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PREFACE . 
.. 

I HAVE endeavoured in this Manual to collect and 
arrange all those Elementary Geometrical Propo­
sitions not given in Euolid whioh a Student will 
require in his Mathematical Oourse. The neces­
sity for such a Work will be obvious to every per­
son engaged in Mathematioal Tuition. I have 
been frequently obliged, when teaohing the Higher 
Mathematios, to interrupt my demonstrations, in 
order to prove some elementary Propositions on 
whioh they depended, but whioh were not given 
in any book to whioh I oould refer. The objeot 
of the present little Treatise is to supply that 
want. 

The following is the plan of the Work. It 
is di vided in to five Oha pters, corresponding to 
Books I., 11., Ill., IV., VI. of Euolid. The 
Supplements to Books I.-IV. oonsist of two Seo­
tions eaoh, namely, Seotion I., Additional Prop 0-' 
sitions; Section 11., Exercises. This part will be 
found to contain original proofs of some of the 
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most elegant Propositions in" Geometry. The 
Supplement to Book VI. is the most important; 
it embraces more than half the work, and consists 
of eight Sections, as follows : -I., Additional Pro­
positions; 11., Centres of Similitude; Ill., Theory 
of Harmonic Section; IV., Theory of Inversion; 
V., Coaxal Circles ; VI., Theory of Anharmonic 

Section; VII., Theory of Poles and Polnrs, and 
Reciprocation ; VIII., Miscellaneous Exercises. 
Some of the Propositions in these Sections have 
first appeared in Papers published by myself; but 
the greater number have been selected from the 
writings of CHASLES, SALMON, and TO'VNSEND. 
For the proofs given by these authors, in some 
instances others have been substituted, but in 
no case except where by doing so they could be 
made more simple and elementary. 

The present edition is greatly enlarged: the 
new matter, consisting of recent discoveries in Ge­
ometry, is contained in a Supplemental Chapter. 
Several of the Demonstrations, and some of the 
Propositions in this Chapter, are original , in par­
ticular the Theory of Harmonic Polygons, in Sec­
tion VI. A large number of the Miscellaneous 
Exercises are also original. 

In collecting and arranging these additions 
I have received valuable assistance from Professor 
NEUBERG, of the University of Liege, and from 
�I. BROCARD (after whom the Brocard Cirole is 
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named). The other writers to whom I am in­
debted are me.ntioned in the text. 

The principles of Modern Geometry contained 
in the Work are, in the present state of science, 
indispensable in Pure and Applied Mathematics,� 
and in Mathematical Physics;t and it is important 
that the Student should become early acquainted 
with them. 

86, SOUTH OIRCULAR ROAD , 

DUBL1N, Aug. 31, 1886a 

JOHN CASEYo 

* See CHALMERS' "Graphical Determination of Forces in 
Engineering Structures," and Levy's" Statique Graphique." 

t See Sir W. Thomson's Papers on "Electrostatics and Mag­
netism" ; Clerk Maxwell's "Electricity." 



T fIE following selected Course is recommended to 
Junior Students:-

1300k I.-Additional Propositions, 1-22, inclusive. 

1300k 11.- " " 1-12, inclusive. 

1300k 111.- " " 1-28, inclusive. 

1300k IV.- " " 1-9, omitting 6, 7. 

Book VI.- " " 1-12, omitting 6, 7. 

Rook VI.- Sections II., Ill., IV., V., VI., VII., omitting 

Proof of Feuerbach's Theorem, page 105; Prop. 

XIV., page 109; Second Proof of Prop. XVI., 

page 112; Second Solution of Prop. x., p. 123. 
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BOOK F I R ST. 

SECTION I. 

ADDITION AL PROPOSITIONS. 

IN the following pages the Propositions of the tex t  of 
Euclid will be referre d  to· by Roman numerals enclosed 
in brackets, and those of the work itself by the Arabic" 
The number of the book will be giv en only wh en diffe­
rent from that under which the reference o ccurs .  

F or the purpose or saving space, the following 
symbols will be employed :-

Circle will be denoted by 0 
Triangle " 6. 
Parallelogram " c::::J 
Para llel " 11 
Angle " L 
Perpendicular " 1-

In addition to the foregoing, we shall empl oy the 
usual symbols of Algebra, and other contractions whose 
meanings w ill be so obv ious as not to require expla­
nation. 

B 
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Prop. I.-The ib'agonals of a parallelogram hiseot eaok 

other . 
Let AB OD be the c::J, its diagonals AC, B D bisect 

each other. 
Dem.-·Because AC!..)-meets the 11 s AB , CD, the L 

l3AO =DCO. In like manner, A B 
th e L ABO = CDO (xxix . ), r;:-----� 

and the s ide AB = side CD 
( xxxiv. ); . · . A 0 = 0 C ; 
130 = OD (xxvi. ) 

Cor. I.-If the diagonals D 
of a quadrilateral bisect each other it is a Cl . 

Gor. 2.-1f the diagonals of a quadrilateral divide it 
into four equal triangles, it is a CJ. 

Prop . 2.-The line DE drawn through the 1JH'ddle po�'nt 
D of the 8�'de AB of a tr�'angle, ,A 
paraUel to a 8eoond 8ide 130, 
b�'seots the th�'rd s�'de AO. 

Dem.-Through 0 draw OF 
11 to AB, meeting DE produced 
in F. Since BOFD is a Cl, 
CF = BD (xxx iv . ) ;  but BD 
== AD (hyp . ) ; . '. OF = AD. 
Again, the L FOE = DAE , and L EF C  = ADE (xxix.) ; 
. ' . AE = EO (xxvi . ) .  Hence AO is  bisected. 

Gor.-DE = � BC. For DE = EF = � DF. 

Prop . 3 .-The It'ne DE wht'oh Joins the middle points 
D and E of the 8�'des AB, AC of a tr�'angle �'s parallel to 
the base 130. 

Dem.-Join BE, CD (fig . 2), then � l3DE = ADE 
( xxxviii . ) , and CDE = ADE ; there- A 
fore the � BDE = CDE, and the 
line DE is 11 to BC (xxxix . ) .  

Cor. I.-If D, E,  F be the middle 
p oints of the sides AB, AO, 130 of 
a 6 ,  the four 6s  into which the 
lines DE, EF , F D  divide the .6ABO B C 
are all equal. This follow s from 
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(xxxiv.), because the figures ADFE, CEDF, BFED, 
are c:::J s. 

Oor. 2 .-1£ through the points D, E, any two 11 s be 
drawn meeting the base 130 in two points M, N, the 
Cl DENM is = t � A130. For DENM = c:::J DEFB 
(xxxv.). 

DEF.- When three or more 1�·ne8 pa88 through the same 
point they are 8a�·(l to be concurrent. 

Prop. 4.-The O�·8ectors of the three siites of a triangle 
are concurrent. A 

Let 13E, CD, the bisectors of 
AC, A13, intersect in 0 ; the 
Prop. will be proved by show­
ing that AO produced bisects 
:SO. Through :B draw :BG 11 
to CD , meeting AO produced 
in G ;  join CG. Then, be­
cause DO bisects A:B, and is B �----+-----.;tC 
" to 13G, it bisects AG (2) in 
o. Again, because OE bisects 
the sides AG, AC, of the � G 

AGC, it is 1 1  to GC (3) . Hence the figure OBGC is 
a c:::J, and the diagonals bisect each other ( 1);  ... BO is 
bisected in F.  

Cor .-The bisectors of the sides of a � divide each 
other in the ratio of 2 : 1. 

:Because AO = OG and OG = 20F, AO = 2pF. 

Prop. 5.-The nziddle points E, F, G, H of the 8�'de8 AC, 
BO, AD, BD of two triangle8 ABO, ABD, on the same oa8e 
AB, are the angular point8 {] 
of a parallelogram, who8e 
area is equal to half sum 
or half (It:fferen.ce of the areas 
of the triangles, according as 
they are on opposite 8 ides , A��-------+=-.:....-�B. 
or on the 8ame s�·de of the 
common base. 

Dem. 1. Let the 68 
be on opposite sides. The 

B2 
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figure EFHG is evidently a c:J, since the opposite si des 
EF, GR are each 11 to AB (3 ) , and = � AB (Prop . 2, Cor. ). 
Again, let the lines EG, FH meet AB in the points 
M, N; then Cl EFNM = t lJ. ABC (Prop. 3, Oor. 2), 
and Cl GHNM = t 6 ABD. Hence c::J EFHG = 
� (ABC + ABD ) . 

Dem. 2.-When ABC, ABD are on the same side 
of AB, we hav e  evidently c:::J EFGH = EFNM -
GHNM = � (ABC - ABD ). 

Observation .-The second case of this proposition may be 
Werred from the first if we make the convention of regarding the 
sign of the area of the � ABD to change from positive to nega­
tive, when the � goes to the other side of the base. This affords 
a simple instance of a convention universally adopted by modern 
geometers, namely-when a geometrical magnitude of any kind, 
which varies continuously according to any law, passes through a 
zero value to give it the algebraic signs, plus and minus, on diffe­
rent sides of the zero-in other words, to suppose it to change 
.sign in passing through zero, unless zero is a maximum or mini. 
mum. 

Prop. 6.-. If two equal tr1:angles ABC, ABD be on the 
same base AB, but on 0ppos1:te s�'cle8, the line Join�'nfJ the 
vertices C, D �'s bisected by AB. c 

Dem.-Through A and B a;;:-------:::J'I 
draw AE, BE 1 1  respectiv ely 
to BD, AD; join EC. Now, 
since AEBD is a c::J, the 
6. AEB� ADB (xxxiv.); but A B 
ADB = ACB (hyp.) ; .'. AEB 
= ACB; . '. CE is " to AB 
(xxxix.). L et CD, ED meet 
AB in the poin ts M, N, respec- D 
tiv ely. Now, since AEBD is 
a c::J, ED is bisected in N (1); and since NM is 11 to 
EC, CD is bisected in M (2) .  

Oor .-If the line joining the v ertices of two � s on 
t he same ba se , but on opposite sides, be bisected by the 
base, the 6. s are equal. 

Prop. 7.-If the 0.P1J08�·te sides AB, CD of a fj2laart'lateral 
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meet t"n P, and �f G, H be the mz·ddle poz·nts 0/ the 
d�'agonals AO, BD,

-
the D 

triangle PGH = ! the 
quadr�'lateral AB OD . 

Dem .-Bisect the 
sides BC, AD in Q and 
R ; join Q� ,  QG, QP, R 
RH, RG. Now, since 
QG, is 11 to AB (3), if 
produced it will bisect 
PC ; then, since OP, 
j oining the vertices of 
the Lj.s eGQ, PGQ on the same base GQ, but on oppo­
site s ides, is bisecte d by GQ pr oduced , the � PGQ 
:; CGQ (Pro p.  6, Cor .) = ! ABO. 

In like manner PHQ = ! BOD. Again, t he Cl GQHR 
= t (ABD - ABO) (5); .0. L QGH = ! ABD - ! ABC: 
h ence, Lj. PGH = ! (ABO + BOD + ABD - ABO) = ! qua­
drilateral ABOD. 

Cor.-The middle points of the three diagonals of a 
complete quadrilateral are collinear (i. e. in th e same 
right line) . F or, let s 
AD and BC in eet 
in S, then SP wi ll 
be th e third dia­
gonal ; j oin S and P 
to the middle points 
G, H of the dia­
gonals AO, BD ; 
then th e Lj.s SGR, 
PGH, being each 
= ! quadrilateral 
ABOD, arc = to one 
another; . · . G H 
prod uced bisects SP AtL_---\-------P 
(6). . 

DEF.-If a var�able point moves according to any law, 
the path wh�'oh it de8or�'bes is termed its loou8. 

Thus, if a point P mov es so as to be a lways at th e 
same distance from a fixed point 0, the locus of P i s  
a 0, whose cent re i s  0 and radiu s = OPe O r, ag ain, if 
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A and B be two fixed points, and if a variable point P 
moves so that the area of the L ABP retains the same 
value during the motion, the locus of P will be a right 
line II to AB. 

Prop. B.-If AB, CD he two l�·nes given �·n position 
and magnitude, and if a po�·nt P moves 80 that the 8um 
of the areas of the triangle8 ABP, CDP �·s g�·ven, the loou8 
of P is a right line. 

