;
. tan®¢ cos’a +tan®¢ cosla tant .
=tan®¢ - 2sin o tan ¢ tan & +tan?f(1 —costa);
" tan® 0 cos?a 4 tan? @ costa tan? b
=tan?§ ~2sinatanf tan ¢ +tan?d (1 ~costa);
. tan®f cosa{l +tan? ) ={tan§ - sin a tan $)2;
c. tan6 —sinatan ¢ =Z-tan 8 cos a sec b3
taﬁ@(msg&? €08 ¢} =sin a sin ¢.
23. Lhis. =§2{cos (@ -8 +7) —cos(a+f ~y)} =0,
. Het+y+z2=0, 2%+ 428 = Bayz
. second part follows from first,
24-_ E{tzts(tz ‘ts)} = (& — &) {2, ~ i) )
and  Z{t,2yt,(t, —1,)} =ty 2 {8, (t, — 1)} =0 ;
E(l +t12)t2ta {ty ~ig) = ~{ ‘"ta)(ta"ﬁ)(fq ~4)
Put ¢, =tan g, ete., and multiply by cos?e c0s28 cos?

Y.
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25. C +iSEE{(cos 3a +1sin 3e) eos (B ~y}}
=cis(a +8 +7) . Z{cis (2a -8 ~ ) . cos (8 ~ y)} ;
=ecis{a + +v). 2 {cis (2a - - y}.[cis(B —y) +cis(y— £}
e=eis (@ +B +v) . $E{cis (2a — 2y) +eis (2a - 28)}
=cis (@ +8 +v) . Zoos (26 - 2y);
S=sin(a+l3+'y).2(:os2‘(£—-y_) P )
=gt +v).{2co8{5 —a)cos (b +a -2y
(e shan) 42 cos? (a - B) 1} =r.h.s.

26. D +¢.N=Z{(cos 3a +isin 3a) sin(f —y)} -
=.asin No. 25, cis {a+ B+ 7). Zain (2y ~ 28);

. g =tan (a +8 +7¥).

27. ¢, =tan a, ete. .
B{ttalty +ENL + 5,50} — (82 +45) (B3 + ) (5 +12)
= Z () + bbb {6 (8 +2)} ~ E(8y) — 2ttty
= Db Eala(foly 85t +8,5, — 1) 3
i hen
multiply by cos? a cos? 8 cos® ¥, .
© ZsinBsinysin (8 +y) ~»Hsm(ﬁ+y}v
=2 si i i sinfd siny +cosP sin ysing
=2ein.asinffeiny (oot a+cof‘y sin}’asin)@ ~cos acos 3 cos y)
=2sin asin 8 siny{ - cos a cos (8 +¥) +sin asin (8 +y)}.

28, rhs. -Lhas. ' _ . .
=Z[sin{B —~y){sin (B +vy) +sin {y +a} +sin (e + B} +sin 24}]
=Z{sin (B —y)sin (B +y}} +Z[sin{B - y) .
{cosa(siny +sinf +sina) +sina(cosy +cosf +eosal}]
=% (sin?*f —sin?y) + .

{sina +sin B +sin y) x Z{cos asin (F ~y)} +
(cosa +cosf +cosy) xZ{sinasin (B - y)} =040+0.
in28 - 2sintq:
29. 2siny(sina—sin,8)=.cos2tf —cos2[3‘z2sm',3 ‘ ?sm a;
: -, unless sin e =sin B, siny = —sinf -sina;
. sina= —sinf —siny;
2sina(sinf —siny) =2sin®y - 2sin?f =cos 28 - cos 2y;
s cos2y +2sinasinf =cos 28 + 2sinasiny =0.
30, 2sin(a+6)sin B+ ¢) =cos (a —B‘+6—¢>)—cos(a+ﬁ'+6 +¢)
and similarly for 2sin (a+ ¢)sin (8 +8);
socos(a—fB+8-¢)=cos(a-fB+¢-0);
La-Bir0-p=2nrtla-B+¢ -0
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31L. Divide by sin®0 sin A sin B sin C;
cosec A cosec B cosee O

+{cot A + cot 0){cot B +cot 8}(eot C +cot ) =0
o cot® @ +cot?0 . Beot A +oot 8. S cot A cot B

+(cot A cotB cot G -+ cosec A cosec B cosee C) =g,
but Zcot AcotB=1 and the term independent of cot § is
Zeot Aby No. 12; - {cobt?8 + 1}(cot 6 +3 cot A)=0.

32, 4(lh.s.) ={cosa -~ cos (b +e)}{cos (b —¢) — cos a}
+{cosa +cos (B +e}{eos (b ~¢) +oos a}
=2cosa{cos (b ~¢) -+cos (b +e)} =4 cosa cos b cosc.

EXERCISE XIV. ¢, (p. 268.)

1-cosA
I+ecosA
_sinbsine —cose +cosbcosc_cos (b —¢) —cosa
_sinbsinc+cosa—cosbcosc_cosa—eos(bj—?)’
oxpress as products.
2. tan (B +C ~A) +tan (G +A —B) = 5in 26

cos(B+C—A)cos(C+A~B)’
and tan (A +B +C) — tan (A+B-¢) .

_ sin 2C .
“cos (A +B +C) cos (A+B-C)’
L. 2C=nw or cos(B+C—A)cos(C+A—B)

=608 (A +B +C) eos (A +B -C};
. €08 2C +cos 2(A —B) =cos 2{(A+B)+cos 20 ;
.~ sin 2A 8in 2B == 0,

L Ytz Y-z 22 +y +2
3. r.h.s. =2sin 3 (cos 3 —COS‘—"—2~—-)
:siny+sin'z+sinx—sin(w+y+z);
" BIn (% +y +z) =0,
4. cos 2A +cos 2B +cos 20 +eos(2A + 28 4-20)
=2cos(A+B)cos(A—B)+2cos(A+B+20)cos(A+B)
=4 ¢08 (A +B) cos (A +C}cos (B +C), and this =0,

1. tan?}A =

|
5, Lh.s. =E(20032A—1)+1+4cosAcosBcosC :

=2({c0os?A + c0s?B +¢us2C — 1 + 2 cos A cos Bcos C)

=2{(cosA +cosB cos C)%~ cos® Beos?C +c0s?B +cos?C~ 1}

=2{(cos A +cosB cos C)? -sin®Bsin?C}

=2{cos A +cos (B - C)}{cos A +cos (B +C)}

=8cos}(A+B -C)eos (A —B +C) cos HA+B+C) x
cos $(A —B —C), and this=0. .
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6, 3+2Zcos (B —-y)=1;
. cos (B —y) +eos(y —a) +eos{a ~B)+1=0,
B—acosa+[3—27 L_?_:Ezzo;
2 2
Bz_acosﬁ;.rcosa;ysﬁ.
i 5 - . Z(sin a)
7. O=sin (z+8 +7). Z{cos a) —~cos (a +f3 +'y? {sin ‘
=2];:.in fa+B +y)cosa —cos (a +8 +y)sin o} =Zsin (8 +?f).
cos {a + +y)Z{cos a) +sin {a +B +v)Z(sin a)
cos¥(e +f +v) +sin(a +5 +7)
=Z{cos (e +8 +y)cosa+sin (a +8 +y}sin o} =2 cos (8 +y).
qb+¢sin6+"b ¥+ ¢+‘l’;

3 ) =sinqbcos-—§-~sm 3

. sinﬁ{sin (?—42;? +'zb) +8in %} ‘
=Sm¢{sm(&-? +a,b)— sin? —96} ,

+ 2 cos?

2 cos

. 4cos

Each fraction =

8. sinfl cos

2z
+ . 8- 8+
. Sm(g_?é_(’é +\[/) 280 ‘i’cos;—z—

2

2

= —gin ¢.(sin6+sinqs);
-, since 0 — ¢+ 2nw,

' '2sm(6+¢+¢)cosa+¢ +sinf +sin ¢ =0

2 2
or sin(f+¢ +¢¥) +Xsing =0;

", 2sin(¢%b+6)cos_¢;¢
9 sin(‘ﬁ—;'—%*kﬁ) . 2sin¢—;'bcos£%—i/

2
. sinqﬁ{sin(qbzﬂ+0> +sin-‘£~«;-‘£}
=sin |}'r{sm (i)w;i +8) -~ sin 35—2_—%} H
Y40 pd bt . ¢+0

2 sm 3 ] 8 2

AT.E. X

+sin ¢ +siny =0;

= —-gin (sin ¢ +sin¢);

=gin Y cos

" sin ¢ cos
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© 8. sin(20~ ¢p—P)cos(2¢ +8 + ) =sin(2d — B— ) cos(28 + ¢ +¢);
. Sin (36 + ) +5in (0 — 3¢ ~ 24)
=sin (3¢ +8) +sin ($ —30 - 2¢)
. {sin (30 +) —sin (3¢ +6)}
+{sin (6 — 3¢ — 2¢) —sin (¢ - 30 - 2)} =0;
L 2Zsin{(f - ¢jcos (20 +24)
+2sin (26 - 24))003(6 +d + ) =3
", since sin (6 — ¢}+ 0,
cos(26 +2¢)+2cos (B —d)eos(f+¢ +2f) = 0;
. Zcos (B +¢p)=0;
. €08 (2¢ +2) + S cos (P —1f) eos (¢ +y +28) =G,
and reversing the argument, we arrive at
sin (Z¢ ~y - 0) cos {2y + ¢ + 8)
=sin (2 — ¢ — 0) cos (2 +1 +6).
sin 2w - sin 2y tanf -tana_ sin(f - ~a)  sin(z-g)
sin2¢ +sin2y tanf +tane sm(B+a)  sin(a+B3)
osin(z -y). (sin 2w +8in Qy)
= -sin (@ +0). 2cos(m+y}sm(m -y}
but sin{x ~y)+6;
" sin 22 +5in 2y = — 2sin (a +8). cos (x +4);
. —2sin(e+f)cos(z +y) =ktana + ktan 8
=ksecasecf.sin(a+8);
*. sinee sin(a+f}+0, k= —2cosacosPBeos(x+y);
also sin (@ +8)cos (@ +y) = - }(sin 2z +sin 2y)
= —sin (@ +y) cos (z —y) = —sin (x +y) cos {a ~ B)
=sin (z +y) {eos (¢ +8) - 2cos avos B} ;
" sin(a +8)cos (@ +¥) - cos (a +8) sin (« +y)
= -2cosacos B sin (¢ +y) =k tan (x +y); -
henee result. '

11. coseteosasinfsiny =cosf cosy;
(cos 8 cos'y — cos a)? =costasin® y(1 -cos?8);
. cos® 3 (cos?y +cosPasin? y)
—2cosacos B eosy +costa(l —sin?y) =0;
but cos®y +eosfasin?y =1 —sin?y +(1 wsinéa)smzy
=] —gintesinty;
. (cosf3 —cosacosy)?=cos?Bsinfasin?y;
" cosf —cosacosy =dcos 3 sin asin y.
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12, 1=co0s%q +sin®a =(cos S +cos y)? + (sin B +sin y)?

=2+2¢o0s B-7;
- cos (B —y) = —} and similar equations.

% eos 2a =cos 20 + 2 cos 20 cms%t =={),

Zsin (B +y) :sin(.‘zﬁ +2§) +sin 26 +sin(26 —2—;)
=sin 26 + 2sin 20 cosz—; =0,
S(cos 3a) =cos (36 - 2r) -+ cos 30 +cos (36 + 2r)
_ =3cos 36 =8 cos{a -+ +y),
and similarly for other results.
13. S'(cis a) =Z(cos a} +iZ{sin a)= 0
. Z{cisSa)=3cisacisFeisy = 3018 {a+8+7);
" Z(cos 3a +isin 3a) =3{cos (e +0 +y) +isin{a +8 +)}.
14, Use No. 12;

Zeos(2a+B +y)=cos (46 ~2—7r) +cos 40 +cos(46'+—;)

=cos 46 + 2 cos 49 cos _,0 and simitarly.