Dem.-Let AB, CD intersect in 0; then cut 
off OE = AB, and OF = CD ; join OP, EP, EF, 
FP; then � APB ri'\.... D 
= OPE, and CPD = \ 
OPF ; hence the sum R '\ 
of the areas of the L s \, 
OEP, OFP is given ; "\ 
. · . the area of the '- p 

quadrilateral OEPF is 
given ; but the L OEF 
is evidently given ; . . . 
the area of the L EFP 0 E s\ , 
is given, and the base V''. 
EF is given ; . . . the locus of P is a right line 11 to EF. 

Let the locus in �s question be the dotted line in the diagram. 
It is evident, when the point P coincides with R, the area of the 
!:::. CDP vanishes; and when the point P passes to the other side 
of CD, such as to the point T, the area of the!:::. CDP must be 
regarded as negative. Similar remarks hold for the !:::. APB and 
the line AB. This is an instance of the principle (see 5, note) 
that the area of a !:::. passes from positive to negative as compared 
with any given � in its own plane, when (in the course of any 
continuous change) its vertex crosses its base . 

. Cor. I.-If m and n be any two multiples, and if 
we make OE = mAB and OF = nOD, we shall in a 
similar way have the locus of the point P when m times 
� ABP + n times CDP is given ; viz. , it will be a right 
line 11 to EF. 

. 

Cor. 2.-If the line CD be produced through 0, and 
if we take in the line produced, OF' = nOD, we shall 
get the locus of P when m times L ABP - n times 
CDP is given. 

COr9 3.-lf three lines, or in general any number of 
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lines, be given in magnitude and position, and if m, n, 
p, q, &c., be any system of multiples, all positive, or 
some positive and some negative, and if the area of 
m times b.. ABP + n times CDP + p times GHP + &c. , 
be given, the locus of P is a right line. 

Oor. 4o-If ABCD be a quadrilateral, and if P be a 
point, so that the sum of the areas of the 6s ABP, 
CDP is half the area of the quadrilateral, the locus 
of P is a right line passing through the middle points 
of the three diagonals of the quadrilateral. 

Prop. 9.-To d't°v","de a given b"ne AB into two parts, 
the difference of whose squares shall be equal to the square 
of a g't°ven Une CD. E D 

Con.-Draw BE at 
right angles to AB, 
and make it = CD ; 
join AE, and make 
the L AEF = EAB ; 
then F is the point 
required. A F B C 

Dem. -Because the L AEF = EAF, the side AF 
= FE ;" ... AF2 = FE2 = FB2 + BE2 ; ... AF2 - FB2 = BE2 ; 
but BE2 = CD2 ; ... AF2 - FB2 = CD2 .  

If C D  be greater than AB, BE will be greater than AB, and 
the L EAB will be greater than the L AEB; hence the line EF, 
which makes with AE the L AEF = L EAB, will fall at the 
other side of EB, and the point F will be in the line AB produced. 
The point F is in this case a point of external division. 

Prop. lO.-Given the base of a triangle 'ton magn't°tude 
and posit't"on, and given also the difference of the squares of 
its sides, to find the locus of its vertex. 

Let ABC be the 6 whose base AB is given; let fall 
the 1. CP on AB ; then 

AC2 = AP2 + CP2 ; (xlvii.) 
BC2 = BP2 + Cp2 ; 

therefore AC2 - BC2 = AP2 - BP2 ; 
but AC2 - BC2 is given ; .•. AP2 - BP2 is given. Hence 
AB is divided in P into two parts, the difference of 
whose squares is given ; .'. P is a given point (9), and 
the line OP is giveIl. in position ; and since the roint 0 
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must be always on the line CP, the locus of C is a ri ght 
line ..L to the base. 

Oor. -The three ..L s  of a � are concurrent. Let 
the ..L s  from A and B on the opp osite sides be AD and 
BE, and let 0 be the point of intersection of these ..L s. 
Now, AC2 - AB2 = 002 - OB2; (10) 
an d AB2 - BC2 = OA2- 002; 
therefore A02 - ]302 = OA2 - OB2. 
Hence the line CO produced w ill be ..L to .A.B. 

Prop . 11 .·-If perpena//;'culars AE, BF be drawn from 
the extrem1;t't'es A, B of the base of a tr't'angle on the in­
ternal bisector of the vert't'cal angle, tlte h'ne fo't'ning the 
middle po't'nt G of the base 
to the foot of e't'ther perpen­
d't'cular is equal to hctlj' the 
ibiference of th� s't'des AO, 
:B C. 

Dem.-Produce BF to 
D ;' then in the �s BCF, 
DCF there are evidently A 
tw o L s and a side of one 
= respectively to two L s 
and a side o f  the other ; 
... CD = CB and FD = FB ; 
hence AD is the difference H 
of the sides AC, BC ; and, since F and G are th e 
middle poin ts of the sides BD, BA; .' . FG = � AD 
= i ( AC - B C).  In like manner EG = � (AC - BC). 

Oor. I .-By a similar method it may be prov ed that 
l ines drawn from the middle point of the base to the feet 
o f  .l.. s from the extremities of the base on the bisector of 
t he external vertical angle are each = half sum of AC 
a nd BC. 

Cor. 2 .- The L ABD is=! difference of the b ase angl es. 
Oor. 3 . -CBD is = half sum of the base angles. 
Cor. 4 .-The angl e between OF and the ..L from C 

on AB = ! diff erence of the base angl es. 
Cor. 5.-AID = difference of the base angles. 
Cor. 6 .-Given the base and the difference of the 

sid es o f  a � 1 the locu s of th e fe et of the ..L s from the 
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extremities of the base on the bisector of the i nternal 
verticalL is a circle, whose centre is the middle p oint of 
the base, and whose l' adius = h alf diff erence of the sides. 

Oor. 7 .-Given the base of a L and the sum of the 
sides, the locus of the feet of the J.. s from the extremi­
ties of t he base on the bisector of the exter nal vertieal 
L i s  a circle, whose centre i s  the middle point of the 
base, and whose radius = half sum of the si des. 

Prop. 12.-The three perpend�'cular8 to the 8�'de8 of a 
ir£angle at their m�'ddle point8 are conctttrrent. 

Dem.-Let the middle poin ts be D, E, F. Draw 
FG, E G  J.. to AB, AC, 
and let these J.. s meet 
in G ;  join G D :  the 
prop . will be proved 
by sho"\v ing that GD 
is J.. to B C . Join AG, 
BG, CG. Now, in the 
.6 s  AFG and BFG, 
since AF =FB, andFG 

A 

common, and the L B�---�-D�----�c 
AFG = BFG, AG i s  
= GB (i v. ) .  In li ke manner AG = GC ; hence BG = GC. 
And since the D. s  ll DG, CDG have the side B D  = DC 
and DG common, and the base BG = G C, the L BDG 
= CDG (vi ii . ) ; . . . GD i s  J.. to BC. 

Oor. I .-If the bi sectors of the sides of the b. meet 
i n  H, and GHbe joi ned A 
and produced to meet 
any of the three J..s 
t rom th e L s on the 
opposite sides ; for i n­
stance, the J.. fr om A 
to BC, i n  the poin t  I, 
suppose ; then GH = �  ...... 

. 
HI. For DH = � HA �.;.... . . _ ... 

_ 

.
. _ .. __ --ll..-___ .!.-� 

(Oor., Prop . 4 ) . B D d 
Oor. 2 .-Hence the J..s of the L pass through the 

point I. Thi s  is another proof that the .l s of a b. are 
concurrent. 
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Oor. 3. -The lines GD, G E, GF are respectively 
= t lA, � IB, � 10. 

Cor. 4 .-The point of concurrence of 1.. s from the 
L s on the opposite sides, the point of concurrence of 
bisectors of sides, and the point of concurrence of ..L s 
at middle points of sides of a f:::.., are collinear. 

Prop. 13.-If two tr�'anfJle8 ABC, ABD, oe on the 
same ba8e AB and be- C D tween the same paral­
lels, ana if a paralleZ 
to AB inter8ect the 
lines AO, BO, in E 
ana F, ana the h'ne8 
AD, BD, in G and p 
H, EF i8 = GR. 

Dem.-If not, let GH be greater than EF, and cut 
off G K = EF . Join AK , KB, KD, AF ; then (xxxviii.) 
f:::.. AGK = AE F, . and DGK = OEF, and (xx xvii. ) ABK 
= ABF ; . ' .  the quadr ilateral ABKD = 6 ABC ; but f:::.. 
ABO = ABD ; . ' . the quadrilateral ABKD = f:::.. ABD, 
which is impossible. Hence EF = G H. 

Oor. I.-If instead of two f:::.. s on the same base and 
between the same 11 s, we have two f:::.. s on equal bases 
and between the same 11 s, the intercepts made by the 
sides of the f:::.. s on a 11 to the line j oining the vertices 
are equ al. 

Oor. 2.-The line dra wn from the vertex of a � to 
the middle poin t  of the base bisects any line parallel t o  
the base, and terminated by the sides of the triangle. 

Prop. 14.-To in8cr�'be a 8quare in a tr�·anfJle. 

E 
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Cono-Let ABO be the 6.: let fall the .1.. CD; cut off 
BE = AD; join EC ; bisect the L EDC by the line DF, 
meeting EC in F ;  through F draw a 1 1  to AB, cutting 
the sides BC,  AC in the points G, H ;  from G, H let fall 
the .l..s GI, HJ : the figure GIJH is a square. 

Dem.-Since the L EDC is bisected by DF, and the 
L s K and L right angles, and DF common, FK = FL 
(xxvi. ) ;  but FL =GH (Prop. 13, Oor.l), and FK = GI 
(xxxiv. ) ;  .00 GI = GH, and the figure IGHJ is a square, 
and it is inscribed in the triangle. . 

Oor.-If we bisect the L ADC by the line DF', 
meeting EC produced in F', and through F' draw a 
line 11 to AB meeting BC, and AC produced in G', H', 
and from G', H' let fall .l..s G'l', H'J' on AB, we shall 
have an escribed square. 

Prop. 15.-To divide a given line AB into any number 
of equal part8. 

Con.-Draw through .A. any line AF, making an L 
with AB ; in AF take any point C, and cut off CD, DE, 
EF, &c., each = AC, ·F 
until we have as many 
equal parts as the 
number into which we 
want to divide AB­
say, for instance, four 
equal parts. Join BF; 
and draw CG, DH, El, 
each 1 1  to BF ; then AB A I n 

is divided into four equal parts. 
Dem.-Since ADH is a 6, and AD is bisected in C, 

and CG is 1 1 to DH ; then (2) AH is bisected in G ;  
. · 0  AG = GH. Again, through C draw a line 1 1  to AB, 
cutting DIT and El in K and L ;  then, since CD = DE, 
we have (2 ) CK = K L ; but CK = GH, and K L  = HI; 
.0. GH = HI. In like manner, RI = lB. Hence the 
parts into which AB is divided are all equal. 

This Proposition may be enunciated as a theorem as follows :­
If one side of a 6. be divided into any number of equal parts, and 
through the points of division lines be drawn 11 to the base, these 11 s 
will divide the second side into the same number of equal parts� 
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Prop . 16 .-If a lz'ne AB be d1;virlerl �'nto (m + n) equal· 
parts, and suppose AO oonta1:ns m of these parts, and OB oon­
ta£ns n of them. Then, 'tf A 
from the po�'nts A, 0, B 
perpenrl1:oulars AD, OF, 
BE be let fall on any 
l£ne, then mBE + nAD H G B 
= (m + n) OF. 

Dem. - Draw BR 
11 to ED, and through 
the points or division or --::::---------;:1:----..1..--­
AB imagine lines drawn D 

F E .1 .. 

11 to BR; these lines will divide AH into m + n equal 
parts, and CG into n equal parts ; . ' . n times AH=( m + n) 
times CG; and since DH and BE are each = GF, we have 
n times HD + rn times BE = (m + n) times G F. Hence, by 
addition, n times AD + m times BE = (n� + n) times 9F. 

DEF.-The oentre of mean pOS1:t-t'on of any number of 
points A, 13, C, D, �o" is a point wh£oh 'fJ�ay be found 
. as follows :-B£seot the l£ne joining any two points AB 
in G, j01;n G to a th1;rd po�'nt C, and il1:v2'de GO in H, 
80 that GH = l GO; f02"n H to a f02{;rth poz'nt D, and 
rl'ivz'de HD �'n l{, so that HIe = t liD, and so on .O the last 
po£nt found will be the oentre of n�ean pos£t£on of the 
system of points, 

Prop. 17 .-If there be any system of points A, B, 0, D, 
whose number 2'S n, and if perpend2'oulars be let fall from 
these points on any l2�ne L, the sum of the perpend£cular8 
frorn all the points on L �'s equal n tz,'nzes the perpenrl£oular 
from the oentre of nzean pOS2·t2'on. 

Dem.-Let the .1-s be denoted by AL, BL, CL, &c. 
Then, since AB is bisected in G, we have (16) 

AL + EL = 2GL ; 
and since GC is divided into (1 + 2) equal parts in H, so 
that HG contains one part and HC two parts ; then 
2GL + CL = 3HL ; 

• e. AL + EL + CL = 3HL, &c " &c. 
Hence the Proposition is :proved � 
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Oor.-If from any number of points ..Ls  be  let fall on 

any line passing through their mean centre, the sum of 
the ..L s  is zero. Hence some of the 1-s  must be nega .. 
tive, and we have the sum of the ..Ls  on the positive 
side equal to the sum of those on the negative side. 

Prop . 18.- We may extend the foregoing Definition as 
follows :-Let there be any system ofJJoints A, B, C, D, 9'-0. ,  
and a correspondt'ng systmn of multiples a, 0 ,  c, . d, 9'-c. ,  
connected with them ; then divide tlze line joining the points 
AB into (a + b) equal parts, and let AG contain b of these 
parts, and GB contain a part8. Again, join G to a third 
poz'nt C, and divt'de GC into (a + b + c) eq�tal JJart8, and let 
GR contain c of these parts, and HC the remaining part8, 
and so on ,. then the point last found will be the mean 
centre for the 8ystem of multiples a, b, c, d, 9'-c. 

From this Definition we may prove exactly the same 
as in Prop. 1 7, that if AL, EL, CL, &c . ,  be the .Ls 
,rom the points A, B, C,  &c. , on any line L, then 

a . AL + b . EL + c . CL + d . DL + &c. 

= (a + b + c + d + &c. ) tinles the ..L from the centre of 
mean position on the line L. 

DEF .-If a geornetrical magnitude varies its position 
contz'nuously accorcz,t'ng to any law, and if it retains the 
same vahte throughout, it i8 said to be a con8tant ,. but if 
it goe8 on t'ncrea8ing for 80me t't'me, and then begt'n8 to 
decrease, it i8 8aid to be a 1naxz·murn at the end of the 
�·ncrea8e : again, 2/ it decrease8 for sorne time, and then 
begins to increase, it is .a minimum when it conzmenoes to 
'tncrease. 

From these Definitions it will be seen that a maxi .. 
mum value is greater than the ones which immediately 
precede and follow ; and that a minimum is less than 
the value or that which immediately precedes, and less 
than that which immediately · follows. We give here a 
few simple but important Propositions bearing on this 
part of Geometry. 
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Prop. 19.-Through a given po�·nt P to draw a line 
which shall form, with two fJiven lines CA, CB, a tr1�angle 
of minimum area. C' 

Con.-ThroughP draw 
PD 1 1  to CB ; cut off AD 
= CD ; join AP, and pro­
duce to B.  Then AB is 
the line required. 

Dem.-Let RQ be any 
other line through P ;  at 
draw AM 11 to CB . Now, because AD = DC, we 
have AP = PR ; and the � s APM and QPB have the 
L s APM, AMP respectively equal to BPQ, BQP, and 
the sides AP and PB equal to one another ; . . . the 
triangles are equal ; hence the � APR is greater than 
J3PQ : to each add the quadrilateral CAPQ, and we get 
th e b.. CQR greater than ABC. 

Oor. I .-The line through the point P which cuts 
off the minimum triangle is bisected in that point. 

Oor. 2.-If through the mid- A 
dIe point P, and through any 
other point D of the side AB of R 
the 6 ABC we draw lines 1 1  to 
the remaining sides, so as to 
form two inscribed CJ S  CP, CD, 
then CP is greater than CD. 

Dem.-Through D draw c L--_-..I..----'--_..:I..!.-�_ 
QR, so as to be bisected in D ; B q, 
then the 6 ABC is greater than CQR ; but the CJ S  
are halves of the b.. s ;  hence CP is greater than CD. 

A very simple proof of this Oor. can also be given by 
means of (xliii. ) 

Prop. 20.- When two side8 of a triangle are given in 
?nagnitude, the area is a ?naximura when they contain a 
rig ht angle. 

Dem.-Let BA.C be a 6. having the L A · right ; 
with A as centre and AC as radius, descl'ibe a 0 ;  
take any other point D in the circumference ; it is 
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evident the Prop . will be  proved by showing that the 
� BAC is greater than BAD. c 
Let fall the ..L DE ; then 
(xix. ) AD is greater than 
DE ; . ' . AO is greater than 
DE ; and since the base AB 
is common, the 6. ABO is 
greater than ABD. IL-------:E:;!;--+-----: 

Gor.-If the diagonals or 
a quadrilateral be given in 
magnitude, the area is a maximum when they are at 
right angles to each other. 

Prop. 21.- Given two points, A, B :  it is required to 
find .a point P in a fJ�'ven h'ne L, so that AP + PB may oe 
a m�n�mum. 

Con.-From B let fall the J.. BC on L ;  produce 
BC to D, and make CD = OB ; join AD, cutting L in 
P ;  then P is the point D 
l·equired . 

Dem.-Join PB, and 
take any other point Q C L 
in L ;  join AQ, QB, QD. 
� ow, since BO = CD and 
OP common, and the L s  
at 0 right L s, we have 
BP=PD.  In like manner 
13Q= QD ;  to these equals A . 
add respectively AP and AQ, arid we have AD = AP 
+ PB , and AQ + QD = AQ + QB ; but AQ + QD is 
greater than AD ; . ' .  AQ + QB is greater than AP + PB. 

Gor. I .-The lines AP, PB, whose sum is a mini­

mum, make equal angles with the line L. 
Gor. 2.-The perimeter of a variable 6 ,  inscribed in 

a fixed D. ,  is a minimum when the sides of the former 
make equal L s with the sides of the latter. For, sup­
pose one side of the inscribed � to remain fixed while 
the two remaining sides vary, the sum of the varying 
sides will be a minimum when they make equal L. s  
with the side of the fixed triangle. 
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Oor. 3 .-0£ all polygons whose vertices lie on fixed 
lines, that of minimum perimeter is the one whose 
several angles are bisected externally by the lines on 
which they move. 

Prop . 22.- Of all triangles having tlw same vase and 
area, tl�e peri?neter of an isosceles tTiangle �'8 a min�·}num. 

Dem.-Since the 6 s are all equal in area, the vertices 
must lie on a line 1 1  to the base, and the sides of an 
isosceles 6 will evidently make equal L s with this 
parallel ; hence their sum is a minimum. 

Oor.-Of all polygons ' having the same number of 
sides and equal areas, the perimeter of an equilateral 
polygon is a minimum. 

Prop. 23.-A large number of derluc�·bles may be given 
in connexion w�·th Euclid, fig. ,  Prop . xlvii. We �·nsert a 
few here, confin�'ng ourselves to those that may oe proved 
by the First Book. 

( 1 ) .  The transverse lines AE, l3K are 1- to each 
other. For, in the 6 s  ACE, BCK, ,vhich are in every 
respect equal, the L EAC G 
= B1(C, and the L AQO 
= KQC ; hence the angle 
AOQ = KCQ, and is . . . a !F. 
right angle. 

(2) .  6 KCE = Dl3F. 
Delu. - Produce KC, 

and let fall the ..L EN. 
Now, the L ACN = BCE, 
each being a right angle ; 
. . . the LACB = ECN, and 
LBAC=ENC, each being 
a right angle, and side 
BC = CE ; hence (xxvi. ) ;0 .L 

EN = AB and CN = AC ; but AC = CK ; . . . CN = CK, and 
the £:... ENC = ECK (xxxviii.) ; but the 6 ENC = ABC ; 
hence the 6 ECK = ABC. In like manner, the 
� DBF = ABC ; . . . the 6 ECK = DBFo 

(3) .  EK2 + FD2 = 5BC2. 
Dem.-EK2 = EN2 + NK2 (xlvii.) ; 



but 
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In like manner 
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EN = A.B, and NI{ = 2AC ; 
EK2 = AB2 + 4AC2. 

FD2 = 4AB2 + AC� ; 
therefore EK2 + FD2 = 5 (AB2 + A.C2) = 5BC2. 

(4) . The intercepts AQ, AR are equal . 
(5 ) .  The lines OF, BK, AL are concurrent. 

S E C T I O N  1 1 , 
EXERCISES. 

17  

1 .  The line which bisects the vertical L of an isosceles 6. bisects 
the base perpendicularly. 

2. The diagonals of a quadrilateral whose four sides are equal 
bisect each other perpendicularly. 

3 .  If the line which bisects the vertical L of a 6. also bisects the 
base, the 6. is isosceles. 

4. From a given point in one of the sides of a � draw a right 
line bisecting the area of the D. .  

5 .  The sum of the -L s from any point in the base of an isosceles 
6. on the equal sides is = to the -L from one of the base angles on 
the opposite side. 

6. If the point be taken in the base produced, prove that the 
difference of the 1. s  on the equal sides is = to the -L from one of 
the base angles on the opposite side ; and show that, having 
regard to the convention respecting the signs plus and minus, this 
theorem is a case of the last. 

7. If the base B C  of a !:::. be produc�d to D, the L between the 
bisectors of the L s ABO, ACD = half L BAO . 

S. The bisectors of the three internal angles of a 6. are con­
current. 

9. Any two external bisectors and the third internal bisector of 
the angles of a D. are concurrent. 

10. The quadrilaterals formed either by the four external or the 
four internal bisectors of the angles of any quadrilateral have their 
opposite L s = two right L s. 

C 
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1 1 .  Draw a right line 11 to the base of a � ,  so that 

(1) .  Sum of lower segments of sides shall be = to a given line. 
(2) . Their difference shall be = to a given line. 
(3) . The 11 shall be = sum of lower segments. 
(4) . The 1 1  shall be = difference of lower segments. 

12 .  If two lines be respectively 1. to two others, the L between 
the former is = to the L between the latter. 

13. If two lines be respectively 1 1 to two others, the L between 
the former is = to the L .  between the latter. 

14. The � formed by the three bisectors of the external angles 
of a � is such that the lines joining its vertices to the L s of the 
original � will be its 1- s. 

15 .  From two points on opposite sides of a given line it is 
required to draw two lines to a point in the line, so that their 
difference will be a maximum. 

16 .  State the converse of Prop. xvii. 
17. Give a direct proof of Prop. xix. 
18.  Given the lengths of the bisectors of the three sides of a � : 

construct it. 
19. If from any point 1. s  be drawn to the three sides of a � ,  

prove that the sum of the squares of three alternate segments of 
the sides = the sum of squares of the three remaining segments. 

20. Prove the following theorem, and infer from it Prop. xlvii . : 
If CQ, CP be Os described on the sides CA, CB of a � ,  and if 
the sides 11 to CA, CB be produced to meet in R, and RC joined, 
a D described on AB with sides = and 11 to RC shall be = to the 
sum of the OS CQ, CP. 

21 .  If a square be inscribed in a 6. ,  the rectangle under its side 
and the sum of base and altitude = twice the area of the � .  

22. If a square be escribed to a � ,  the rectangle under its 
side and the difference of the base and altitude = twice the area 
or the � .  

23. Given the difference between the diagonal and side of a 
square : construct it. 

24 . The sum of the squares of lines joining any point in the 
plane of a rectangle to one pair of opposite angular points = sum 
of the squares of the lines drawn to the two remaining angular 
points. 

25. If two lines be given in position, the locus of a point equi­
distant from them is a right line. 

26. In the same case the locus of a point, the sum or the differ­
ence of whose distances from them :.s given, is a right line. 
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27. Given the sum of the perimeter and altitude of an equi­
lateral D. :  construct it. 

28. Given the sum of the diagonal and two sides of a square : 
construct it. 

29 . From the extremities of the base I.. s of an isosceles D. 
right lines are drawn ..L to the sides, prove that the base L s of the 
D. are each = half the L between the 1. s.  

30. The line joining the middle point of the hypotenuse of a 
right-angled triangle to the right angle is = half the hypotenuse. 

3 1. The lines joining the feet of the 1. s  of a � form an in­
scribed D.. whose perimeter is a minimum. 