3

15, °°8 (B+C) cos{A+B)

cos A cogC
_ HeosB +cos (B +2C)} — {cosB +cos (B + 2A)}
- cosAcosC
_ sin (A+B +C)sin{A -C):Sin (A +B +C)(tan A — tan C)
cosAcosC
and similarly
cos (A +B) cos (C +A)
wos G 0SB in (A +B +C)tenC - tanB) ;

. sin{A+B+C)=0 or tanA —tanC =tanC —tanB.
16. (sinw —sinysinz)® =sin?ysin?z + 1 ~sin®y —sin?z
=(} ~sin? y)(1 ~sin?2z) =cos?y cos?z;
. sinz =cos(y ~2) or sind = -cos (y+2);

. %l—m=2n=r:]:(ywz) or 2nw (7w —y —z)

17. The centroid is’ gE(cos a), gE(sin a).
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18. By No. 17 and No. 12, o, 8, y are of the form ¢ h%?__r, 6.8 4«2?; ;
then a +y =28 proves that the chord ¢ ey’ is parallel to the
tangent at < 3.

EXERCISE XIV. d. (p. 270.)

1. Sect =tan 8 cot a, tan 6 =tany cosec a, substitute in
sec?f =1 +tan?d.

2. c=asinfcosa -geosfseing; .- acosfsina=bcosa —e¢, but
@ 8infd sin a =bsin a, square and add.
. . sin?f ecos?@
3. aeos?f +bsin?6 =c(cos?§ +sin2h); - = ;

c—a B¢
S (b —c)tan?@=c —~g and (¢ -a) cob2f =b —e¢.
4. asinf=2bsinfcosf; . ssinb=0 or cosﬂ:%, substitute
in ceosf =d{2cos?f ~1); then +e=d or E:zd(-f - 1).
- 25\ 35t
5. a® +3% =2+ 2 cosf, substitute for 2 cosd in
2b=2c08 82 cos 20=(2cosf — 1)(2cosh +2).
6. at +o¥=1 i a?+b? + 30t (gf +bi) =13
Soat+b? — Y= —3a% ; cube.
7. 2a -8b= -5cos0, 3a — 2b =5sin 6, square and add.
8. a +b="Tcosl, 40 —3b =7 cot b, substitute in
: cot?8(1 —cos?f) =cos?f.
8. x 0088 =1 - cos?f =sin?, ysinb=1 —§in%g =cos?f ;
sin?f.  cos*f  sin®6 +costh

SRyt A= :
cos®f " sin%@  cos®fsin?é
_ (sin®f +cos20)? — 3 8in?é cos?H(sin2 0 + cog? 6)
- cos?8 sin?f
1 1

=cos“35in26_3=m—2?q3'
10. E:sinﬁ(Z +2cos 28 — 1) =sin 36,

%=cosﬂ(2 ~2c0s20 -1} = —cos.36.

11, 3==asin§+bcos8; . (3 —esin 82 =b% (1 —sin26);
S (a® +52)8in%0 — 6asin 0 +(9 - 52) =0;
also sin?@ ~asin § +1=0;
Sosin?f:+eind: 1 _
=a(b*~3):a*+2b% -G : a(a® + b* - 6).

EXERCISE XIVp {(pp. 270, 271) 341
12.%:y:a= ) -
—2sin0cos20 +sin20cosf: 2cosfeos 20 +sinfsin 2011
=gin §{1 —cos 26) : cos 6(1 +eos 26} : 1
=2sin®*f: 2 cos?f i 1;
| ot +y‘3 =(2a)§, and see No. 6.
13, Multiply by cosé, sinf§; add: z=2acot§. Multiply by
sin 8, cos § ; subtract : y=a(l - cot? )= (4a® — 2%}/4a.

‘14. Eqgns. represent tangents to x®+y%=¢?* inclined at anglea;

locus of point of intersection of such tangents is a con-
centric cirvele of radius ¢ sec da.

. 15. a1 b ;e =cost20 —cos 6 cos 38 : cos 30 ~ 2cos 6 cos 20 : 2cos? B

—oos 20 =sin®f : —cos G : 1.

16. Solve for az, by. (az) +(by)f =(c®)} and use the method of
No. 6.

17. Put o =af, y =B, a=a?, b=08% Equations become

gcos B+ Jsin8=1, af sin 0 — 8y cos §

¢ A V{atsin? 0 +Bicos?6)

2 2 &
/.
and represent perp. tangents to %+ B; =1, Thus
£2 +’?2 =2 +‘82_
18. od =a® +b? +ab{cot 8 +tan §) =af +b% +

ab
. Sin80030=.m;

ab .
sinfcos 8’

. from second equation,
- abd .
ed —a? —b%’
square this and square first equation and add,
ab 2 «?bd? .
a+bt +4dab. cd—_"w-qﬁ —p =¢ +—————(cd — o _pip’ |
- (a® +b% ~ct){af + b2 — ed)? =a?b?{d? ~ 4(cd —a® -4}
2tan®f 2n_ € .
1 -tan?f’ t"&n ‘6_c+2d’
2 tan ¢ 3 —tan®f
c=ta.n0+»-——-l —tomtl =tan 9—1 ~tonid’
c 3(e +2d) ~o}2
Ter2di(c+ad)—-¢

acos B +bsin 0 =dsinbcos =

19. - =tan & tan 26 =

¢
d

. B
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g, Mn(6-8) 1- tane | cosfsinf tana

" sin(8+f) 1+ta,na “sinfecosf 1 ¢

: . tanffeota =tan § = =tanfa - (a ~ )]
tana—tan(a 8) _tan a(l +6feos 2a) — o sin 24
l+tanatan(a 8y 1+e%cos2a +tan ¢ . 2
_tana —¢(sin 20 - —tan a cos 2a)
- 1 +¢?(cos 2a +tan a sin 2q)
_sina ~e¢?sin(2a - —a)_sing. (I —c%
cosa+c2cos(2a a) cosa. (1 +cz)
W {l+ef)tanff =(1 - ¢?) tantq.

a_ tan (8 +a)+tan (B —a) gin 26 . .

N t&n((6+a; Tan (6= a)) S Take AABC in which

LA=20, LB =%q and opp. suies a, b; then third side =c,
_because ¢=acosB +bcogA; 62_a2+03 —2accos B,

co5 (a —-38)cos 9 — sm(a~38)sm3
22, r= 4 -
coz 8 —gint g
=9M:cosa+sh10t&n26;
cos 20
Jo ¥ -cose=sinatan 20; slso
_sin(a~3Q)cos&+cos(a—3l9)sin9
sin®8 cos @ +cos® G sin §
=M=2sinacot26—2cosa-
4 sin 26 _ !
. #+2c0sa=2sin geot 20
» (& —coza)(x +2 cora) =2sintq.
23, {l+ecos(0+e)}2 —(cos b +ecos a)?
=1 ~eos?8 + Ze{cos (6 +a) — cos 8 cos a}

—e*{cos?a - cos?(a + §}}
{sin?@ + 2 sin a sin § cos {a +9)}

8in 2g

=sin?f — Zesin a sin § - o2
by Ex. XTIV, &, No, 29,
=(1 —¢*)8in*6 — 2esin a sin O ~ 262
but 42 =(1 _ea)cxf,2
. {1 +ecos(8 +a)}? =(1~e%sin2§ ;
s, {cos 6 +ecosa) =2esin asin 0{1 +ecos (a+8)};
S xt=2¢sina . ab.

| —ai ~(0+a)+(6-a) 29
24-78—3111:9'9 mx_l —(8—}«0)(8-(1)—1 BTyt

sin e sin 6 cos (¢ + ) ;

x2
- 8, Eqns. represent two tangents to —;

EXERCISE XIV® (pp. 272, 273) 343
EXERCISE XIV. e. (p. 272.)

1, (2a)? +(20)2 =2 —2cos (6 — $) =2(1 —cos 2y).

2, y=acos(f+¢)+aecosf{f—p)=ccosa+acos(d~¢)
=acosa+ 4/{a? fzz).
3. a?+b2=2+2cos{f ~¢), c=sin{f -}

4, 2% 442 =2 +2cos (8 - ) =4 cos? 2
- 7}
c_osﬁ 2¢ 1 +ta.n-éta,n%
=y =2y 8 re
+
cosﬂz¢ l—ta.nrétan—zm
' + 0~ '
5. =281 624)005 2¢,
. B+ QSB+¢
teos Beos b =sin (0 +¢)=2sin ) e .—-r-2 .
0+¢ 36—4)_
kcos fcos ¢ =cos 0 +oos $ =2 cos G Co8
L8 23+r;b=1_ 08 (0 + &),
A E_Zsm 3 c ‘(
8k-2e05392¢zi+cos(3—41)
-t

4 cos b+ cos o-¢ =kfeos (0 +¢) +cos (6 3}
2

|

PR
at\sk (slc LAY
- 16( ~55)5 =P \7 %

’ 8. 262 —b - 2=2(cosd +cosd)? — 2costh — 2eos®¢ = 4cosfeosd,

¢ =4{cos®f +costp) —3(cosb +cos ¢)
=4a{a* -3 cosbeos ¢} - 3a,
and equate values of 4 cosé cos ¢.

a,
7. tan@, tan ¢, are roots of zA: ~yA +a=0; .. tanftand =_i
DR § Or, Eqns. represent two tangents to y* =4ar
" x

and their condition of perpendicularity.

ys =1 and their condition

*p
of perpendicularity.
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9 1-cosy | v Bt&nzém(lncosﬁ)(l—-cosqb)

' 1+cosy

10.

11.

12,

13,
14,

15.

=tan? L =tan? :
2 2 2 (1 +cosf)(l+eosd)’

cos8+cosd  cosy(cos a + cos B
L= P /A0S e +eos )
1+cosfecosg 1 +cos acos f cos?y’
. 1+0osacos B eosPy =cos ¢ +cos 8
sin2y=1 toosacosff-cosa~cosf -
cosacos 3
(1 ~eosa)(1 - cos B)
cosacos 3
(x costl ~ 2a)? =y aing ;

6 2
(2x0032§ —.fc—2a) =4yzcoszg(l—coszg);

G
“hence 00525, coszi; are rcots of

. COS Y=

=(seca - 1){sec B - 1).

(22T ~x - 2g)2= 4y2T(1 -T);
_ % =prod, of roots :—(x—ltgg—)zr-
42 +y2)
29=a{l+cos 26) +b(1 ~ cos 20) gives cos 26 ;

) Zr=(a+b—g)(1 +005 2¢) +e(1 - cos 24)
gives cos 2¢ ; substitute into

{1 —c0os226)(1 +eos 24) =(—% .
a —_—
If cach =k @ sin®6+ b sin?¢ =bk(1 sin2f) s
i ) b = - +ek(l —sin%$), or
(& + &b} sin?0 + (b +ke} sindh=(b +c}, and similar equations,
Lletkb, btke, biel=0,
btke, c+ka, c+a
‘ e+ka, @ +kb, q+b
which reduces to (¢ & ¢
b e aj=0.
e ab
In a AABC, c¢?=q® 452 — 2qp cosC, cos C = —¢,
{cos & —cos b cos 5&22 ={cos (¢ +1) —cos ¢ cos )2
) =sin?¢ sin?y =(1 —cos? (1 —cos2y),
Substitute for cos 6, cos ¢, cos V.