32. If from the extremities A, B of the base of a D.. ABC 1. s 
AD, BE be drawn to the opposite sides, prove that 

AB2 = AC . AE + BC . BD. 

33. If A, B, C, D, &c . ,  be any number (n) of point's on a line, 
and 0 their centre of mean position ; then, if P be any other point 
on the line, 

AP + BP + OP + DP + &c. = nOP. 
34. If 0, 0' be the centres of mean position for two systems 01  

collinear points, A, B, C, D,  &c. ,  A,' B, ' C, '  D, '  &c. , each system 
having the same number (n) of points ; then 

nOO' = AA' + BB' + CC' + DD' + &c. 

35. If G be the point of intersection of the bisectors of the 
L s A, B of a D. , right-angled at C, and G D a 1. on AB ; then, 

the rectangle AD . DB = area of the D. .  
36. The sides AB, AC of a D.. are bisected in D, E ;  CD, BE 

intersect in F :  prove 6 BFC = quadrilateral ADFE. 
37. If lines be drawn from a fixed point to all the points of the 

circumference of a given 0 ,  the locus of all their points of bisec­
tion is a 0 .  

38. Show by drawing 11 lines how to construct a D.. = to any 
given rectilineal figure . 

39 . .ABCD is a D : show that if B be joined to the middle 
point of CD, and D to the middle point of AB, the joining lines 
will trisect AC. 

40. The equilateral D. described on the hypotenuse of a right­
angled � = sum of equilateral � s described on the sides. 

41 . If squares be described on the sides of any � ,  and the 
adjacent corners joined, the three D.. s thus formed are equal. 

0 2  
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42. If AB, CD be opposite sides of a 0 ,  P any point in its 
plane ; then � PBC = sum or difference of the b. s  CDP, ACP, 
according as P is outside or between the lines AC and BD . 

43.  If equilateral ll. s  be described on the sides of a right-angled 
6 whose hypotenuse is given in magnitude and position, t4e locus 
of the middle point of the line joining their vertices is a 0 �  

44. If C D  b e  a .L on the base AB of a right-angled b. Al3C, and 
if E, F be the centres of the 0s inscribed in the b. s ACD, BCD, 
and if EG, FH be lines through E and F 1 1  to CD, meeting AO, 
13C in G, H ;  then CG = CH. . 

45. If A, 13, C, D,  &c. , be any system of collinear points, 0 
their mean centre for the system of multiples a, b, c, ri, &c. ·; then, 
if P be any other point in the line, 

(a + 0 + c + d + &c.) OP = a . AP + b . BP + c . CP + d .  DP + &0. 
46. If 0, 0' be the mean centres of the two systems of points 

A, 13, C, D, &c. ,  A', B', C', D', &c . , on the same line L,. for a 
common system of multiples a, 0, c, ri, &c. ; then 

. 

(a + 0 + c + cl + &c.) 00' = a • AA' + 0 • BB' + c • CC' + cl 0 00' + &c. 
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SECTION I. 
ADDITIONAL PROPOSITIONS. 

Prop. l .-If ABO be an £sosceles triangle, who8e equal 
side8 are AC, BO ; and ijCD be a line drawnfrom C to any 
po�·nt D �·n the base AB ; 
then AD . DB =13C2-CD2. C 

Dein.-
-
Let fall th<e ..L 

CE ; then AB is bisected 
in E and divided un- E 
equally in D ; A £.------=:!.L--�-�B 

therefore AD . DB + ED2 = EB2 ; 
adding to each side EC2 ; 
therefore AD . DB + CD2 = 1302 ; (1. xlvit: 
therefore AD . DB = BC2 - CD2. 

Cor.-If the point be in the base produced, we shall 
have AD . BD = CD2 - OB2. If we consider that DB 
changes its sign when D passes through 13, we see 
that this case is included in the last . 

. Prop . 2.-If ABO �e any triangle, D the rnli/dle point 
of AB, then AC2 + B02 = 2AD2 + 2DC2. 

a 

A�----�--�--�B 
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Dem. ·-Let fall the .1- EO. 
A02 = AD2 + D02 + 2AD . DE ; 
]302 = BD2 + D 02 - 2DB . DE. 

Hence, by addition, since AD = DB, 

.A02 + ]302 = 2AD2 + 2D02. 

(xii. ) 
(xiii. ) 

This is a simple case of a very general Prop. ,  which we shall 
prove, on the properties of the centre of mean position for any 
system of points and any syst�m of multiples. The Props. ix. 
and x. of the Second Book are particular cases of this Prop . ,  viz. ,  
when the point C is  in the line AB or the line AB produced. 

Oor.-If the base of a 6 be given, both in magnitude 
and position, and the sum of the squares of the sides 
in magnitude, the locus of the vertex is a 0 .  

Prop. 3.-The sum of the squares of the ilz"agonals of a 
parallelogram is equal to the B 
sum of the squat'es of its four r;;-----_ 

sides. 
Dem.-Let ABOD be the 

c::::J . Draw OE 1 1 to BD ; Al=-----�---� 
produce AD to meet OE. 
Now, AD = BC (xxxiv. ), and DE = B C ; . ' .  AD = DE ; 
hence (2) A02 + CE2 = 2AD2 + 2DC2 ; but CE2 = BD2 ; 
• e • .AC2 + BD2 = 2.AD2 + 2DC2 = sum of squares of the 
four sides of the parallelogram. 

Prop. 4.-The sum of the B 
8quares of the four sides of a 
quadrilateral �·s equal to the surn 
of the squares of its d�·agonal8 
plus four times the square of the A 
line joining the middle points 
of the il�·agonals. ' D 

Dem.-Let ABCD be the 
quadrilateral, E, F the middle points of the diagonals . 
Now, in the 6 .ABD, AB2 + AD2 = 2AF2 + 2FB2, (2) 
and in the � BCD, B02 + OD2 = 2CF2 + 2FB2 ; (2) 
therefore AB2 + BC2 + OD2 + DA2 = 2(AF2 + CF2) + 4FB� 

� 4A.E2 + 4EF2 + 4FB2 = AC2 +BD2 + 4EF2, 
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Prop . 5.-Three times the sum of the squares oj' tlw 

siiles of a triangle is equal to four times the sum of the 
squares of the lines oisectt'ng the st'aes of the triangle . 

Dem.-Let D, E,  F be the middle points of the sides ,  

Then AB2 + AC2 = 2BD2 + 2DA2 ;  (2) 
therefore 2AB2 + 2ACz = 4BD2 + 4DA2 ; 
that is 2AB2 + 2AC2 = BC2 + 4DA2. 
Similarly 2BC2 + "2BA2 = CA2 + 4EB2 ; 
and 2CA 2 + 2CB2 = AB2 + 4FC2, 
Hence 3(AB2 + BC2 + CA2) = 4(AD2 + BE2 + CF2) . 

Cor. If G be the point of intersection of the bisec ... 
tors of the sides, SAG = 2A.D ; hence 9AG2 = 4AD2 ; 

. 0 . 3 (AB2 + BC2 + CA 2) = 9 (A.G2 + 13G2 + CG2) ; 

. 0 . (AB3 + 13C2 + CA2) = 3 (AG2 + 13G2 + CG2) . 
Prop. 6,-The rectangle contained by the sum and 

difference of two st'des of a trt'angle t's equal to twice the 
rectangle contained oy the oase, anil the intercept oetween 
the middle potent of the oase and the foot of the perpendt'­
cular from the vertioal angle on the base (see Fig. , Prop . 2) . 

Let CE be the ..L and D the middle point of the 
base AB. 
Then AC2 = AE2 + EC2, 
and 13C2 = BE2 + EC2 ; 
therefore, AC2 - 13C2 = AE2 - EB2 ; 
or (AC + BC)(AC - BC) =(AE + EB)(AE - EB), 
Now, AE + EB = AB, and AE - EB = 2ED ; 
therefore (AC + BC) (A.C - BC) = 2AB 0 ED. 

Prop, 7.-If A, B, C, D befourpoints taken in order on 
a right It'ne, then AB · CD A B e D 
+ BC . AD = AC . BD. I I I I 

Dem,--Let AB = a, BC = b, CD = 0 ;  then All . CD 
+ BC . AD = ao + b (a + b + o) = (a + b) (b + c) = AC . BD. 

This theorem, which is due to Euler, is one of the 
most important in Elementary Geometry. It may be 
written in a more symmetrical form by making use 
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of the convention regarding plus and minus : thus, since 
+ AC = - CA, we get 

AB . CD + BC . AD = - CA • BD, 
or 

AB . CD + 13C . AD + CA . BD = O. 
Prop. S.-If perpend�'culars be drawnfrom the angular 

points of a square to any l�'ne, the sum of the squares of 
the perpend�'culars from one pa�'r of 
oppo8ite ang le8 exceed8 tw�'ce the C 

rectangle of the perpendicularsfrom 
the other pair of oppo8ite ang le8 by 
the area of the 8quare. 

Dem. - Let ABCD be the 
square, L the line ; let fall the 
1-8 AM, BN, CP, DQ, on L :  

h D 

through A draw EF 11 to L .  Now, L N M P 
since the L BAD is right, the sum ' Q 
of the L s BAE, DAF = one right L , and . . . = to the 
sum of the L s BAE, ABE ; . . . L ARE = 'DAF, and 
L E = F, and AB = AD ; . . . AE = DF. 

Again, put AM = a, BE = b, DF = c. The four 1-8 
can be expressed in terms of a, b ,  c .  For BN = a + h, 
DQ = a + c ;  and since 0 is the middle point both of 
AC and BD, we have BN + DQ = AM +  OP, each being 
= twice the 1. from O .  Hence (a + h) + (a + c) = a + CP ; 
therefore OP = (a + b + c) . 
Now, BN2 + DQ2 - 2AM . CP = (a + b)2 + (a + C)2 

- 2a (a + h + c) = b2 + c2 = BE2 + DF2. 
= BE2 + EA2 = BA2 = area of square. 

Prop. 9.-If the ba8e AB c 
of a triangle be div�·ded in D, 
80 that m AD = n DB ; then 
mAC2 + n B02 = mAD2 + nBD2 
+ (m + n) CD2. 

Dem.-Let fall the 1. CE ; A�--D-L----E�--\B 
then 

mA02 = m(AD2 + D02 4- 2AD . DE) ; 
nBC2 = n (BD2 + DC2 - 2DB . DE). 

(xii.) 
(xiii.) 
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Now, since nzAD = nD13, we have 

m (2AD . DE) = n (2D13 . DE) . 
Hence, by addition, the rectangles disappear, and we get 

mAC2 + n13C2 = mAD2 + n13D2 + (m + n) CD2. 
Oor.-If the point D be in the line A13 produced, 

and if mAD = n13D, we shall have 
mAC2 - n13C2 = mAD2 - nD132 + (m - n) CDz. 

This case is included in the last, if we consider that 
DB changes sign when the point D passes through 13.  

Prop. lO.-If A, B,  C,  D,  &0., he any system of n 
points, 0 their centre of mean pos£t1:on, P any other 
point, the sum of the squares of the distances of the points 
A, 13, C, D, &c. , from P exceeds the 8um of the squares 
of their distances from 0 hy nOPZ. 

Dem.-For the sake of simplicity, let us take four 
points, A, 13, C, D . The method of proof is perfectly 
general, and can be extended to any number of points. 
Let M be the middle point of AB ;  join MC, and divide 
it in NO, so that MN 
= � NC ; join ND, and C 
divide in 0, so that NO 
= t OD ;  then 0 is the 
centre of mean position 
of the four points A, 13, D 
C, D. 

Now, applying the 
theorem of the last 
article to the several 
Ll s  APl3, MPC, NPD, we have 

p 

AP2 + 13pz = AM2 + MB2 + 2Mp2 ; 
2Mp2 + Cpz = 2MN2 + NCz + 3NPz ; 
3Np2 + Dpz = 3NOz + OD2 + 40Pz. 

B 

Hence, by addition, and omitting terms that cancel on 
both sides, we get 

AP2 + 13p2 + Cp2 + DP2 = AM2 + MB2 
+ 2MN2 + NC2 + 3N02 + OD2 4- 40P2. 
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Now, if the point P coincide with 0, OP vanishes, and 
we have 

therefore, 
exceeds 

A02 + B02 + C02 + D02 = AM2 + MB2 
+ 2MN2 + N02 + 3N02 + OD2 ; 

AP2 + Bp2 + Opz + DP2 
A02 + B02 + 002 + D02 by 40P2. 