P=a+bi=exp 0 +exp i +expyi=2 +y 2, say.
RV B U \
q..-.a bz—;-i-;y--!-;, r=e+di=a 492 422,

e e 111
s=c d?,_é—a+§2+z—2._
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Then (p* — r){g? ~ s) =4Zyz3 (5;) —d4pg. Thus

{a® + b2 — Ha® +b%) +(c* +d2)
=p% +¢% =2{{a® —b%)c + 2abd}.
16, Put I, =cos ay, m, =cosf3,, n, =cosf,, ete., then from
Ly +mymg 0y, =0 =1 + mmg +nng
_ E VG Am® )

L _oomy oy
1My "21_ ny I, I, my VE{(mz’”s —msnz)z}
(Mg Ty g Iy Iy my

= V{(la® +mg? +ng?){le® +omg® +ng%) — (Lals +mgm +ngng )}

=41, Similarly for 1, :m, : ny, Iy :m;: 0. Thus
n® H gt + gt =B |l mg| =il my my
: iy g Iy my ny
I mg ng
fls|my 7y }_ 2 2 _
| :igl My 1y =L +mi+nlt=1.
. B-a, ( a+}3)
2 sin|y-———
17 l_eos(ﬁu-}f)—cos(-y—oz)2 ST YT
m cos @ —60s 8 2sinﬁ4asina+ﬁ
2 2
+ . +
sin(“ _& QB sm(a —B—Q—z
s L similazly = :
. a+p . B+vy
S1IE 3 ) Sm"“'—2
i Yoo o) Br-e_, ( ,_Q+B) . Bty
; cos( 5 !3) cos—5— =2sin{y ~—3— sino-*

=2Sin(a_28+7)sina+18'=cos(a;7—,B) _0083a2--y;

2 2
g Sinﬁsiny;azsin‘y;asin(a—y)
_ . Y+a . Y-o  Y-~a
= —Zsin g BN S 005 T
=—sin7;a(siny+sina};
*, sina+sinf +siny=0; also
a+}3 a—,B
cosa +cosf +eosy =2 cos g~ €0s—5— +eosy
=2sma;‘Bcpsa;'Beota;-B+cosy
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={sin a'+sin,3)cota —;ﬁ +cosy

= -~siu7/co*lsﬂ-l-'8

+C08 Yy

a +B)

. a+f
= ———— [ siny cos - i
aTp\SmY 5~ —cosysin

: 2
sin —
Sin( _.ﬂ_ié)
__ 2/ 1
) _ o sinazﬁ "
O+ G sl ]
18. TP eos B2y
8. 2sin 5 cos—; ()LTF)
‘ . B+ 8~ 6 -
=2s;.n—-2—¢cos 2¢cosy’x+2cos —;¢coso2¢sint}

=(§in8+sin<ﬁ)cosz}z+(cos§+eosg£)sin¢r
=sin (B +¢) +sin{d +)= —sin (8 )
11

. &+
= .. 2a = . — =
gin 5 0 5 I\+#— 1.
18.| -1 cosy eosfB]=0;
cosy -1 eosa
cosf ecosa -1
" ~1+2cosacosfcos y +cos?a +oost B +oosty =0;
2 {cosa +eos B cos y) =sin? B sin®y; . cosa= —ocos By
'20. m, m’ are roots of bzﬂ+2h.$+a=0; m+m’ = —-%'fb«, mm’:%';
also tan=t. =™ =2tan— Y —tan—1 2wy .
: I —mm’ x a2 —yﬂ) '
—~2h 2wy ‘
T b-a ot-ytt
EXERCISE XIV. £, (p. 274.)
1. tan2 >0, expn. ={ /(4 tanw) - 4/(3cot )} +2+/12; tanz< 0,

expn. = —{+/( -4 tanx) - y/{ ~ S cotx)}? - 2+/12.
. (sinz ~ 33 +3>3, and is <(—1 - 1) +1.
. =(siny - 2} +1, and (sinx - 2) varies from ~3to —1.
. (Gsec@ ~3tand)? — (Isectd — 5 tan §)®
=(5? — 3%)(sec?f — tan?f) =16 ;
. square of expn. > 16; .. expn. is either > +4 or < — 4.

=t b
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dy_53in9w3_ . .
Or, put y =5sec? - 3tanb, 36~ cosih’ y is stationary
. d
for sinf=% For 0< B<g, d_g changes from - o +;
s, sinf =%, cos =4 gives a minimum ; similarly sin =2,
cosf = —% gives a rnaximum.

5. =5(1 —cos 20) + 1 sin 26 4+ 9(1 +cos 28)
=14 +4 cos 26 + 3 sin 20 =14 + 1 sin (a + 26),
where sin a =%, €05 a =4,

g2 _ - ]

8. y =tan Brcotx :i's“fgk where f=tanxz; .. # =3y =3 ; since
# =0, ¥ is nob betwesn 3 and §.

7. (ncosecd —b cob§)? —(@eot® ~beosecd)? =a® ~b%; . sq. of

exjpn. >a? —b? and the equality holds when cosf =E . Com-
pare No. 4. @
8. t=tenx, expn. :EE(%__?%F) =y if 3yt ~(y+ 12 +3=0; this
has roots if (y+1_22>36y, {y - 17) >288, ie. unless ¥ is
between 17-4-12v2. If y >0 signs of terfas in egn. for ¢
are + — +3 . roots are positive. If w< 0, product of

.1 . s
roots is -3 .. one root is positive; .. at least one value

of #2 is slways positive and so gives & possible value for .

9. Tf acos?f -+ 2bsind cosh +esin?d =x and tanf =f, dividing
by cos?8, o +2bt +ei =x(1 +#*), and stationary values are
given by the condition for equal roots.

10. @ cosf +bcos ¢ =acosd +bcos (u - @)
=(a +bcos a) cos +bein asin 8 v{(a +beos a)? + (bsin a)*}.
con (B —¢p)—cos(6+¢) cos(f ~¢)~cosa
cos{f - ) +eos(8+¢) cos(0—¢)+eose
2cosa Zeosa
Toos(0—p)teosa  1-+cosa

11, tané tan ¢ =

12. sin?? ;"’ ;smzf’-;—‘i’ tsinfsind; - if two angles are unequal

the product can be increased by making them equal
without altering their sum (keeping the third angle
unchanged); product is greatest when 8 =¢ =y. Or, see -
Ex. 8. . :
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13. As in No. 12, cosz“T‘i‘ —sin?

~¢ +eos8 cos ¢. Or,seeEx;S.

14. tan0 +tan ¢ SR (0 +$)_sin (8 +¢)

0+,
cosf cor g co 3+¢b v No, 18, =2 tan—.* i

Hence, as in No. 12, t&nA+t&nB
when A=8=C. Then

Ztan?A = =(Ztan A)? - 2EtanBtanC=(2tanA)2-«
has least value (3 tan ) -2,
15. (i) See No. 14;

+tanC has least value

(ii} Similar method ; Or pubt A :g ~A’, ete,

B+  B-¢
p)

2sin €os 2
(iii) cosec + cosee ¢ = i but
eos2

qS ET
T2
(1 cos cl’)(cos. ¢

04,&( 2+¢) 23-0,5 NET N
. COs ) 1 cosT > QoS 3 — COog 5

H

—cog?

-|~<:o.=_=,2 2¢) >0;

Zsi.ne-'_('ﬁ

. eosec +cosee ¢ >

=2 cosec

s

&+
2

1 —cos?

g+¢
2

by the argument in No. 12 the least value ocours when
the three angles are equal.

16, cos A +cosB +eosC -1 =4 smA sin — B sin ¢ which varies from
0 to 4 sin® 30°, 2 2 2

17, cos BA 4+ cos 2B+teos2C+ 1=
No. 18 or see No. 18,

18 OH2=R2(] - 8 cos A cosB cog
if A is equilateral),

—4cosAcosBeosC, ard use

C) and is pos. {or wero only

19. 220032 0:3 +2 cos (B -C)

=2+4eosB;Ccosc;AcosA_B

>2.
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20. See No. 15. )

) . B, C .
21, Oingz(I —Ssing sin 5 sin E) and is pos. or zero.

22. Expn. =(x.~ycosC -zeosB)* +{ysinC -zsinB)* and similar
expressions, and is therefore only zero, if .
#:y:z=sinA:snB:sinC.
i . lies on the plane
int P with coords. (cos 8, cos ¢, cos )
% ThZa?il;ly +c‘:1=d. OP2 ==cos?8 +cos? ¢ +cos? Y and has least
value when it is the square of perp. from O to the plane.
24. 2sin®a =1 —cos 2¢.> cos (28 - 2y) —cos 2¢
=2gin (8 —y +a)sin (a - +¥)
and similar results. Multiply and take sguare mot
sin asin 3 sin ¥ being positive.

EXERCISE XIV. g. (p. 275)
1. sin 16° 4-sin 92° +5in 20° - sin 52° —sin 56° _ .
=gin 16° +sin 88° +sin 160° +sin 232° +5in 304° -
sin 160° sin 180°

§in 1607in 180°
= by p. 128, — o6

2, Lhs. =2c0536°sin6 — 2cos 72°8ind
=45in 54°sin 18° sin 6 =sind ;
Or, sinf +sin (72° + 8) +5in (36° - 9) ‘ .
—gin (36° + 6) —sin (72° - B) =sin @ +sin (72° + 6}
+sin (1447 + 0) +sin (216° + 0) +-sin (288° + 0)
sin (144° 4 8) sin 180°

> =0.
= by p. 128, sin 36°
2+2c0s?28  2(cos®® +ain?f)® +2(cos® 8 —sin?0)?
% Lhs = sds 2sin® 26
ﬂ‘mzé(cotﬂe +tan®6). ‘
281n?8 cos? 8 ) .
2.~ -3
‘4, f-*tan%(a&-ﬁ), sosin(e+f)= ,cos(a+ﬁ)m =5
¢ 1 + 1 +E§

3

(sin. @ —sin =sin2a—stnzﬁ=cosz,3—eos a

Heina 'B} ' =c¢(cosf8 —~eosa);
o ssina+ccosa=ssinfl +coosf;
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< =1{s(sina +sin B) +e(cos a +c0s B)} = }(s2 +.0),
a+ 4
2

on Z B

t =4+ tan— = —

2+ 2 cos 2 eo B COSa—fB+co a+f3
39%3 2 S 3

catfl  a+f

28111—?3w cos-—

a~-B a+f
2 2

e08

gin

. a+f?
2smT

o+
cos + cos’?-—2§

_ 2 sin (a+f3)
" (cosateosB) +1 +cos(a + )
2es % —g2)
s +82—.—~{6 it i
ntan ¢ _ (n*l)t&nl‘f)-}‘t&n(ﬁ
1+tant —ntan®e¢ 1 —(n-1)tan ¢ . tan ¢
=tan{tan—{(n - 1) tan $} +tant(tan ¢));
LB =tant{(n - 1} tan ¢} + .
P+’ b-d" b
2

-~ COB 3 H

5, tan 8 =

Siné;i:‘?sin

¢ -4
2

6. Zecos

2
b+

=g oS 5

J.oeos
. (e? - 1) eos? il ;qS’ =e2(cos2 kit ;q&’ w-coss.”~—-—('t' 42'43')
=4e*{l+cos (b ~ ¢') =1 —cos (d+¢")

=e%sin ¢ sin ¢’ ‘
7. 4sin? (8 - a)}{cos (20 - 4a) + 2 cos 2a}
=2{1 ~cos (28 - 2a)} {cos (28 — 4a) + 2 cog 2a)
- =2{cos {28 —4a) + 2 cos 2¢} - {cos (48 — 6a} L cos 2a}
~2{cos 28 +-cos (28 - 4q)}
=3 cos 2a ~ 2 cos 26 ~ cos (488 - 6a)
© =(3cos 2a +cos 6a) — 2 cos 2B - {cos (48 - 6a) +cos 6a}
=4c08* 20 - 2 cos 230 - 2 cos 28 . cos (28 - 6a)
=4c0s® 2a - 2 cos 2B{1 +cos (26 - 6a}} =4 . Numerator.
8. See XIV. a, No. 31. sin B cos @ +sin a cos B = ~cogfBsin 3 ;
wosin{a+f)= ~1sin28; . the normals at a, 3, B are
coneurrent ; . the centre of curvature for B lies on the
normal at o,
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9. As in Ex. XIV. b, No. 19, (i), |
rl.xlll.s. =2 cos {A +B) cos (C -~ B) - 2 cos (A B} cos (C +D}
—=gos 2C +cos 2D — cos 2A —cos 2B.

. A +B)=cos (C +D); _ .
10, cos( 0102)““ V{1 —e2)(1 — g2} =00y — V(L - )1 NI

: =(1 =o)L —eg?) +(1 —es2H1 —eg?)
| {e10g — c300)t = (1 i12)£/ {(lcg_ )612)(1 - :22)(1 S _c&:)} ;
4(1 ~e,2 N1 —¢f)(1 —eg®)(1 - ¢p%) =(2 - 2?4+ 20,056404)™

11, r.hs. =2sin afcos (B ~y) —cos (B +7)} .
=2 sinacos (B ~y) -2sinacos (B +y}=Lhs.

i i =si 8) ~sin{a+f);
12. sin (y +@) —sin (8 +8) =sin {y +
sin Y 2cos%{a +B +y +8)sin%(7 +a-8-8) .
=2¢os (e +B +y +8)sin} {y +8 —a - B);

- eosf{a+f+y +8)=0,
to.g+fB+y+3=(2n+1)r
or 3y +a~-B-8)=nm +{ 11"}y +8—u -,
ie. ¢ =8=2kr or v - =2+ 1)w.

=0; put
13. cos g, cos B, cosy are roots of 2% —ax? +bxr +a=0; P
a
3 el osec? o, B or vy, then z(x®+5) +-?;=0 ;
Ty a2
2 e
(128 —-1-+b) =at(@? b)Yt == ;
- cosec? a, cosec? 3, cosec® y are the roots of

(b+12g® - {(B+1E+2B+ 1)yt + ... -1=0;

‘ &
Zeosec® a =1 +-24 and cosec? a cosec? § eosect ¥

- b+1
=——l—u ; hence result.

(b-+1)*
14; sin(x +a) cos (¢ +@) —sin (x +b) cos (b +c}

) —cos (b -+¢)sin (¢ +a)
=sin (b +¢) 005 (o) —co —sin {(b+¢) — (¢ +@)} ;

-, gin (% + 20 +c) +sin (x —¢) — sin (x +2b +¢) —sin (= —(?)
N =2sin (b -a);
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2cos(a:+a+b+c)sin(a—b)=2sin(b-a);
i sin (o -B)+ 0, CoS (& +a+b+e)= —1;
Sodora-btnm, xratb +e={2n + 1)x;
. sin{a +a)--sin{(2n+l)n'-(a: +a)};0
: cos (b +¢} -

and similarly

= -
W:O {assuming @ -+ 5 F na + ),
=sin 3(s - a)sin (b -¢) +4{cos(3s - 3b ¢ +a)
—~ 005 (38 -85 +¢ —a) +cos (32 ~8c—a+b)
~ 008 (38 — 3¢ +a — b))
=8in 3(s ~a}sin (b - ¢) +gin (83 +a — 2b - 2¢) sin (b -c)
+8in (88 —a —b ~¢) sin 2{c -b)
=sin (b —¢) {sin 3{s - @) +-gin (3s5+a -2 —2¢)

—2cos(b~c)sin(3s—a b aH
=§in {b ~¢)

15. Lhs.

X2sin (3¢ —a -6 —c){cgs(2a =b-0) —cos (b —c)} =r.hus.

- 16. Numerator x 4 cog (% —z) cos (z —2) cog {x ~}
- =3{2sin 2x(sin 2y - sin 22) cos (z — ) cos (z —y) cos {y +2)}
=2%ein By sin 22{cos (z ~y) cos (z +x)
~ 008 (z ~ ) cos (¥ +y)} eos (y — z)1
=Z[sin 2y sin.2z{cos (2x -y +2} +cos (y 4 z)
~008 (Y +2) —cos 2z +y ~2)} cos (y —z)]
=8in 2 sin 2y sin 2z E{sin 2y -2)].
Denominator in a similar way ;
cosines and cosines hecoms sine;
signs.
17. Square and add.
18. ¢ +b=2 +5in@ +cos?, '
@ —b =(cosd ~sin 6){2(cos 9 +sing} - 1}
=(cosd -sin H){2a -+ 25 — 5);
square and add the values of sin § +cos8 and cosf - ging,
19. z:9:1
=3sin 36 sin 8 + cos 20 cogd :sinfcos 30 -3¢
L 2=2c08 26 - eos 40,

the italicised sines become
s, with slight differences in

osfsin 36: 1;
4 =2gin 20 +sin 49 ;

- Py 2
Soa=sg iy =z ~%% where
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- . l
z=cis 20, and b=z -y =2z 3

© 2 taz—2=0 and 22° ~b2% - 1=0;
eliminate 2%, bz®+2az -3 :0;
also 2(22% —ba?) =2 =0% taz; . 32° -2z -a=0;
22 22:1=a?+3b:9—ab:b*+3a;
" (@b —9)2 =4{a? + 3b)(b2 +3a) ;
oatht 4 4(a® +P) + 18ab =27 ;
but ab=x%+y? and a* +b=(a+b){(a +b)% - Sab}
=2 {da? — B(x® +y®)} = 2a{x® - 3y%).
. {acosa+beosfs +ceosy)sinh
o +{asina+fsinﬁ +csiny)ocosf =0 gives tanf =1, say;
y i =0,
- 2imaiema
But {(@cos e +bcosf +¢cosy)(cos a+iEsin a)
=(zcosa+bcosf +ccosy)cosa .
—(#sine+bsinB +esiny)sina
=acos e +beos{a+B) +ecos (a+y);
- Zafacos (B +a)+beos 28 +c cos(B +99} x
{a cos{y +a) +beos (y +8) +ecos 2y} =0

Zasec(f ~a)=0;

=&.
o cosz‘as—lfcg =cos® 8 +sin’ 8 + 2a{costf +sin*0) +a*
C =(1 - 322) + 2a(1 ~ 22%) +a®
=(1+a)® —2%(3 +4a);
also be =z(cos? @ +a)(sin? 0 +a) _
' (1 +a)j’—b2—c=+a+a2}
=2}(.’I:2 -+ +a‘°’) Zx{-—W
@f(1 +a)(1 +2a)? —b® —e?} .
3+4a :

o bz 2 4 +3)3
o (4a __-{{1 +a)E - b _32}{(1 +a){1 +2a)? - b2 _02}2.

22. 52 =20sin%0 —5sinfb, 5y =20cos*6 - 5cosf. In No. 21, put

Y x

= »-&, b:z, GZZ.

23. pcosta +gsinia =sin a cos a +sin%a cos®a{tan § +cotd)
sin®g cos®e

:sinacosa+ms—6,

AJTE. “
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Pg=sin?6 cos? § +sina cos?a + 2 8in O cos d sin g cos a )
=(sin 6 cosf +ain a cos «)?2,

Substitute for siné cosf from first result in second.

924, :eos (30 - a):t:cos (38 +a)=cos 36 cos a_ sin 36 sin. a.
eos{f -B)teos(0+B)  cosboosf sinfsin 8’
. xzcosf

€os a
zsin 8 .
me.‘." ~4sin?@=1+2cos 20;

=4cos?l -3 =2cos20 -1,

and

equate the two values of 2 cos 26.

25, t=tan®; 1
: ‘ Z_
expn _“-zﬂ : R Rt
1 T iiA e
t—2+t2_1
2
— e w2
1-22 48 (12 -3y +3
2 28 —
26. coth —cot 28 :M:cosec 20 =1, similarly
sin 24

_ cot 26 —cot 461 ; add.
The first is an equality if 26 = (4n + I}g H

the second if 40 = (4m + 1)%;

. one at least is an inequality.

27, 2% - 2zy cosf + y* =1 (z? — 2vy cos  +¥*%) ean be solved forx : y

if (cosf ~keosd)2—(1-k)2> 0, ie. i
{(1 +cos6) — (1 +eos ¢)} {{1 ~cosf) k{1 —coz¢)} < 0,
ie. if k is between the values stated.
28. Bee Ex. XIV. f, No. 14.
20. ADEF =2A cos A cosB cos C< 2A cos® 60°.
30. sinf=psing >sind; but 6 ¢ are acute; . 0> ¢;

d
. cosf<cos¢; but cos8a—g = eos ¢ > cos ¢ > cosh;
a8 d . " . . '
s ﬂ> 1; . dé (0 —¢) is positive; .. § ¢ increases
. with ¢.
Or, Take a circle of unit radius OA, and a point Pin OA
produced so that OP = p. LetQbes point on circle so that
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£ OPQ :gb.l As @ moves on the circle from A, ¢ increases
1 .
from zero to its maximum siq‘lﬁ. L 0OQP ig obtuse and
5in.OQP = p 5in OPQ ==sin 0 ;
s O0QP=x—0; - LPOQ=0-4¢
and L POQ evidently increases.

MISCELLANEOUS EXAMPLES.
EXERCISE XV. (p. 278.)

1. Objects A, B: the man starts at K and walks to P and then on
to0 Q; AB=x, tAPB=2u, LtAQB=a;
by eqn. (16) Ch. I, applied to PKB,
(z + KA) cot KAP ==z cot 2a — KA eot KPA;
. KB.KA/a=x cot 2a — a.
Similarly from QKB,
KB .KA/Sa=zcote—3a;
. 3z eot a—9%a=xcobt 2a —a=u(l - tan® a)/(2tan a) - a;
. Br—18atan a=x—xtan?a—2atan a
" #(5 + tan? o)~ 16a tan a.

=42 . LhesinA=abe;
2. 4RA =4 Som A *
A2 abe A (s —a)(s-b)s —_E)+82+abc
72 +Sz +4Rr ZF + 8= +"Z}'” . ; :‘M""'S—‘ —
abe abe

22 4

=3 —sg(a +b 1) +(be +ca +ab)

=35t ~-s5.2s+(be toa+ab) +s8¥=be +tea+ab;
also 2s=a+b+c; .. a,b, e are the roots of
o — 2522 4 (r2 + 6% +4Rr)z — 4RA = 0.
3. Put sinf =5, 835 -4 - 2s=4(1 -2} - 3; . 4 45 -~ +1=0;
S {e=1)M4s®-1)=0; . s=1or £3;

™ w
- 6:9n7r+—2- or n#ig-

4. I y=§a® —x + (1 -2 tan 2 +xleg (1 +2%), oy
dy 1 -—-a? _.1 2 "
{_ﬁ:xz -1 -|-1 v —2r tantx +log (1 +« )+1 T

=x? — 2z tan™x +log (1 +2%) ;
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d
g =2z ~tan™lz) >0 for x>0,

dy . de
now — =0 if x=0 and -—lZ>0 for >0
. dy .
-, increases as z increases;

Cdy . .
. dj’_>0 for #>0; repeating the argument, it follows

that ¥ >0 for > 0.
.. 1 1, .
b, If Zzamsﬁ,iraels( -8); o ifez=x +dy,m=:}cosﬂ(a +§)

. 1
and y=1sing. ( —;) ; these are parametric egns,. to

ellipses centre the origin and foei {+¢, 0) where

o? :%(a -Ié)z —i(a —2)2 =1.

Or, Ijet O be origin, 8, 8" the points (1, 0), { -1, ©) and let
P which represents Z move on ecircle |Z]=a.