Cor.-If 0 be the point of intersection of bisectors 
of the sides of a � ,  and P any other point ; then 

Apz + 13p2 + Cpz = A02 + B02 + C02 + 30p2 : 

for the point of intersection of the bisectors of the sides 
is the centre of mean position. 

Prop. 11 .-T1M last Propos1:t1:on may "be generah·zeit 
thus : if A, B, C, D,  &c., "be any system of pO'l;nts, 0 their 
oentre of mean posit�·on for any system of multiples a, b, 
c, a, &c. ,  then 

a . AP2 + "b . Bpz + c .  Cp2 + a '. DP2, &c. , 

exceeds a .  A02 + b .  B02 + c .  C02 + it .  D02, &c.,  

by (a + b + c + a, &c. )  OP2. 

The foregoing proof may evidently be applied to this 
Proposition. The following is another proof from 
Townsend's Modern Geometry :-

From the points A, B, 0, D, &c. , let fall 1.8  AA', 
BB', CO', DD', &c., on the line OP ; then it is easy to 
see that 0 is the centre of mean position for the points 
A', R', C', D', and the system of multiples a, "b, c, a, &c. 

Now we have by Props . xii . ,  xiii. ,  Book 11. , 

.APZ = A02 + Op2 + 2A'0 . OP ; 
BP2 = B02 + Op2 + 2B'O . OP ; 
cpz = C02 + Op2 + 20'0 . OP ; 
DP2 = D02 + Op2 + 2D'0 . OP, &c. ; 

therefore, multiplying by a, "b, c, a, and adding, and 
remembering that 

a .  A'O + 0 • B'O + c .  C'O + a .  D'O + &c. = 0 (see l . ,  18), 
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we get 

a . AP2 + b • BP2 + 0 • Cp2 + a . DP2, &C. , 
= a .  A02 + b .  B02 + o .  C02 + cl .  D02 + &c. ,  
+ (a + b + 0 + a, &c.) 0 P2. 

This Proposition evidently includes the last. 
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Oor. I .-The locus of a point, the sum of the squares 
of whose distances from any number of given points, 
multiplied respectively by any system of constants 
a, lJ, 0, a, is a circle, whose centre is the centre of 
mean position of the given points for the system of 
multiples a, b, 0, a. 

Oor. 2 .-The sum of the squares for any system of 
multiples will be a minimum when the lines are drawn 
to the centre of mean position. 

Prop . 12.-From the Propositions vi. and ix . it follows 
that, if a line is aiv£dea into any two parts, the reotangle 
of the parts is a maximum, ana the sum of their squares 
i8 a minir;�um, 'tv7wn the parts are equal. 

Oor .-If a line be divided into any number of parts, 
the continued product of all the parts is a maximum, 
and the sum of their squares is a minimum when they 
are all equal. For if we make any two of the parts 
unequal, we diminish the continued product, and we 
increase the sum of the squares. 

S E C T I O N  1 1 . 

EXERCISES" 

1. The second and third Propositions of the Second Book are 
special cases of the First. 

2. Prove the fourth Proposition by the second and third. 
3.  Prove the sixth by the fifth, and the tenth by the ninth. 
4. If the L 0 of a � ACB be t of two right L s, prove 

AB2 = A02 + OB2 - AC • OB. 

O. If 0 be i of two right L s, prove 

AB2 = AC2 + CB2 + AC . CB. 
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6 .  In a quadrilateral the sum of the squares of two opposite 
sides, together with the sum of the squares of the diagonals, is equal 
to the sum of the squares of the two remaining sides, together with 
four times the square of the line joining their middle points. 

7. Divide a given line AB in C, so that the rectangle under BC 
and a given line may be equal to the square of AC. 

8. Eeing given the rectangle contained by two lines, and the 
difference of their squares : construct them. 

9. Produce a given line AB to C, so that AC . CB is equal to the 
square of another given line. 

10.  If a line AB be divided in C, so that AB . BC = AC2, prove 
AB2 + BC2 = 3AC2, and (AB + BC)2 = 5AC2. 

1 1 .  In the fig. of Prop. xi. prove that-

(1) .  The lines GB, DF, AK, are parallel. 

(2) . The square of the diameter of the 0 about the � FHK 
= 6HK2. 

(3) . The square of the diameter of the 0 about the � FHD 
= 6FD2. 

(4) . The square of the diameter of the 0 about the b. AHD 
= 6AH2. 

(5) . If the lines EB, CH intersect in J, AJ is ..L to CH. 

12 .  If ABC be an isosceles � ,  and DE be 11 to the base EC, 
and BE joined, BE2 - CE2 = BC . DE. 

13 .  If squares be described on the three sides of any � ,  and 
the adjacent angular points of the squares joined, the sum of the 
squares of the three joining lines is equal to three times the sum 
of the squares of the sides of the triangle. 

14. Given the base AB of a � ,  both in position and magnitude, 
and mAC2 - nBC2 : find the locus of C. 

1 5. If from a fixed point P two lines PA, PB, at right angles 
to each other, cut a given 0 in the points A, B, the locus of the 
middle point of AB is a 0. 

1 6 . If CD be any line 1 1  to the diameter AB of a semicircle, and 
if P be any point in AB, then 

CP2 + PD2 = Ap2 + PE2. 

1 7. If 0 be the mean centre of a system of points A, E, C, D ,  
&0.,  for a system of multiples a, 0, 0, d, &c. ; then, if L and M 
be any two 11 lines, 

� (a . AL2) - l  (a 0 AM2) = � (a) • (OL2 ..... OM2) . 
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SECTION I. 
A.DDITION AL PROPOSITIONS. 

Prop. I.-The two tangents drawn to a circle from any 
external point are equal. p 

Dem.-Let P A, PB be the tan­
gents, 0 the centre of the 0 .  Join 
OA, OP, OB ; then 

Opz = OA2 + Apz, 
Opz = OB2 + BP ; 

but OA2 = OB2 ; . ' .  Apz = Bpz, and 
AP = BP. 

Prop. 2.-IJ two cz'rcles touch at a point P, ana from 
P any two lines PAB, POD be 
drawn, cutting the circles �"n E�_----::;�AP� 
the points A, 13, C, D, the lines 
AC, BD joz"ning the points of 
8ect�'on are parallel. 

Dem.-At P draw the 
common tangent PE to both 
0 s ;  then 

L EP.A. .:.- PCA ; (xxxii. ) 
L EPB = PDB. 

Hence L PCA = PDB, and AC is 11 to DD. (I. xxiii . )  
Oor.-If the angle APC be  a right angle, AC and 

BD will be diameters of the 0 s, and then we have the 



30 A SEQUEL TO EUCLID. 

follo,ving i·mportant theorem. The lines drawn from 
the point of contact of two touching circles to the ex­
tremities of any diameter of one of them, will meet 
the other in points which will be the extremities of a 
parallel diameter. 

Prop . 3.--If two circles touch at P, and any h·ne P A.B 
cut both c�·rcles �'n A and 13, the tangents at A and 13 are 
parallel. 

Dem.--Let the tangents at A and ]3 meet the tan­
gents at P in the points E and F.  

Now, since AE = EP ( 1 ), the L APE = PAE. In 
like manner, the L BPF = PBF ; . . . L PAE == PBF, 
and AE is 11 to BF. 

This Prop . may be inferred from (2) ,  by supposing 
the lines PAB, POD to approach each other indefinitely ; 
then AO and BD will be tangents. 

Prop. 4.-If two circles touch each other at any point 
P, and any line out the o�'r oles �·n 
the points A, B, 0, D ;  then the :ID P 

(tngle APB = OPD . 
Dem.-Draw a tangent PE 

at P ;  then .A r---:�--�� 
L EPB = POB ; (xxxii .) 
L EPA = PDA. 

Hence, by subtraction, L AP13 
= OPD . 

Prop. 5.-If a oirole touoh a semioirole �'n D ana its 
d�'ameter in P, and PE be per­
pendioular to the diameter at P, 
the square on PE is equal to 
tw�'oe the reotang le oontaz'ned 
by the radii of the oiroles. 

Dem.-Oomplete the circle, A . B 
and produce EP to meet it 
again in G. Let 0 and F be the 
centres ; then the line OF will 
pass through D. Let it meet 
the outside circle again in H. 
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Now, EF . FG = DF . FH (xxxv.), and PF2 = DF2. 
Hence, by addition, making use of 11. v. ,  and 11. iii. , 
EP2 = DF . DH = twice rectangle contained by the 
radii . 

Prop. 6.-If a m;rcle PGD touoh a oirole ABC in D 
and a chord AB in P, and tt/ 
EF be perpendioular to AB 
at its middle point, and at 
the 8tt'ae opposite to that of D 
the o£rcle PGD, the rectangle 
contatt'ned by EF and the dtt'a-
meter of the circle PGDis equal At--��--+E-------J- B 
to the rectangle AP . PB. 

Dem.-Let PG be at 
right L s to AB, then PG 
is the diameter of the 0 H F PGD. Join DG, DP, and 
produce them to meet the 0 ABC in 0 and F ;  then OF is 
the diameter of the 0 ABC, and is 1 1  to PG (2) ; .

0

0 OF 
is J.. to AB ; hence it bisects AB in E (iii. ) .  Through 
F draw FH 1 1  to AB, and produce GP to meet it in H. 

Now, . since the Ls  H and D are right Ls, a semicircle 
described on GF will pass through the points D and H. 
Hence HP . PG = FP . PD = AP . PB ; (xxxv.) 
but HP = EF ; . ' 0 EF . PG = AP . PB. 

This Prop. and its Demonstration will hold true when 
the 0 s are external to each other. 

Oor. If AB be the diameter of the 0 ABO, this 
Prop. reduces to the last . 

Prop . 7.-To draw a oommon tangent to two olroles. 
Let Pbe the centre E 

of the greater 0,  Q 
the centre of the less, 
with P as centre, and 
a radius = to the dif­
ference of the radii 
of the two 08 : de­
scribe the 0 IGR ; 

D 

from Q draw a tangent to this 0, touching it at H. 
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Join PH, and produce it to meet the circumference of 
the larger 0 in E. Draw QF 11 to PE. Join EF, 
which will be the common tangent required. 

Dem.-The lines HE and QF are, from the construc­
tion, equal ; and since they are 1 1 ,  the fig. HEFQ is a c:J ;  
. ' .  the L PEF = PHQ = right angle ; . ' .  EF is a tangent 
at E ;  and since L EFQ = EHQ � right angle, EF is a 
tangent at F. The tangent EF is called a d�'reot com­
mon tangent. 

If with P as centre, and a radius equal to the sum 
of the radii of the two given 0 s, we shall describe a 
<:) ,  we shall have a common tangent which will pass 
between the 0 s, and one which is called a transverse 
common tangent. 

Prop. B.-If a line pa88�'ng through the centres of two 
cirole8 out them �'n the points A, B,  C, D, respeotively ; 
then the 8quare of their d�'reot common tangent �'s equal 
to t7�e reotangle AC . BD. 

Delll.-We have (see last fig.) AI = CQ ; to each add 
10, and we get AC = IQ. In like manner, BD = QQ. 
Hence AO . BD = IQ . QG = EF2. 

Oor. 1 .--If the two 0 8  touch, the square of their 
common tangent is equal to the rectangle contained by 
their diameters. 

Oor. 2.�The square of the transverse common tan­
gent of the two 0 8  = AD . BC. 

Oor. 3.-If ABC be 
a semicircle, PE a 1-
to AB from any point 
P, CQD a <::) touch­
ing PE, the semicircle 
ACB, and the semi-
circle on PB ; then, if A'-__ ......L::-_____ -I B 
QR be the diameter 
of CQD, AB . QR = EP2. 

Dem. PB . QR = PQ,2, 
AP . QR = EP2 _ PQ,2 ; 

therefore, by addition, AB . QR = EP2. 
« (for. 1) 

(6) 
Oor. 4.-1£ two 08 be described to touch an ordi-
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nate of a semicircle, the semicircle itself and the semi­
circles on the segments of the diameter, they will be 
equal to one another. 

Prop . 9.-In equiangular tr2°angles the reotangles uniler 
the non-corresponding sides about 
equal angles are equal to one another. 