1 (Z-1) PS*
PR I TN
: %(Z Z az ° ..Ez ].I—'Ed-s
similarly |z +1!=E§’—- L i Q re ts
on presents z,

. ., PS*+Ps2 OP240s?

QS +Q8 = 5 == S :a-}-}:const.;
& a

~. @ moves on ellipse, foci 8, 8,

6. The principal value of i* =exp (ilogs) =exp [e ( %i)],see p.252
T 1
—e 2—th . [£124'8 dOHaI‘S.}
7. From tan 76 =0, see P. 172, removing the root tan 6 =0 and

. L
putting tan? ==, it follows that cott E, cotegf cot2 ?ﬁ-‘—
’ 7

x 7 7
are the roots of 722 — 35z% + 21z — 1 =0;

e T /35\2 21
. ‘Acotif_*(% - (_)_ -
5 7 2 7 =25 - 8.

8. expn. =1 - cos?x — cos®y + cosly cos’y —{cosz —cos z cog )2
=(1 ~cos?z)(1 - ecos?y) — (cosz — cos z cos ¥)?
=sin®*z sin?y — (cos z — cos x cos y)2
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- =(sin@siny +COSZ —~ COS T COS Y)
% {sinx sin ¥ — cos 2 + cOS X COS )
= [cos 2 —cos (z 4 y)] [cos (x —y) —cos 2]
=2sind(x +y +2)sin§lz +y ~2)
x 2sin @ —y +2) sin J(y +2 ~x).
9. From AL, BM cut off AL’ =p —» and BM' =g —r, then the plane
' CL'M’ is parallel to LMN and therefore makes the same
angle with ABC. If M’L’, BA produced meet at Z, CZ is
the commeon line of the planes CL'M’, ABC; draw AU, BV
perp. to ZC, ZC produced. Then

AL’ BM’
tan 0 —A—U- and Z“BV 3
p-m_(g-1*_(p-rPP+{g-7)
- 2 —_ e = = H
e ta.n‘ B = AU2 sz AUZ +BV2 >

but BOV, CAU are congruent triangles;
s BY=CU; . AUR+BVE=DR
. . . AB PB "AB DB
10. Since AABD, PBC are similar, BD"BG’ B"F’:ﬁ);
LABP =2 DBC since cABD=.PBC; .. *AABP is directly
similar to ADBC. Also
L APB =4DCB =0, 4BPC=4BAD =A;
. LAPC=2r -A-C or A+C;
o, ACE=APZ +PC? — 2AP . PC cos (A +C).
.. . AP ¢ PC d
Also from similar triangles, ~=BD and e = B
ac? b:®  2achd
=Bo: T BD:  BD*
L x=w -2y of 2y-w, and similars;

- eos (A +C).

1i. cosw= —cos 2y;
sl x=% -2y, y=r — 22, 2 =r — 2w whence z:y:z:t,
or (i} @ =w ~2y, y =7 — 22, z =22 ~ v whence 3
| PO .
. 77 7° 7’
or (ili) # =n — 2y, y =2z -7, z = 2x —7 whence
T T b
FEge YTyt
or (iv) x =2 7w, y=2 —~7, 2=2% —7, whence x =y =z =7,
or results like those in {ii) and (iii).

also °
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12. For |a|< 1, 1 -2 +2% -3 - ... =(1 '+:v)‘1;
2% .
-z +a_:2__:%3+ o= —log {1 +2); add.

13. log(1 - at) + log(1 - bt) =log [{1 ~at}{1 ~ bt}] =log[1 - pt +¢¢7],

where p =q +b, g=ab. For values of ¢ for which jat] < land

[6#] < I and |pt ~ g2| < L, we have
m £
T =logll i gl = - 3 g
1
. - {a@" +b") is the coefficient of #* in

1 1
__tﬂ — Lo e R, _ -1
2P - e 7 p — 1)

T2 - n—2 .
+n—2t {p—gin24 ...,

and this is
1 1 _ 1 _
:r_q,-pn~n—l ul])pnwzg+n_2(n22)pﬂ—4gz-...;
soah gt zp”-—np”“'2g
nn-8) .. nn-—4){n-5)
PO g M)

put @ =sin?f, b =cos?6, so that p=1. The least value of »

. i
in —Z;(p —gt)" which gives a term £ is r=k(n+1)ifn
is odd and is r =1n if n is even. '

For the justification of the process of equating
coefficients,” see Bromwich, Infinite Series, pp. 65-68 and
P. 134 (1st edn.),

Or, proceed as follows :

By Ex. V1. e, No, 15, chag is a polynomial of degree n
in cha, and the polynomial may be obtained either by
the method of p. 178 or by writing o for 9 in Ex. IX. e,
No. 12.

Hence, 2ch na =(2¢h a)* — n(2ch a3 4.,

the last term being 2( — 1)¥ if nis even, Ex. IX. e, No. 14,
and being ( - )Y -1 2x cha if n is odd, Ex. IX. &, No. 15.
Put ch a =cosec 20 and divide by (2¢h a)®.
Then sha= tcot20; ‘. the values of cha +sha are
cot 8 and tan 6 ; .. by Ex. VL. e, No. 15,

2ch na =cot™? +tan”g.
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14. cos achf ~isinashf =cosy +isiny;

. cosaehfB=cosy, sinashffi= —siny;
COSEY—SID“}} ZChZ’B —Shzﬁ =1;

" gos?a sin’a

Losinly sty

cosia sin? ¢

: —sacta — | —tan2e -
. osin%y — ,-,—) =gecta — | =tan?q;
cos®a  sinfe
- sinfy =sin*e cos®a tan®o =sinte;
2
sin .
-, sh2f3 =Y _sinta.
sin? a

Or, 1 =cis y cis ( - y) =cos {a-+43) cos (a ~ i)
=}{cos 2a +ch 28) =cosa +shJ ;

", sinfa=gh?$3 ; but as above, sin ush 8= —sin y.
15. Put %Z =a and use cosrg =cos(21 —r)a; thus sum of

expressions ={cos a -+ ¢os 4a + cos 16a}
+(cos 19a +cos 1§a +cos 10a)

i

¢
L] 7a+}: cos (8r + 1o
0

cos 10a.sinw
, by p. 128, -cosTa+——F—p——

il

sin §a
~cos Ta =%,

Z(cosra . cos sa)

% Z{cos{r -s)a +cos (r +s)a}

i Zcosta

il

and product =

il

cos Ta + 3 {cos 3a + cos 6a +cos Ha)

&
+%E{cos (8r +1)a}
0 .

8 7 6
(cos —2,;: +cos7 + CO8 %) +0

)

+5

7

[T
s b
—

|
(o5
—

L

by Example 1 of Ch. X, = —%; hence expressions are

: : . 1 21
the roots of 2? ~lx-2=0, viz. iL, but the first

expression is the sum of 3 positive nmumbers and is
L L4421
. yamar
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18, Put "8 +¢p =a; then @ :b:e=sin(a —}:sina :sinfa +¢);
L e—a:2W:icta=sindcosa:sing - sin ¢ ¢os ¢ ; thus
sin asin ¢ : cos a : cos ¢ cos &
={c-a)tanu:2h:¢ +q,
also (2b)2 — (¢ +a)?: (¢ —a)?
=sin a(1 —cost¢h) : sin®¢ cos?a =tanta : 1,
thus sinasing : eosa : cos acos ¢ '
={2b) - (e +a)%: 2Bb(c —a): ¢? —-a?;
. eos{a~):cos q:cos(a + )
=% —gf +(25)2 - (c+a):2b(c—a): (c* —a?)
- (2b)% + (¢ +a)°.
17. A is point in plain; P is top of hill PQR, PQ =3PR =3QR ;
_ slope of hill =6°; AQ bisects LPAR;
.'14-—?_9—3. - Sing _3
"RATQR Tt §in(6-30%) .
" 28in0=3(sinb .4/3 ~cosf); - coth V3 -4
18. Make CBX =A =20° with X on AC, then BX=BC =BF, but
FBX =60°; .. FBX is equilateral,
EXF=180° -FXB -BXC =40°, also BEX =40°;

SXE=XB=XF; . Xiscentre of circle EBF;
- FEB=}FXB =30°.

gin {0 +20°) BE BE sin80°
Or,LetFEB =g, 217 T2V} BE BE sin80° °.
T, Lot FEB =6; sin @ BF BC sin 40° 2eos40°;
" €08 20° +cot 0 sin 20° == 2 cos 40° = 2 o (60° - 20°)

_ =¢0s 20° + +/3 5in 20°; cobl = /3,
19. Lot y=cos 26 +52cos8 +¢

=2cos*d +b2cosl +¢ ~ 1 = 2? 1 biy +e~—1
where x =cos8, so that ~1gegl],

The equation gives
two possible values of cos@ if, and only if, the are of the
parabola, y =22

+b% +e -1, corresponding to -~ I<ag 1,
crosses the z-axis twice ; the vertex of the Parabola is down-
wards; ., the vertex must be on this arc and below
the w-axis, and each oxtremity of the parabolic arc must

be above the x-axis. For the vertex, Z—g:ﬂ;

.

»

2
LA+ =05 o -1< —%<1;

sobE< 45 also for o= —'i-bz,y:c -1-1pt
Le<ibt+1<3. And for
w=41, y=e+1452; c+1t8i>0;

0% Le~1 -1

LB - 1< e,
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20. €® ., cisx =exp (z) . exp (xi) =exp (z +x1)
=expf{z(l +4)} =1 +2% (1+8m;

nr

4

L VS (7
. €% sl = — 2" . gin -—
. efsing E (n! 1

” -
but (1 +4)* =( 4/ 2cis E) =2 cis =7; equate second parts;

21. If the points are concyclic, then points %y~ %3 ~ 21 %~ sin;
' concycelic with the origin; .. the‘n- inverses W.x:.t. fz| = :
are collinear, and so are the images in OX of those inverses ;
1
b4 »
Bp—Ey Ay FTEy . . ‘
which divides the join of w, and w, in ratio g : A is w;, Wbere

Aw, + paw . .
wy = a e w,, Wy, Wy are collinear if
Atp

*. the points are collinear. The point

Ay + pwy — (A +p)w, =0.
IHA=b-cand p=c~a, —~(A+p)=a-b;
ble c¢-a a-b _

Q’

T By-3 Zg—2Zp Z4—7

which gives required result.

22, ch {ax)cos bx =ch (ax) . ch (ibx)
' =4[eh (@ +4b)z -+ ch (a - b)) = by eqn. (22}, p. 198,

1+33 (z—:;, [(@-+5) +(a = 0FT;

— — 3 2 _ 2 —
if o =ccos a, b=g¢sin a, 50 that ¢ =a? +5% and tana—. a

ih )2 —b)31 =" gig (2na)
(o r iy ) +¢e® cig { —~ 2na) =2e* cos 2na.
23. The values of cosz which satisfy cos(2n + 1)z =cos(2r+1)8
| 2 . e, No. 15,
are cos(ﬂ +m.) for r=0 to 2n. | By IX. ¢, No
p. 183, this eqn. may be written
cos(Zn+1)8 -(-1)". (2n+1)cosx
: o +acos®x.. +heogttlpy=0;
expression =sum of reciprocals of the roots
' 2n+1

= s n e 0
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24, Put a —=tan A, b =tanB, etc., then
tan A —~tanB tan C - tan D
I+tanAtanB  1+tanCtanDd’
L tan(A-B)=tan(C-D); - A-B=C-D +r

" A—CIB“D-ITT?T; cos(A—C):;&cos(B~D},
: l+tan AtanC ’
but -Cl=—
at cos (A -C) sec Asee
I +ac
= A=

V(1 tad) (T ey ote
25. A, B are centres of circles, radiia, b ; N ig mid-point of common
chord ; O is centre of sphere ; )
" AN = /(a? - ) =, 523 ; BN = /(b2 - ¢2) =, say ;-
LANB =@ ; R?=0QN? £¢2 H
ON is diameter of circle ANBO ;

N = AB  a/(effEo 2ef cos 9) .
TsinANBT sme

L {R? o) sin? 0 =0ON? | gin® § et +/% - 2ef cos 6.,
26. Suppose AB< DC.
Let BA’, parallel to AD, cut DC at A
Suppese o, ¥, e’y A, B, C', & refer to triangle A'BC,
Then cos ${A+C)=sin #HA - C").
a’b—, ¢ cos § B’

. __u’_c’ J’Sl(sr_bf)}
“T\/{ T

Ason p. 19, sin HA -C) =

ok

a'c
But a’=b, ¢'=d, b'=¢-gq,.
Hence 2’ =brdte—g;
but 2s=a+btcid;

S8 =s~g and 3’_bz=8-—-c;

(b-d)P (s-a)(s-c)
" 2 e e
R cos® A 2y a
27. s, =sinz +5in 3z + ... +sin (2n -1}z =by p. 128,
sinnx.sinnx_l —©os 2nx

- S tdhand
smz 28iny
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1 & 1 sin nz cos (n + 1))
EEPIL s et LT
n .

' 1 sin na eos (v + 1)@

2 a
=} cosecx — 5 cosec?x P s

but [sinnxcos (n+ 12| 1;
gin nz cos (n + 1w
B n
- if £ b, so that cosec ¥ e_axists, expressione-% cosec &.
Iig % =kw, 8, =0 and the limit is 0.

-0 when n— o ;

a? af .
il : —— 4+ — .. =sinx;
34 ...=shx; =z +
28. By pEt L()ci, 80, x +3! + 5!.-&— 5T H
subtract.

99, Put «=cis20, o=cis2e, b=cis28, c=cis2y; then, as in
' 10 (i),
Ex. VII1. g, No ‘ (ii) o —trio o)
z—b=2isn{d-B).cis(8 +8}; ete.; ~aB)a ¢}
cis 4a . Zisin (0 -B)cis (0 +B) . 2sin (0 —"}')cis(ﬁ +9)
= T Sisin(a - B)eis (a +/3) - 2Zisin (@ —5) ¢is (@ +)
eis (26 + 2a) . sin (6 —8) sindf —7) :
- sin (@ - B} sin {a —7)
etc. ; also xf =cis 46. Equate first parts.

30. Put _2’"_6=p; pich (£ +iy) —1] =cis (- 6) 3

; i -1} =cosf ~diginf;
p[chgcosn+@sh§sm?; ésinds
-, pl(chfcosny —1)=cosf and pshfsiny= -sinb;
(p+cose>2 (m:;l;)zzcosz’ﬁsinzn:l;
pehs / ’ B¢,
sh? £(p® + 2p cos b +cos?B) +ch? £(1 ~ cos?B) =p? ch* §sh? £ ;
.. prsh®&{ch®& - 1) - 2psh?fcost ‘
o g(zs}i’gcos?@ +ch?g —ch*{ cos?d =ch?{ —cos?8;
' f +cos?f =ch?f;
;. ptsh* £ —2psh? £ cos B
- (psh?f ~cos)=ch®f; . psh?{ -cosf=Lechf.

; 5, b=a®+a?,
3l, F=cis2r =1; if a=a +d% b=d +a:_a5
a+b=a+az+as+a‘=—1+T?;=ﬁ ;

4 2
ab=(a +ed){a? +a®)=¢*+at+a® +a" =a® +a' +a +a?,

e S R
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since of =1, =ag before ~1; .
S @, b are roots of 2% +x - 1=0;
" the values of a, b are :l—iﬁ;

. .
a:a-i-a“:a-k;:cis%r +cis(—gg)=2eosw2-t, ’
which is positive ; °
~14 /5
2 >

. ) A .
b=a3+a”ma2+&—é=, as before, 2;:05537:,

2
L2 =
cos B

which is negative ;
r 2cos éf_f’ = M,
5 2

32. Substitute § —g, 8 +g~ for 2 and subtract; then
“{COS (29 —%E) - cos (26 «}—?g)} +b{sin (26 —2%-/
—sin (29 +—23E)} = c{cos (6 —g) — cos (G -I-%)}
+d{sin (e -g) —sin(ﬂ +§)} ;

g asin2ﬂsmg§-r%bcoszﬁsm?§:

=csinfsin> - in =
m3 dcosesms,

S(').lui'sin 26 -b 02%5 2g:c sin# —d cos @ ;- also, since 6 is a
100, @cos20 +bsin 20 —=ccosf +dginh. S
add these two results. quare and

33. tan (9 +4) + tan (0 — by ="RUI +A) + (0~ D)}
cos (6 +h)cos (8 —h)’
< Lhs = 25in 6 cosd 2gind
cos (8 +h)cos (0 -%) cosf
:2sin6[coszﬂ —cos(0 +Ah)cos {8 ~R)]
cost cos (8 +Ah)cos (8 - h)
:tanﬁ[l +cos 26 — cos 26 —cos 2h)]
cos (§ +h)cos (6 —A)
___ 2sin®htan8
cos (B +k)ecos (6 - k)’
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) _ tanf.sin®h
o {tan (0 +h) +tan (8 —h)} ”ta'nﬂ_cos(ﬂ +h)cos(0 —h)’

using 4-figure tables, tan 82° =7-115, tan 82°6’=7-2017,

in? 3= _:'LX_3_.)2 A i i :
sin? 3 __(180 <60/ ¢ the .mterpola.t.lon value, T-161,
exceeds the true value by approximately
7-16172. sec 82° . gev 82° 6°
3600¢ ==0-000285.

Since - tan 82°==7-115370 and tan 82°¢'=7.206612, the
interpolation value==7-160991, and so the true value
=7-160991 - 0-000285.

AW ¢ c
4- = - 3
34. From AAWB, o e = GnJ(A1B) sin(60°—3C)
similarly for AV ;
.\ sin 4B « sin (60° - £B)
T AV sin(60° -1C) bsin 3G
-, using the identity
4 5in 10 sin (80° — £0) sin (60° +}6) =sind,
AW _sin (60° +3C)
AV~ sin (60° +1BY
The sum of AWV, AVW is 60° +1B +60° + }C and the ratio
of their sines is that of sin (60°4-}B) to sin (80° +3C);
.. these angles are 60° +1B, 60° +3C:
VW AW esin 3B
" sinJA sm (60 +3C) sin (60° +4C)sin (60° ~4C)

_desindBsiniC oo o 1B singo.

,but~m. »

sin C
The facts that AWV =60°+1B, ete., show at once that
AUVW is equilateral, because
LUWY =360° - LVWA - ZUWB - LBWA
=360° ~ (60° +1B) — (60° +1A) ~ (180° —}A —1B) =60°.
z—Yy ‘
1tay

35. Since tan~lx —tan 'y =tanl

expression = (tan“lal - t&n—lg) +(tan~la, —tan—ta,)

¥

+ ... +{tanta, —tanla, ) =tan"'a, —tan"ix
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For given special values,

2
tan~1( +tan—?t -1
TR B pre

2

+oottant—— T g
2T 1+(2n—3)(2n—1)“t&n H2n 1) —tan—11;

when n—w, rhsso_T_7
3 i 1 Hence
T 2 2 2
= 1.- - -
Y =tan— 2‘,+tan 14 + ... +tan 1@—;-...
since 14 (2r — 1)(2r +1) =472,

S o2
36. shﬂ—smf)_(ﬂ+-g) (6——— =3 w1th error < Af7,

. 6
ché —cose—f:(l + ~2-) h(l‘—mﬁ) =67 with error < B,

compare VI.d, No. 20; - shf —sing >Bs * 88
=3

‘ 0{chf —cosB) 3
37. As in No. 29, if a =cis 2a, ete., b —¢c=
also 1 +ab =1+ cis {2a +206)
=2 cos?(a +B) + 2 sin (a +8) cos (z +8)
=2cos (¢ +f). cis (a+8);
" Lhs. =22isin (B - y)eis (8 +v)
% 2 eos (a +f3) cis (a +3)
% 2cos (a+y)cis{a+y)
=8iXsin (B - y) cos {a +3) cos (a +v)
xeis (2a+28 + 2y);
also rh.s. =2isin (B y)eis (B +v)
. x2@'sin(y—a}cis(y +ea)
x 2 sin (@ - ) ¢is (@ +6)

= - 8isin (8 - y)sin (y - a) sin (a - B) cis (2a + 26 +2y);
equate moduli.

2isin (B -y)eiz (8 +9);

38. cosx chy - isinz shy =cos (x +14%)
_sin (£ +in) cos(f ~ in) _5in2¢ +ish 2y
cos(E+in)cos (£ — i) eos 2¢ +ch 2.7
put cos 28 4 ch 2y = =p; then

2¢

cos X chy-ww—m-- and sinzshy=—

sh 2y
.p a2
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sin? 2£ s;ech2 v, sh? 2y cc;sebh‘* Y _costa rsintz=1;
P »

. 2sin?2f  2sh®*Zy _
“ hoy+1 ehay_1
.. 2ch 2y (sin? 2£ +sh?® 2)
~ 2 (sin? 2§ ~sh? 2n) =p* (ch? 2y - 1),
which is equivalent to required relation.
{(2r - 1)
4n

39, cos 2nf =0 iz satisfied by cos 0= cos-———; by IX. &

No. 14, this gives the roots of
1-92n2cos2 8+ ... +keos? 6=0;
(Zr - 1)z
4n

2 =cos? satisfies 1 - 2n% + ... +Ee® =03

expression =sum of reciprocals of roots =2n?,

40. Put x =tan A, y =tanB, z =tan C, then
StanA=tan AtanBtanC;
. ta.n(A+B+C)=0; . A+B+C =nm;
. tan{"A+2B+20)=0; o StangA=]] tan 2A;

2
21 mz -

41. Objects P, @; the man starts from O and walks along OAB;
OA =¢, AB =d, a= £ PDA = LPAQ =+ PBQ, so that AP@B is
a cyclic quad. ;

L LQAB=a+ LPQA=a+ LPBA=LQBA;
. AB is isosceles; .., the perp. from & to AB bisects AB;
s OGeosa=c+3d;: also APQB is a cyclie quadl. ;
-, ¢(e+d)y=0P .0Q =0Q(0Q -FQ)
=(¢+3d) sec af(c + §d)see a - PQ}.

42, Draw ¥1Y perp. to Ol meeting AB, AC at X, Y ; and P, 1Q perp.
to AB, AC; a.nd OM, ON perp. to P, 1Q, then by similar
triangles IX :#=01: OM and IY : r =0l : ON;

AX :AY =IX: 1Y =0ON : OM =AQ —-QC : AP -PB
=AB —-BC : AC —-CB =AD : AE;
-. DE is parallel to XY. Or, Projection of Ol =sum of '
projections of OA, Al, hence ratio of projection on BC to

;- multiply each side by [J{1 ~x®).
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Rsin (C -B) '—?coseeg sin E;B

Recos (C --B) —rcosecgcosC;B

2in0w cosc;B—4smBan in 2B
8 2 5 5 1. 28111

that on the perp. to BC is

. B . C B cC. . B, C
cos(C—B)—4sm~2~sm§<cos-§eo_s~2-+s1n§:.1n§)

C+B
P

~ c03(C —B) - sinBsm C - (1 ~c0sB) (1 — 608 CJ

. sinC-snB  CEsinC-BDsinB

“cosB+eosC—1 BDcosB +CF eosC —BC

= -ratio of projections of ED on the perp. to BC and
on BC.