Demo-Let the equiangular 6 s  
be ABO, DCO, and let them be 
placed so that the equal L s at 0 
may be vertically opposite, and 
that the non-corresponding sides 
AO, CO may be in one right line, 
then the non-corresponding sides 
:BO, OD shall be in one right line. Now, since the 
L ABD = ACD, the four points A, :B, C, D are con­
cyclic (in the circumference of the same 0 ) .  Hence 
the rectangle AO • OC = rectangle BO . OD. (xxxv.) 

Prop. lOo-The rectangle contained "by the perpendi-
culars from any point 0 in the c�'r- c 
cumference of a c�·rcle on two tan .. 
gents AC, B C, �.{j equal to the square 
of the perpendicular from the same 
po�Ont on their chord of contact AB. 

Demo-Let the .Ls  be OD, OE, 
OF. Join OA, OB, EF, DF. Now, 
since the L s  ODB, OFB, are right, A r------::;'";:--�. 
the quadrilateral ODBF is in­
scribed in a 0 . In like manner, 
the quadrilateral OEAF is in­
scribed in a 0 .  Again, since EC 
is a tangent, the L DBO = BAO 
(xxxii . ) ; but DB.O = DFO (xxi. ) ; 
and FAO = FEO ; . ' . L DFO = FEO. In like manner, 
L ODF = EFO ; hence the � s  ODF, FEO are equi­
angular, and . . . the rectangles contained by the non­
corresponding sides about the equal L s DOF, FOE, 
are equal (9) .  Hence OD . OE = OF2. 

Prop. 11o--:...Q from any point 0 �'n the c�'rcu1nference of 
a circle perpend�·culars oe drawn to the four 8�·de8, and to 

1) 
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the diagonals of an inscribed quadrilateral, the rectangle 
contained by the perpendioulars on either pair of opposite 
8ides is equal to the E reotang le oontained by 0 F 
the perpenaz·oular s on 
the diagonals. 

Dem.--Let OE, OF 
be the .i s on the oppo­
site sides AB, CD ; OG, 
OH, the .is  on the 
diagonals. Join EG, 
FH, OA, OD . Now, 
as in the last Prop. ,  we 
see that the quadrila­
terals AEOG, DFOH, 
are inscribed in 0s. 
Hence L OEG = OAG, 
and OHF = ODF. Again, since AODC is a quadri­
lateral in a 0 ,  the L OAe + ODe = two right L s  
(xxii .)  = ODO + ODF ; . . . the L OAC = ODF � Hence 
the L OEG = OHF. In like manner, the L OGE 
= OFH. Hence the 4s OEG, OHF are equiangular, 
and the rectangle OE . OF = the rectangle OG . OH. 

Cor. I .-The rectangle contained by the .is on one 
pair of opposite sides is equal to the rectangle contained 
by the .i s on the other pair of opposite sides. This may 
be proved directly, or it follows at once from the theorem 
in the text. 

Cor. 2 .--1£ we suppose the points A, B, to become 
consecutive, and also the points C, D ,  then AB, CD 
become tangents ; and from the theorem of this Article 
we may infer the theorem of Prop. 1 0 . 

Prop 12.-The feet D, E, F of the three perpenilioulars 
let fall on the siiles of a triangle ABO,from any point P in 
the circumference of the cz'rcumsoribed cz'rcle, are colZinear. 

Dem.-J oin PA, PB, DF, EF. As in the Demonstra­
. tions of the two last Propositions, we see that the qua­

drilaterals PBDF, PFAE 'are inscribed in 0 s ; . . . the 
L s FBD, PFD are = two right L s (xxii . ), and L s FBD, 
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P AC, are = two right L s (xxii.) ; • • • 
and since PFAE is a quadri­
lateral in a circle, the L EAP 
= EFP ; . ' .  PFD + PFE = PAO 
+ PAE = two right Ls. Hence 
the points D,  F, E, are collinear. 

Cor. 1 .-If the feet of the 
l... s drawn from any point P 

35 
L. PFD = PA.C ; 

E 
�-;�A 

to the sides of the � ABO be B¥----ll-------y 
collinear, the locus of P is the 
o described about the triangle. 

Cor. 2.-If four lines be given, a point can be found 
such, that the feet of the B 
four l... s from it on the lines 
will be collinear. For let the 
four lines be AB, AC, DB, 
DF. These lines form four 
�s. Let the 0 s described 
about two of the � s-say 
AFE, ODE-intersect inP ; 
then it is evident that the 
feet of the 1... s from P on 
the four lines will be collinear. 

Cor. 3 .-The 0s described about the � s  ABO, DBF, 
each passes through the point P. This follows because 
the feet of the l... s from P on the sides of these �s are 
collinear. 

Prop . 13 .-1f the pe".pend�ooular8 of a trlangle �e pro .. 
duoed to meet the ot"roumferenoe of "0-
the oiroumsoribed oirole, the parts of 
the perpendt"oulars interoepted be­
tween their point of inter8ection and 
the ottOrcumference are bi8eoted by the 
8�'des of the triangle. 

Let AD, CF intersect in 0 ;  pro- � 
duce 'OF to meet the 0 in G ;  then 
OF = FG. 

. G 
Dem.--The L. AOF = ODD (I. xv. )  ancl .AFO = CDO, 

n 2  
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each being right ; . ' ,  FAO = OeD ; but OeD = GAF 
(xxi. ) ; . 0 .  FAO = FAG, and AFO = AFG, each being 
right, and AF common. Hence OF = FG. 

Prop. 14.--The line ioining any point P, �'n the o�'r­
oumferenoe of a o�'role, to the pm�nt of �'nterseot�'on of the 
perpendioulars of an insoribed tr�'an9le, is b�'8ected by the 
line of oollinear�"ty of the 
feet of the perpendioulars 
fr01n P on the sides of the 
tr1"angle. 

Let P be the point ; PH, 
PL two of the J.. s from 
P on the sides ; thus HL 
is the line' of collinearity 
of the feet of the ..L s from 
P on the sides of the 6 .  N. 
Let OF be the ..L from C 
on AB ; produce OF to 
S, and make OF = FG ; 
then 0 is the point of 
intersection of the ..L s  of the l::l . Join OP, intersecting 
HL in I : it is required to prove that OP is bisected in I. 

Dem.--Join AP, PG, and let PG intersect HL in K, 
Hnd AB in E. Join OE. Now, since APLH is a quadri­
lateral in a 0 ,  the L PHK = PAO = PGe = HPK ; 
. ' .  PK = leH. Hence RH = RE, and PK = RE. 
Again, since OF = FG, and FE common, L GEF = OEF ; 
but GEF = KEH = KHE '; . ' .  L OEF = ICHE ; . ' .  OE 
is 11 to KH ; and since EP is bisected in K, OP is bi­
sected in I. 

Gor .-If X, Y, Z, W be the points of intersection 
of the ..L s  of the four 6 s  AFE, ODE, ABO, DBF 
(see fig. , Gor. 2, Prop. 12) ,  then X, Y, Z, W are col­
linear. For let L g.enote the line of collinearity of the 
feet of the 1.. s from P on the sides of the four 6 s. 
Join PX, PY, PZ, PW. Then, since L j oins the 
points of bisection of the sides of the � PXY, the 
line XY is 11 to L. Similarly, YZ, ZW are each 1 1 to 
L. Hence XY, YZ, ZW form one continuous line. 
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Prop . 15.-Through one of the pott"nts of �·ntersecttt"on of 

two g�'t'en c�'rcles to draw a line, the sum 0/ whose segments 
intercepted oy the C'/:rcles 
shall oe a maximum. 

Analysis.-Let the 0 s 
intersect in the points P, 
R, and let APB be any 
line through P. From 
0, 0', the centres of the 
0s, let fall the ..L s  OC, 
O'D, and draw O'E " to A 
AB. Now, it is evident 
that AB = 2CD = 20'E ; and that the semicircle de· 
scribed on 00' as diameter will pass through E. Hence 
it follows that if AB is a maximum, the chord O'E 
will coincide with 00'. Therefore AB must be 1 1  to 
the line joining the centres of the 0 s. 

Cor. I .-If it were required to draw through P a 
line such that the sum of the segments A.P, PB may be 
equal to a given line, we have only to describe a 0 
from 0' as centre, with a line equal half the given line 
as radius ; and the place where this 0 intersects the 0 
on 00' as diameter will determine the point E ;  and 
then through P draw a 11 to O'E. 

DEF.-.A triangle is said to oe given in speo�'es when 
its angles are given. 

Prop. l6.-To aescrtbe a trtt"angle of given spe01:e8 
whose sides shalZ pa88 through three given po�'nt8, and 
wh08e area shall oe a maximurn. 

Analysis.-Let A, B, C be the given points, DEF 
the required � ;  then, since th'J triangle DEF is given 
in species, the L s  D, E, F are given, and the lines AB, 
BC, CA are given by hypothesis ; . . . the <:) s about the 
� s  .A.BF, BOD, O.A.E are given. These three 0s  will 
intersect in a common point. For, let the two first in­
tersect in O.  Join AO, BO, 00 ; then L .A.FB + A.OB = 
two rightL s ;  and BDO + BOC = two rightL s ;  . ' . the L s  
AFB, BDC, AOB, COll = four right L s? and the t. § 
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A.OB, BOC, COA = four right Ls ; . ' .  the L COA 
= AFB + BDC : to each D 
add the L CEA, and we 
have the L COA + CEA 
= sum of the three L s  of 
the .6 DEF, that is = two 
right L s ;  . . . the qua­
drilateral AECO is in­
scribed in a 0 .  Hence the 
three 0 s pass through 
a common point, which 
is a given point . 

Again, since the area 
. of the � DEF is a maxi­
mum, each of its sides is a maximum. Hence ( 1 5) we 
have to draw through the point A a line 11 to the line 
joining the centres of the 0 s ABF, CEA ; that is, a 
line 1- to AO, and join its extremities E, F to the 
points C, B, respectively. 

Cor.-If instead of the maximum .6 we require to 
describe a .6 whose sides will be equal to three given 
lines, the method of solving the question can be inferred 
from the corollary to the last Proposition. 

Prop . ·  17.-To de80ribe in a given tr't"angle DEF (see 
last fig. ) a triangle fI�'ven �'n speoie8 who8e area 8hall De a . . 
m�ntmum. 

Analysis.-Let ABC be the inscribed 6 ; describe 0 8  
about the three 6s ABF, BOD, CAE ; then these 08 
will have a common point : let it be 0 . We prove this 
to be a given point as follows : The L FOE exceeds 
the L FDE by the sum of the L s  DFO, DEO ; that is, 
by the sum of the L s  BAO, CAO. Hence the L F OE 
= FDE + BA.C ; . . . the L FOE is given. In like 
manner, the L EOD is given. Hence the point 0 will 
be the point of intersection of two given 0 s, and is 
. . . given ; and, since E and F are given points, the 
L OFE is given ; . . . the L OBA is given. In like 
P1anner� the 4 OAB is given ; . . . � OAB is �ivep 
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in species. Now, since the � ABC is a minimum, the 
side AB is a minimum ; . ' .  OA. is a minimum ; and 
since 0 is a given point, OA. must be 1. to EF. Hence 
the method of inscribing the minimum � has been 
found. 

Cor.-From the foregoing analysis the method is 
obvious of inscribing in � given � another f:l whose 
sides shall be respectively equal to three given right 
lines. 

Prop . 18.--If ABO oe a triangle, ana CD a perpen­
dicular to A.B ; then if' AE = DB , it is requirea to prove 
that A.B is the minimum 
tine that can be drawn 
through E, meeting the two 
fixed tines AO, BO.  

Dem.-Describe a 0 
about the � ABO ; pro­
duce CD to meet it in L, 
and erect El\:, J.. to AB. J 
J oin AK, EK. Through IF 
E draw any other line FG ; K:::-;;;::------"J;' draw KO J.. to .PG, and 
produce it to meet AB in H ;  through H draw JI 1 1 to 
IfG. Join JI{, lK, OK, KL. Now, since AE = DB, it 
is evident that EK = DL. Hence KL is 1 1  to AB ; 
. . .  the L KLO = ADC, and is consequently a right L ; 
. ' .  KO is the diameter of the (:) ; . . . the L KB O is 
right, and the L KHI is right ; . . . KHIB is a quadri­
lateral inscribed in a circle ; . . . the L KIH = REA. 
in like manner, the L KJH = KAB ; . . . the �s IJI( 
and BAK are equiangular; and since IK is greater 
than ICE (the L IBl{ being right), it follows that IJ is 
greater than A.B; but FG il:) evidently greater than IJ ; 
. 0 .  much more is FG greater than AB . Hence AB is 
the minimum line that can be drawn through E. 

If in the foregoing :tig. the line .BA receive an infinitely small 
change of position, namely, 13 along BC, and A along AC ; then 
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it is plain the motions or ]3 and A would be the same as if the 
� ARB got an infinitely small turn round the point K, which 
remains fixed : on this account the point K is called the centre of 
instantaneous rotation for the line AB. 

This Proposition admits of another demonstration, as 
follows :-Through the points A, B draw the lines AM,. 
13M 11 to 130, AO ; then ME is evidently ..L to AB ; let 
fall the ..L MN on FG ; j oin AG, MG ; then the f::J. FMG 
is plainly greater than f::J. AGM ; but f::J. AGM = f::J. .A.BM; 
• e ,  f::J. FGM is greater than f::J. ABM, and its J.. MN is 
less than ME, the J.. of f::J. A�B ; hence the base FG 
is greater than th� base AB. 

Prop . 19 .-If 00, OD he any two h'ne8, AB any arc 
of a c�'rcle, or of any other curve concave to 0 ;  then, of all 
the tangents wh�'ch can be drawn to AB, that whose �'nter­
oept is bisected at the point of contact cuts off the minimum 
tr�·angle. 

Dem.-Let CD be bisected at P, and let EF, be any 
other tangent, Then through P draw GH 1 1  to EF ; 
then, since CD is bisected in P, the f::J. cut off by OD 
is less t.han the f::J. 
cut off by GH 
(I. 1 9) ; but the f::J. 
cut off by GH is 
less than the f::J. 
cut off by EF. 
Hence the f::J. cut 
off by CD is less 
than the � cut off 
by EF, 

Oor, I .-Of all 0 
triangles described 
about a given circle, the equilateral triangle is a . . 
mInImum. 

Oor. 2.-0f all polygons having a given number of 
sid�s described about a given <;) ,  the regular polygon 
. . . . 

' .  �s a mInImum. 
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PrOjl . .zo.-If ABC he a c'lrcle, AB a clt"ameter, PD «. 
fixed line perpendicular to A 
AB ; then if AOP he any 
l1:ne cutttOng the circle in C 
and the z'£ne PD �on P, the 
rectangle under AP and AC 
is constant. 

Dem.-Since AB is the 
diameter of the 0 ,  the 
L ACB is right (xxxi.) ;  ---:-'p�' -----:n:::-. .  -. ---­

. ' . 13CP is right, and 13DP 
is right ; . . . the figure BDPC is a quadrilateral inscribed 
in a 0,  and, consequently, the rectangle AP . AC 
= rectangle AB . AD = constant. 

00'1'. I .-This Prop. holds 
true when the line PD cuts the 
0 ,  as in the diagram : the value 
of the constant will, in this 
case, be = AE2. Hence we 
have the following :-

00'1'. 2.-1f A be the middle 

A 

point of the arc EF, AC any B 
chord cutting the line EF in P ;  then AP . AC = AE2. 

On account of its importance, we shall give an inde­
pendent proof of this Prop. Thus : join EO, and sup­
pose a 0 described about the L EPO ; then the L FEA 
= ECA, because they stand on equal arcs AF, AE. 
Hence AE touches the 0 EPC (xxxii. ) ;  . ' . the rect-
angle A.P . AC = AE2. 

. 

00'1'. 3 .-1f A be a fixed point ( see two last :figs o ), 
PD a fixed line, and if any variable point P in PD be 
joined to A, and a point C taken on AP, so that the 
rectangle AP .' AC = constant-say R2-then; by the 
converse of this Prop. , the locus of the point C is a 0 .  

DJijF.-The point C is oalled the inverse of the point P, 
the 0 A13C the inverse of the line PD, the fixed potOnt A 
the centre, and the con8tant R the radius of inversion. 

We shall give more on the subj ect of jp.version in 
Qur addition to Book VI� 
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Prop. 21 .-Iffrom the centre of a circle a perpenilicular 
be let faU on any h'ne G D, 
and from D, the foot of the 
perpenr1�ocular, and from any 
other po�Ont G �On G D two tan­
gent8 DE, GF be ilrawn to the 
circle, then GF2 = GD2 + DE2. 

Demo-Let C be the centre � ____ � __ _ 

of the 0 .  Join CG, CE, CF. 
Then 

D 

GF2 = GC2 - CF2 = GD2 + DC2 - CF3 

= GD2 + DE2 + EC2 - CF2 = GD2 + DE2. 

Prop . 22.-To de8cribe a circle having �Ot8 centre at a 
g",'ven point, and cutt",Ong a 
g",Oven circle orthogonaUy B F 
(at right angle8). 

Let A be the given 
point, BED the given 0 . 

E 
FromA draw AB, touch­
ing the 0 BED (xvii. )  
at B ; and from A as cen­
tre, and AB as radius, 
describe the 0 BFD : this 0 will cut BED orthogo­
nally. 

Dem.-Let C be the centre of BED. Join CB ; then, 
because AB is a tangent to the circle BED, CB is at right 
L s to AB (xviiio ) ; . ' . CB touches the 0 BDF. Now, 
since AB, CB are tangents to the 0 s BDE, BDF, these 
lines coincide with the 0 s for an indefinitely short 
distance (a tangent to a 0 has two consecutive points 
common with the 0 ) ; and, since the lines intersect 

. at right L s, the 0 s  cut at right L s ;  that is, or­
thogonally. 

Cor. I .-The 08  cut also orthogonally at D. 

Cor. 2 .-When two 0s cut orthogonally, the square 
of the distance between their centres is equal to the 
�"Q.m of the sC! uares of their radii" 
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Prop. 23 .-If in the line Joining the centres of two 
()1:rcles a poz'nt D he found, 
Buch that the tangents DE, G 

DE' from it to the c�'rcles 
are equal, and if through 
D a hOne DG he drawn 
perpendt"cular to the hOne 
Join�Ong the centres, then r-_-,;C_l:r--t-_�-I--+-�--I 
the tangents from any 
other pot"nt G �On DG to 
the c�orcles w�oll he equal. 

Dem.-Let GF, GF' be the tangents. Now, by 
hypothesis, DE2 = DE/2. To each add DG2, and we have 

or 

GD2 + DE2 = GD2 + DE'2, 

GF2 = GF'2 ; . . . GF = GF'. 

DEF.-The line GD is called the railical axis of the 
two circles ,. and two points I, I', taken on the hOne through 
the centres, BO that DI -:- DI' = DE = DE', are called the 
lz·m�·ting pozOnts. 

(Jor. I .-Any circle whose centre is on the radical 
axis, and which cuts one of the given 0 s  orthogonally, 
will also cut the other orthogonally, and will pass 
through the two limiting points. 

Oor� 2.-1f there be a system of three 0s, · their 
radical axes taken in pairs are concurrent. For, if 
tangents be drawn to the 0 s  from the point or inter­
section of two or the radical axes, the three tangents 
will be equal. Hence the third radical axis passes 
through this point. 

DEF .-The point of concurrence of the three rad�ocal 
axes is called the radical centre of the circles. 

Cor. 3.-The 0 whose centre is the radical centre 
of three given 0 s, and] which cuts one or them or­
thogonally, cuts the other two orthogonally. 
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Prop . 24 .-The difference between the squares of the 
tangents, from any po�'nt P to two circles, is equal to twic8 
the rectangle contain- p 
ed oy the perpendi­
cular from P on the 
rail/l'cal aX1;s and the 
di8tance oetween the 
centres of the circles. 

Dem.-Let C, C', 
be the centres, 0 the 
middle point of CC', 
DE the radical axis. 
Let fall the 1.. 8 PE, PG. Now, 

cpz - C'P2 = 2CC' . OG 

CF2 - C'F'2 = CD2 - C'DZ 

because DE is the radical axis 

= 2CC' . ODe 

Hence, by subtraction, 

, 

PF2 - PF'2 = 20C' . DG = 200' . EP. 

(11., 6)  

This is  the fundamental Prop . in the theory of coaxal 
circies. For more on this subject, see :Book VI. ,  
Section v. 

DEF .-If on any railius of a m;rcle two points be taken, 
one internally and the other externally, so that the rect­
angle contained oy their distances from the centre �'s equal 
to the square of the rad�'us ; then a line drawn perpend�'­
cular to the radius throug h either point is called the 
polar of the oth.er po�'nt, which is ---=--r-----
called, in relation to this perpendi- P 
cular, its pole. Thus, let 0 oe the 
centre, and let OA . OP = radius2 ; 

y 

then, if AX, PY oe perpend1;culars -J''----I---\:--X 
to th.e line 0 P , py �'s called the 
polar . of A, and A the pole of P Y. 
Sim�'larl?J, AX �'s the polar of P, and 
P the pole of AX� 
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Prop. �5.-If A and B be two points, suok tllat tlM 

polar of A. paS8es through 13, 
. 

then the polar of B pa88e8 P D 

through A. 
Dem.--.:. Let the polar of 

A be the line PB ; then PB 
is J.. to OP (C being the 
centre ) .  Join CB, and let 
fall the J.. AQ on CB. 
Then, sin0e the L s P and 
Q are right Ls, the qua­
drilateral APBQ is inscribed in a 0 ;  . · . CQ . CB 
= CA . CP = radius2 ; • • • AQ is the polar of B. 

Cor.-In PB take any other point D. Join CD, and 
let fall the perpendicular AR on CD. Then AQ, AR are 
the polars of the points 13 and D, and we see that the line 
BD, which joins the points 13 and D, is the polar of the 
point A ;  the intersection of AQ, AR, the polars of 
13 and D. Hence we have the following important 
theorem :-The line of oonnexion of any two point8 i8 
the polar oJ the po�'nt of �'nter8e()t�'on of their polar8 ,· 
or, again : The point of inter8eot�'on of any two hOne8 �'8 
the pole of the line of oonnexion of their pole8 . 

DEF.-Two point8, 8uoh as A and 13, whioh p088e88 the 
property that the polar of either pa88e8 through the other, 
are oalled conjugate po�'nt8 with re8peot to the c�'role, and 
the�'r polar8 are called conjugate h'ne8. 

Prop , 26.-If two oirole8 out orthogonally, the extre­
mit�'e8 of any dz'ameter oj either are conjufJate point8 with 
re8j?eot to the other. 

Let the 0 s be ABF and 
CED, cutting orthogonaliy in 
the points A, ]3 ;  let CD 
be any diameter of the 0 
CED ; C and D are conjugate 
points with respect to the 
<::) .ABF. D 
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Dem.-Let 0 be the centre of the 0 ABF. Join 
OC, intersecting the 0 CED in E. Join ED, and pro­
duce to F. Join OA. Now, because the 0 s  intersect 
orthogonally, OA is a tangent to the 0 CED. Hence 
OC . OE = OA2 ; that is, OC . OE = square of radius of 
the 0 ABF ; and, since the L CED is a right angle, 
being in a semicircle, the line ED is the polar of C .  
Hence C and D are conjugate points with respect to the 
<:) ABF. 

Prop. 27.-Ij A and B be two points, and ,if from A 
we draw a perpend�·oular AP to 
the polar of B,  and from B a 
perpendioular B Q  to the polar DJ 
A ;  then, if C be the centre of {lie 
oirole, the reotangle CA . BQ 
= CB . AP (Salmon) . 

Dem.-Let fall the .i s  AY, D 
BX, on the lines CE, CD. 
Now, since X and Y are right 
angles, the semicircle on AB 
passes through the points X, Y. 
Therefore CA. • CX = CB • CY ; 
and CA. • CD = CB . CE, 

because each = radius2 ; • • • ,ye get, by subtraction, 
CA • DX = CB . EY ; 

or CA . BQ = CB . AP. 
Prop . 28 .-The loous of the interseotion of tangents to 

a (}ir(}le, at the extremities DJ a ohord 
whioh passes through a fJ�·ven point, is ___ B.,.-_::::r--_ 
the polar of the po�·nt . .  

Dem.-Let CD be the chord, A 
the given point, CE, DE the tan­
gents. Join OA, and let fall the 
1- EB on OA produced. Join OC, 
OD. Now, since EC ::: ED, and 
EO common, and OC ::: OD, the L 
CEO = DEO. Again, since CE 
= DE, and EF common, and L CEF 
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c DEF ; e

e

. the L EFC = EFD. Hence each is right. 
Now, since the � aCE is right-angled at C, and CF 
perpendicular to OE, OF . OE = 002 ; but since the 
qn.adrilateral AFEB has the opposite angles B and F 
right angles, it is inscribed in a 0 .  The rectangle 
OF � OE = OA . OB ; but OF . OE = 002 ; e

·
. OA . OB 

= 002 = radius2 ; • e

. DE is the polar of A, and this is 
the locus of the point E. 