43, Since sin 3¢ =3sin ¢ -4 sin®, sin’p =3 (3sin ¢ —sin 3dy;
seriexs;:;};{(32 sinE -3sin 6)-{-(33 Sin-q ~- 3%sin g) +

0 8 \1
(3ﬂ+1sm,—3— - 3" sin —— =1 J

. C-B
2 sin cos

=é(3‘"““1 siug;z - 3sin 6) s
this—} (3”‘1'1 . —6- ~3sin 6) =4(36 - 3sin 0) when n-—>w,

44, Expression =Z log (1 ar) = — -"xza ER Zaz _?—;?a’ +. }

i Za=p, Zafd =q, ?aﬁy =7, a,@ya =g,
expression =log (1 - pz +gx® —rx® +sxt)
=log [l —x(p — gv +ra? - s2%)]
= ~{2(p — gz +ra? - s)
+32(p - g +r2? -5t 4} ;

equating coefficients of 25, (Bromwich, Infinite Series, .

1st edn., p. 67),
$2a% = - ps — gr P +pg? — g + Lpb
L 2{uf) +6Zaf . Zafly =3(a%) + 5gr
=p° - Bpdg + 8p% + 5p{gt ~ )
=p{p - 5pPg + 5pr + 5¢% - 5s}.
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_am .
,since z+1;

1
45, s, =14z 42+ ... +2" = -

L 8 tEy ..+, 1
: n 1z w2y’
1 z{l —27)
“1-z n( —z)“
ne , fna—w
2311:1———013( )

S +E 442

1 z -2 2 1
= — x P
1~z (I-2)* n 1~z
when n-»>w,

since | gin ~.~ 5 I<1 and cisna“ﬂ-r;;l.

, 1 1 2

46. ‘(*) (Zn - 1)%2n+ 1% i(2n -1 2n+ z)
% 1 m 11 ]] .
T Bnr1p T e Tl S rilf

4 —2[1 l+1+ ot
i IV CRE Tl R gy ¢

*en 11)2 ( - 1)

. from X1I. b, No. 16 (ii}, when n-»> =, s ——>2(8)—1—1;
. 1 _1( 11 )s
vy Ty s Rk €y R

'1f i i 3 i ]]

TP R -1P (1P (2n-IK2n+ 1) 2nﬂ1 2n+1j

1 1 6 1.
g‘{(2n—1)3_(2n+1)3‘(2m—1)2(2n+1)'f=f’
- 1 3 1
but Z[(znml}f(znﬂ)ﬁ“l C@en iR’

2
. from (i), when n-»w, sﬂ%%{l - 6(% - %)}

47. Let 5% =8; angles in given series are < 721, and writing

2 cosee 6 =cosec § +cosec (v —8),
- 2 cosec 30 =cosec (7 + 30) + cosec (2r -386),
2 cosec 58 =cosec 58 + cosec (r — 56),
~ 2 cosec 716 =cosee (v +78) + cosee (2r - 78),
24
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ete., ... we get twice given sum =1 cosec (47 + 1)@ where all
angles (47 +1)0 occur which are < 2r exceopt that T e

T 3=, - . 2
missing if n=4p+1, and 5 is missing if n=4p+3; .

-1

henee given sum =} 2 cosec {4r +1)8 —3( - 1}}* V. The
6

values of sin (4r +1)0 for »=0 to # ~1 are the roots of

sinng =1 expressed as an eqn. forsind; . from IX. e,
n-—1
No. 25, E cosec (47 +1)8 is the suim of the reciprocals of
0

L _
the roots of 1—nx+f‘fﬁ—”xs~_..+kxn:0, and so -

equals ». 3!
48. cos (B +y +6) ~cos(y +a+6) =cos a ~cosfi;
. 2sin(9—~;;g +7+0) sina—;ﬁ:2sina—+ﬁ'sin

B-a,

2 5!
butsm'f;-@aeo; sm(%@+y+ﬂ):sin(r.+%azﬁ);
but ¥+ 04 (2n + L ;

a—;—@+y+6=(2n+1)w—-w-a;'8;

" a+f+y+8=2nr; substitute for y ; .
oo cos{2am —a) +cosf +eos[2nw —a -8 — 8] =1;
hence result.
49. Let AB cut the line of greatest slope OC at C. If the vertical
height of C above © is %, OC=hsec ¥, CA=hseca,
OB =hsecfS;
- hsecy . AB=2A0AB =hseca.ksec.siné where
LAQOB=0; . AB=hsecaseef3cosysinf;
. h?sectasec?f costy sin?f
=AB® =h¥sec® o +h?sec? 8 - 2htsec asec B cosl ;
" cos?y(l - cos*B) =cos? B + cos?a — 2 cos a cos B cos .
55, 2% 4y = ad+be ab+od
50. By p. 85, 2% + 4% =(ac +bd){ab+od+wd+bc}
' f(ad+be)? +(ab +ed)
" (ab +ed){ad + be) }
. e c) (x y) _af e {a? +e?) (Bt +d?) + dabed
: (c ta)” wt2/= ae T~ bd(a® +c*) -+ ae(b? +d?)
.. bd(a® +c?)® - 4ac%hd .
: " ac[bd(a® 4 ¢%) +ac(b? 1db)]
the numerator =bd(a? - ¢2)?; hence result.

- t]
- 51, Iogx=5 2y
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51, cisa +cosB cis (a +8) + ... +cos? B . cis (a +n8)

=qis a[] +z +2% + ... +2"], where z =cos ff cis 3,

cisa(l -2z} cisall - cos®f cis (n + I)ﬁ]‘;
= 1-z T 1-cos?B -icosfBsinf

T

denominator =sin B(sin 8 ~ ¢ cos B) —sin f cis (ﬁ -5/}
4
*. series =cosec 3 [cis (u -3 +72£)
ki
—cosm 13 cis (a +nf +§):|

equate first parts.
t

S 4
1 {l+y)?
i _
Ay _ e +2=
1ty 142

. ¢y
' &lsologzms —~dy
1Y

< %_E( 1+ 1:11-2) dy,

dy, since (1+y) -dy=(1-92=0,

g -1)
t+1

1 Y

§
2 1
since —<< 1+ —,
Yy Yy
2 2t -1} .
Bt £-1 > logt > “G 1 fort>1,
b t+1
put t=-""_ where z > 1 and result follows.

x—1

Note.—1If the tangents at points A, P on a rect. hyp.,

© see p. 656, meet at T, and if AC, PN are perps. to_ an

asymptote, the inequalities are equivalent to frapezium
CAPN > area under curve > area CATPN.

nw

. By IX. e, No. 29, f(n) =cos 3

2nar nw
- f(2n) =008 5= = cO3 (nn— g )

: nw ' nr
=008 A COS - 4= ={-1)*. cos 5.

_ 54. From Ch. IX. eqn. (8), p- 175,

weosf +x2cos 20 4+ ... +xleos (n—1)8
zeosh —z® ~x”eognl + " cos (n— 10
n 1 -2z cosfh +a?
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Differentiate w.r.t. 0 ;
© —{rsin® +22%sin 26 + ... +(n - 1) tsin (n — 1)6}
- #sinh +na”sinnf - (n - 1)a® 1 sin (n — 116
1 -2xcosf +x*
2z sin @ [x cosb ~ 22 + 27+ cos (n — 1)6] .

{1 — 2% cos § 4 x2)2 ’
. ason p. 175, when n~» w0, for [z| < 1,
- & sing 2x5in 0 (x cos & —x?)

this >

1-2xcosf 2t (1-2zcosb +zi) °
*. given series

rsmﬂ(l-—‘)rcosﬁ+r2)+2rqm9(r0056 7-2)
(1 - 2rcosf +r2)2

n-1
55. 2% - 1= J] (@ ~#"). 500 p.219; .. since 0 <m<n,
I

™1

p 1=Z§£_"—ﬂ_, see p. 231, where

i nwﬂ’l-—‘l €T __t" N .nwm——l
A, =lim WW—(——-——) =i ——
Zorgr a1 nEt

=limn ™" =W gince * =1.

sinf  sing  sin{0+¢)

1 .

b6, tana= == - =—g0ba

“= st cosd  cosfcosg’ cosfeos Pt
. sin (8 +¢)
larly eot 5=/,
similarly eot 3 Snd sind’

" shﬁsind;:%t&nﬁ; . cos(0+¢)2~(1-;(cota—ta,n,ﬁ);

I
| —iﬂ=cos2 (6 +¢)== (cot a — tan )=
c* ¢
57. Flagstaff A, visible from B and C; then circular base, centre |,
is in-cirele of AABG;
g l% =sin }A =cos }(B +C)
=sin 4B sin 4C (cot 4B cot 3C - 1)

= ( 1)_ pg -7

TBE.CI\ 2 T {(pt ety (g )y
58. The lines AP, BQ, CR are such that ~ APC =2 BQA =2 CRB =0 ;
' BQ, CR meet at X, CR, AP meet at Y, and AP, BQ at Z.

Elementary geometry shows that XYZ is equiangular to

"~ B9, If G =kr, sinrf =0, cos?rf=1;
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ABC. From AAYC __,,91___. = ~-E— =2R, and from ABXC,
’ ’gin(f +C) sinB ’

CX
s’E("e—?E—) smA
XY =CY¥ —CX = 2R {sin(f +C) —sin (8 ~C)}

=2R .Z2cos8.s5mC=2ccosl;

AT XYR
as triangles are similar e =4 cos? 6.

=2R, herice

", limit =0,
- ki3
If 64 km, >, sin? 7§ =3=(1 - cos 2r8)
1 .

P l: sinnﬁcos(n+1}8i|
=g | 1 — e

= gin
bl
a _ ,sinnfcos(n+1)6
and % cos?rd =4 [ 6
gin @ —lsinnﬂcos(n+l)&
*, rabio= » and sinf+0, but

sin6+£sinnﬁcos(n+1)6 s
k{3
|sin nfcos (n+1)6]<1; .. ratio—»1 when n-so.

{y

60. Put 1+ = =y, to prove J—)- >{log y)? for y>0;

" (i} For y > 1, log y is positive ;

- to prove logy<y“1,
VY
Jtogy={ g < (gt o) 4
Smcezi/ 2t1\/z_%=(‘?z§\_/:)d>0;
i S

Or, by the proof of No. 52,
YR -1 2 Iog i
5 X ( £ 4>
for y > 1, since the integrand is positive.

1 ¥
-, [t +~ = (log 5)2] >0
¢ 1

Syt =2y + 1> y{log ¥
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: & ‘ 1 65. ABCD is square courtyard. From P, the buildings, height 7,
- 1 1 70 -z at A, B, G subtend 60°, 60°, 45° ;
. (ii) Put y=;,s0 that =<1, Iog;< TR ~logz< e . PA=hcot60°=3hy3=PB; PC=h;
‘\/; ‘ PN is perpendiculé,r to AB;
h 1 d I-z s a\E i
where —logz an 3 are each posgitive ; . PNZ +(i._’> =(3hv/3)%; . PN2=qi (4h% —3a?);
. 2 {1-2P_(z-1)2 2 .
. (logz) < =T aloforz< 1 PC?=PB? +BC? ~2BC . PN ;

B (Lh/3) +at - 20— v/(4h2 — 30%);
(.‘: 2‘\/3

6l. (P +1)2+1=0; . 28— _lzti=v2cis(iij);

ol o f2rm .2 % _3gy=a? — 2R,
.x_2-czs(~§—iz)forr=0,l,2. -\/3\/(41?- a?)=a? —

B2 sin (8 +id)=exp (e +if)=e%cis B; . e? =|sin (6 + i) |*
=8in (6 44 )sin (6 — id) =} (cos 2ip - cos 26).

63. In No. 55, put z= ~1 and suppose that n is odd, so that
Zh—le=—1—-1=~2Then

+3R%;

2 4a2h? 1
o G4 - 30t =at - % : ;

. 2h8 —12a%h? +9ar=0; ., R*=a?(3L+Zy2).
Bub A =PC < a4/2 since P is inside the square ; '

) 61 ciszmﬁr o RPEat(3424/2); o R2=aP(3 -34/2).
= 1ym— n ’ .
Ty T T T o 66. By pp- 24, 25, R*v =(ab +cd) (ac +bd) (ad +be), and
1 -eig ™™ abed {ge + bd))
0 —_ oy,
o 7 by Ex. Il. a, No. 14. AO . OC_(ab Ted) (ad +5c)’

thus o(ab +cd)(ad +be) (R? — AO . OC)
={ac +bd){(ab +cd)?(ad +bc)? —o abed}.
But the expression
E=(ab+cd)® (ad +be)?

cis
. m _—
raT 'rvr_n( -b ?

o8 — ¢ig —
) )

eia(2m — D

" =n( -1y —(ac +bd) {bd (a* - c*)® + ac(b?® - d2)?}
cos & - ) isequal to zero if e=0; .. @ is a factor of E, similaxly
i - . for b, e, d; and when a =b +c¢ +d,
: Put 2m ~1=s, s0 that 0<m<n requires 0< &< 2n 1. . E =(b +d¥{b + ¢} (c +d)?
Then cis % ‘ (b +o)(c+d){bd (b +d){a +e)® +ac(b+d)* (b -d)%}
2 n =n( '._1)5(3‘1):“@1%_ . =({b+d¥ (b +c){e +d){(b+d) (b +e){c+d)
cos = 2’ s - —bd(a ~e)? — 2abed ~ ac{b +d)? + 2abed} ‘
n

={b+d)i(b +c){e+d){(b+c){c+d) —bd —ac} =0;
- b+c+d—ais a factor of E; hence E =Kabed o, where
~K =coefficient of a%cd in E= ~1. Thus
o {ab +cd) (ad +be) (R? ~AO . OC) ,
=(ac + bd)*{bd (a® ~ c2)* + ac (b? — d2)}. 3
Also R? — AQ . OC =square of required distance. ;

equate first parts and equate second parts,
-64. tan §,, tan 8,, tan 8, are the roots of
(?+tan a)(1 —22) =25L(1 —¢ . tan a),
or * +t2tan a(l - 3k) —2(1 ~2k) ~tan g =0;
© tanS(e) =17 % _tena(2k-1)-tanca _
O =1, Ti(l sk~ " tana
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67. Draw on the same axes the graphs of sinz and cos 2z ; for.

graph of sinwz, see E.T., p. 104, graph of cos 3x crosses
. T 37 Br Iw .
z-axis at x r T i Draw graph of sin « + cos 2x by

taking algebraic sum of ordinates of these two graphs.
Read off values of z for which ordinate of composite
graph =} -

. # dy . .
68. If yxsmﬂ—&cosﬁ—g, %=65m9~92<0; . when # in-
creases from 0, y decresses : also ¥ =0 when 8 =0,

5
If z=6”—%—3si.nﬁ+3ﬁcosﬂ,

dz g
—_— 2 . - 1 - 1 — —_
deu~39 30% - 36 sin 0 = 30(31}&6 6+6)<0.
69, If 2= /{3 +40)+ +/(3 — 44),
' #'=3 +4i+3 -4i£24/(9+16}=6:-10=16 .or -4;
So2=44 or +24.

Or, Let a be the positive acute angle such that tan a

cos ¢ =%, then

- z=+/[Beisal & +/[Seis( - a)] =V5{:f:0is(g)iéis(—%)}

4
=3,

=424/5. cosg or i2i\/5.sin~g. :

9 .
But cos f—; = ‘—/3 and ' sin g =—\—/E~5 ; hence results as before.

70. Let z =cis 0 be represented by P and produce OF to C so that
OC=40P; .. C represents 4z; to find the point @ to
represent 4z +2' make £ OCQ =w - 30 and CQ =OP = ] unit ;

<. 0Q =0C +CQ, and CQ makes 48 with Oz.
Circles centres O, C radii 3, 1 will touch, at T say; the
first is fixed, and if it roeets the negative x-axis at A,
are AT =3(r - 0)=2r +(x —30}=2r +are TQ of second
circle; .. second ecircle rolls on the first. Locus is a
3-cusped epieyeloid.

71 a=a+d® +al +af +ald +gl2, b=0f+4af +08 +a” 4 af + ot
Soetb=-14+(l+a+a+oP+... +a%)

. 1-g® . .
= =1+ T a = ~1 since o =eis 2z =1 and g+ 1.
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Also writing down the product ab and replacing «" by o' 1®
R .12

when r>13, we have ab :32«1’: 3(-1) as before. Butb
1

a+b= 1, ab= -3 are conditions that «, b are roots of
zt4g -8=0; ., the values of a, b are §{~1: +/13);
equate ‘“first parts,” and use cos(2r - 6@)=cosl, thus

27 iz 8 1 _ . 3
— — — )= - 14 v/13)=3(— 1+ 4/13)
2(coslg+coslg+cos 3 3 V13)=3% r
6n 27 8% b e
s — — oth positive ;
because cos i3 and cos 3 +C0o8 5 are P
2 6r _8_7:
5o R34 4/18) =1 +C08 35+ 008 7 +008 13
b Tar Frd 3 4:1'
=2 cosz%’ +2COSECOST§ =2 cos 5 (2 cosﬁ cos»i-a).

tan&—tanc,’)_smﬁcos(b—cosﬁsint;b=sin(9-—d>);
" tanf +tan ¢ sinfcos P +cosfsingd sin {8 +P)
ta.n(a+]3—y)—ta.n(a—ﬁﬂ'ry)#tan*/ﬁtanﬁ,
tan{a+B —y) +tan (e ~ S +y) tany +tanp

. from

we have P )
sin (28 —2%y)_smn(y —IB);

sin 2a sin (y +6)
-, eithersin (8 —y) =0or 2 cos (8 —y)sin (y +B) = ~sin 2q,
that is sin 28 +sin 2y = - sin 2a.

78. Let A%, B  be projections of A, B on horizontal plane through S,
so that £A’SB’=y. Let SD’ be altitude of ASAB'. If
AA"==h, SA’ =hcot a, SB =hcot 3, 8D’ =hcot ¢ ;

5 heot¢ . A'B’ =2ASAB’ =htcot acot Bsiny;
also .

A'B?=h*cot?a+hcot? B - 2heot e, heot B . cosy.
Eliminate A'B’.

| : ’ . ’ t

T4. Make BCS’ =60° with 8" on AB produced; let BS, C8’ cut a
O; then TBCO is a kite, also £ TBS =180° - 80° - 60° =40°;

S LBTC=50°; .. ABTO=I100°; .. LS8TO=80°; also
LTOS =180° - LTOC =180° -~ LTBC =80°;
;. §'T=8'0=8'S, but LTSS =80°;
L LTSS’ 2-} {180° - 80°).
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75. O is centre of given circle, diameter COD, CD =2r; Iet PQ he
 an arc, cenire C which bisects the area of the semicircle
CPD and meets the circle and its diameter at P, Q. Let
POD =@, then PCD =4¢, CP=2rcos 3é.  Also sector
C(PQ) - AOPC ==sector O(PD) —area bounded by QD and

arcs PQ, PD, that is, sector O(PD) —}arr?;

S 3P (2reosdd) —Ldetsin g =472 —urrt;
S $(licosd)-sind=¢ -2;

S Bind —~ P cos ¢ :g.

-The intersection of the graphs of sin ¢ and & cos ¢ -3-%-'
gives ¢=1-9; put ¢ =19 +a then it is found by the
method of p. 82 that g ==0-007, hence
¢ =1-907 radians =109°-26. CP =2 cosdp =(1-158)r.
6. w, —nu, ; =u, ; —(n -1, ,; write n ~ 1 for n;
Uy — (- Du, s=u, s —(n- 2)e, 4
=similarly 4, 5 —{r - 3)u,_,. ete....
=uy — 2uy =k(say);
)

k .
3 ﬁ_ﬁ“‘=?—;‘; write n ~ 1 for n;

- Up 1 _ Uy _ k
S (nﬁhl)! (n_z)!—(n_l)!,etc....
Uy Uy K )
.downtoéiwﬁ__z_!, add ;
Un Uy 1 1 ' i

T (e"ﬁ+(n—1)!+“'+'2"‘1 ;

" lim By b E(e — )y + (uy ~ 20y) (6 2).

o 12l .
77. Let OA, OB represent the complex numbers a, 8. On OA, OB
. take points U, V representing fa and 8.  Complete
parallelogram . UOVP, then OP represents at+f:. But
P\lz_t2 {|al)?

W_Wl—=constant; oo locus of P is a parabola,

touching OA at O and having OB as diameter.

" 79. Expression =X sec -
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Note.—I a=-+if3, £ AOB =90° and O is the vertex and OB the
_ principal axis.of the parabola.

Lo ety 1o o sy
Rl el e [y
=1—2b+a8 —219 4 ... +2%—8 — 2572 + b, where
(1 — b )
pe
1 a8
R T _1o Slkda:.
” Llwmﬁdx_lmg‘%‘?— SRR e °
Now

tlogd @ 14g? dxm%r da +%51 dw
5 —"Ll+x2+x4 ) P

omé ol x4 x®

and rukdx :Si‘f}i—mdm gzmﬁrdm=ﬁri_ ;

which —0 as r—ow ; . '
:mefl —F+¥-. —ﬁ):?:ﬁ;%.

Or, from p. 248, for ~r< <,

ka
in0 - 4 sin 20 +} sin 36 — ... equals }0. Put 0==;
then —%—=L23 1 —?;1_; +-1~ —% +71‘«‘ —'é‘ +']‘_]‘6‘ _.].:1,, +']:lg —"]‘_’1‘4' +---);
Fin
FT =(l-3+3—fr+ds-or +o)
~31-3+1-2+1.0)
. T
=given senes—%-m,
. . . w w
- given series =gp £ e

T for r=1} to 5, since

(2r -1)
11

2”— ecg—71 ete
wsecﬁ_s Tk R
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1 +cos 118
Now 1tcoslle . 1 8
OW impm—g= I8 the square of a polynomial in cos8 of

degree 5, since it

116 116 6
2 210 g\ .
Zeos’ (2 cos g °F 2] B (cos 60 + cos 36\?

9 2
2 cos? 5 2 cos? g } LSS
.. the roots of cos 116 +1 =0 are cosf = ~1 and
cosf :(:OSQT—“-E)—7r for r=1 to 5,

11

the last five roots being repeated. From IX. e, No. 15,

p. 183, 1 +cos 1160 =1~ 1lx +a2® + ... +ba?, wherex =cos 6, -

. 1+cos 118 '

“Ttcosd .

.. given expression =half sum of reciprocals of roots =%
of 12.

and y are the negative roots of #=9(;+1); put
t=24/3.cosf, then 2+/3.cos (12 cos?§ - 9) =9;

=1 =122 +ka?® + ... +1210;

.. cos 360 =\/73 =cos 30°;

. cos8 =cos 10°, —cos 50°, or —cos 70°;'
but z<y<0; . 2= -24/3.c0s50° y= —-2+/3 .cos 70°.

Also cos 70° = — cos(60° + 50°) = %§ sin 50° - } cos 50°, thus

T4+2x=T7-2+/3.cos50° =17 +4\/3(eos 70° —-i; cos 40°)

=7 4+44/3. cos 70° - 6 cos 40°
=1+44/8 cos 70+ 12sin? 20°
=(1+24/3 cos 70°)2 =(1 —y)%.
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