Oor. I .-If from eyery point in a given line tan­
gents be drawn to a given circle, the chord of contact 
passes through the pole of the given line. 

Oor. 2.-1f from any given point two tangents be 
drawn to a given circle, the chord of contact is the 
polar of the given point. 

Prop. 29.-The older geometers devoted much time 
to the solution or problems which required the con­
struction of triangles under certain conditions. Three 
independent data are required for each problem. We 
give here a few specimens of the modes of investigation 
employed in such questions, and we shall give some addi­
tional ones under the Sixth Book. 

( 1 ) . Given the base of a triangle 
the vert1;cat · angle, and the sum of 
the sides : construct It"t. 

Analysis.-Let ABC be the 
6 ; produce AC to D, and make 
CD = CB ; then AD = sum of 
sides, and is given ; and the B 
L ADB = half the L ACB, and is given. Hence we have 
the following method of construction :-On the base AB 
describe a segment of a 0 containing an L = half the 
given vertical L ,  and from the centre A, with a distance 
equal to the sum of the sides as radius, describe a 0 . 

cutting this segment in D .  Join AD, DB, and make 
the L DBC = ADB ; then ABC is the � required. 

(2) .  Given tlw vertical angle of a tr�·angle, ana the seg ... 
ments into wldch the line b�'sectinfl it divides tl�e base : 
construct �·t. 
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Analysis .-Let ABC be the � ,  CD the line bisect­
ing the vertical L . Then AD, DB, 
and the L ACB are given. Now, 
since AD, DB are given, AB is 
given ; and since AB and the L ACB 
are given, the 0 ACB is given Af"----+=---..::rB 
(xxxiii . ) ;  and since CD bisects the 
L ACB, we have arc AE = EB ; 
. . . E is a given point, and D is a E 
given point. Hence the line ED is given in position, 
and therefore the point 0 is given. 

' 

(3) . Gz"ven the base, the vertz"oal angle, ana the reotangle 
of the sz"des, oonstruot the tr�·angle. 

Analysis .-Let ABC be the � ; 
let fall the J.. CD ; draw the dia­
meter OE ; join AE. Now the 
L CEA = CBA (xxi . ), and CAE 
is right, being in a semicircle 
(xxxi. ) ;  . . . = L CDB. Hence the A 
� s  CAE, ODB are equiangular ; 
. . . rectangle A C . CB = rectangle 
OE . CD (9) ; but rectangle AC . CB E 
is given ; . . . rectangle CE . CD is given ; and since the 
base and vertical L are given, the 0 ACB is given ; 
. · . the diameter CE is given ; . . . CD is given ; and there­
fore the line drawn through C 1 1  to AB is given in 
position. Hence the point C is given. 

The method of construction is obvious. 
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S E C T I O N  1 1 . 

EXERCISES. 

1 .  The line joining the centres of two 0 s  bisects their common 
chord perpendicularly. 

2.  If AB, CD be two 11 chords in a 0, the arc AC = BD. 
3 .  If two 0s be concentric, all tangents to the inner 0 which 

are terminated by the outer 0 are equal to one another. 
4.  If two .1 s AD, BE of a � intersect in 0, AO . OD ' 

= B O  • OE. 
5. If 0 be the intersection of the 1.. s of a � ,  the 8 s described 

about the three � s  AOE, BOC, COA are equal to one another. 

6 .  If equilateral � s be described on the three sides of any D. ,  
the 0s described about these equilateral !:l s pass through a corn­
mon point. 

7. The lines joining the vertices of the original � to the oppo .. 
site vertices of the equilateral � s are concurrent. 

S. The centres of the three 0s in question 6 are the angula! 
points of another equilateral � '. This theorem will hold true if 
the equilateral � s on the sides of the original � be turned in­
wards. 

9. The sum of the squares of the sides of the two new equi­
lateral !:l,s in the last question is equal to the sum of the squares 
of the sides of the original triangle . 

10. Find the locus of the points of bisection of a system 01 
chords which pass through a fixed point. 

1 1 .  If two chords of a 0 intersect at right angles, the sum. of the 
squares of their four segments equal the square of the diameter. 

12. If from any fixed point 0 a line CD be drawn to any point 
D in the circumference of a given 0, and a line DE be drawn ..L 
to OD, meeting the 0 again in E, the line EF drawn through 
E 11 to CD will pass through a fixed point. 

1 3  .. Given the base of a � and the vertical L ,  prove that the 
sum of the squares of the sides is a maximum or a minimum 
when the I:::>. is isosceles, according as the vertical L is acute or 
obtuse.  

14.  Describe the maximum rectangle in a given segment of 
a circle. 

1 5. Thl'ough a given point inside a 0 draw a chord which 
shall be divided as in Euclid, Prop . XL, Book 11. 

E 
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1 6 .  Given the base of a I::::.. and the vertical L , what is the 
locus-( 1) of the intersection of the ..L s ;  (2) of the bisectors of 
the base angles ? 

1 7: Of all b. s inscribed in a given 0, the equilateral I::::.. is a 
maXImum. 

18 .  The square of the third diagonal of a quadrilateral in­
scribed in a 0 is equal to the sum of the squares of tangents to 
the 0 from its extremities. 

19 .  The 0, whose diameter is the third diagonal of a quadri­
lateral inscribed in another 0,  cuts the latter orthogonally. 

20. If from any point in the circumference of a 0 three lines 
be drawn to the angular points of an inscribed equilateral � ,  one 
of these lines is equal to the sum of the other two. 

2 1 .  If the feet of the ..L of a I::::.. be joined, the � thus formed 
will have its angles bisected by the ..L s of the original triangle. 

22. If all the sides of a quadrilateral or polygon, except one , be 
given in magnitude and order, the area will be a maximum, when 
the remaining side is the diameter of a semicircle passing through 
all the vertices. 

2 3. The area will be the same in whatever order the sides are 
placed. 

24 . If two quadrilaterals or polygons have their sides equal, 
each to each, and if one be inscribed in a 0 ,  it will be greater 
than the other. 

25.  If from any point P without a 0 a secant be drawn cut­
ting the 0 in the points A, B ;  then if C be the middle point of 
the polar of P, the L ACE is bisected by the polar of P. 

26. If OPP' be any line cutting a 0, J, in the points PP' ; then 
if two 0s passing through 0 touch J in the points P, P', respec­
tively, the difference between their diameters is equal to the dia­
meter of J. 

27. Given the base, the difference of the base L s, and the sum 
or difference of the sides of a b. , construct it. 

28. Given the base, the vertical L ,  and the bisector of the 
vertical L .  of a � ,  construct it. 

29. Draw a right line through the point of intersection of two 
0s, so that the sum or the difference of the squares of the inter­
eepted segments shall be given. 

30. If an arc of a 0 be divided into two equal, and into two 
unequal parts, the rectangle contained by the chords of the un­
equal parts, together with the square of the chord of the arc be­
tween the points of section, is equal to the square of the chord of 
half the arc. 
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3 1 .  If A., B,  0 ,  D be four points, ranged in order on a straight 
line, find on the same line a point 0, such that the rectangle 
OA • OD shall be equal to the rectangle OB . 00. 

32. In the same case find the loous of a point P if the L APE 
equal L CPD. 

33.  Given two points A, B,  and a 0 X, find in X a point C, . 
so that the L ACB may be either a maximum or a minimum. 

34. The bisectors of the L s, at the extremities of the third 
diagonal of a quadIilateral inscribed in a 0 are 1. to each other. 

35. If the base and the sum of the sides of a � be given, the 
rectangle contained by the 1. s from the extremities of the base on 
the bisector of the external vertical L is given. 

36. If any hexagon be inscribed in a 0, the sum of the three 
alternate L s is equal to the sum of the three remaining angles. 

37. A line of given length MN slides between two fixed 
lines OM, ON ; then, if MP, NP be .L to OM, ON, the locus 
of P is a circle. 

38. State the theorem corresponding to 35 for the internal 
bisector of the vertical angle. 

39 . If AB, AC, AD be two adjacent sides and the diagonal of 
a 0, and if a 0 passing through A cut these lines in the points 
P, Q, R, then 

AB • AP + AO • AQ = AD • AR. 

40. Draw a chord CD of a semicircle 11 to a diameter AB, so as 
to subtend a right L at a given point P in AB (see Exercise 16,  
Book 11.) 

4 1 .  Find a point in the circumference of a given 0, such that 
the lines joining it to two fixed points in the circumference may 
make a given intercept on a given chord of the circle. 

�2. In a given 0 describe a Il whose three sides shall pass 
through three given points . 

43. If through any point 0 three lines be drawn respectively 11 
to the three sides of a � ,  intersecting the sides in the points 
A, A', B, B', C, C', then the sum of the rectangles AO . OA', 
BO . OB', CO • OC' is equal to the rectangle contained by the 
segments of the chord of the circumscribed 0 which passes 
through O. 

44. The lines drawn from the centre of the circle described 
about a D. to the angular points are .1 to the sides 0f the D. 
formed by joining the feet of the 1. a  of the original triangle. , E 2  



52 A SEQUEL TO EUCLID. 

45.  If a 0 touch a semicircle and two ordinates to its diameter, 
the rectangle under the remote segments of the diameter is equal 
to the square of the ..L from the centre of the 0 on the diameter 
of the semicircle. 

46.  If AB be the diameter of a semicircle, and AO, BD two 
chords intersecting in 0, the 0 about the � OOD intersects the 
semicircle orthogonally. 

47. If the sum or difference of the tangents from a variable 
point to two 0s be equal to the part of the common tangent of 
the two 0s between the points of contact, the locus of the point 
is a right line. 

48.  If pairs of common tangents be drawn to three 0s, and if 
one triad of common tangents be concurrent, the other triad will 
also be concurrent. 

49. The distance between the feet of ..L s from any point in the 
circumference of a 0 on two fixed radii is equal to the .l £I'om 
the extremity of either of these radii on the other .. 
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S E C T I O N  I .  
ADDITIONAL P .ROPOSITIONS. 

Prop. I.-If a oirole be inscribed in a triangle, the 
distances from the angular points of the triangle to the 
points of oontaot on the sides are respeotively equal to the 
remainders that are left, when the lengths of the sides are 
taken separately from thelr half sum. 

Dem.-Let A13C be the 1::::,. , A 
D, E, F, the points of contact. 
Now, since the tangents from an 
external point are -equal, we have 
AE = AF, BD = BF, CD = CE. 
Hence AE + 130 = AB + CE 
= half sum of the three sides 
13C, CA, AB ; and denoting these 
sides by the letters a, 0, C, re-
spectively, and half their sum B - C 
by 8, we have 

AE + a = 8  
therefore AE = 8 - a. 
In like manner 13D = 8 - 0 ;  CE = 8 - o. 

Cor. I .-If r denote the radius of the inscribed 0,  
t.he area of the triangle = 'l'8 . -' 

For, let 0 be the centre of the inscribed 0, then we 
have 

:BC • r = 2 1::::,. BOC, 
CA . r = 2 1::::,. COA, 
AB . r = 2 � AOB ; 

therefore (BC + CA + AB) r = 2 � ABC ; 
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that is, 

therefore 
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28r = 2 � ABO ; 

8r = � ABO. (a) 

Cor. 2 .-I£ the 0 touch the side 130 externally, and 
the sides AB, AO produced ; that 
is, if it be an escribed 0 ,  and if 
the points of contact be denoted 
by D', E', F', it may be proved 
in the same manner that AE' 
= AF' = 8 ;  ED' = BF' = 8 - () ;  
CD' = CE' = 8 - o. 

These Propositions, though sim­
ple, are very important. 

Cor. 3.-If r' denote the radius 
of the escribed 0 ,  which touches 
the side BO (a) externally, 

Dem.­

that is 

r' (8 - a) = .6 ABO. 

E'O' . AC = 2 .6 AO'C ; 

r' . b = 2 � A. 0' C. 

In like manner 

and 

r' . () = 2 1:::. AO'B, 

'1" • a = 2 .6 13 0' C. 

r' (b + () - a) = 2 .6 ABO ; Hence 

that is r' . 2 (8 - a) = 2 .6 ABO ; 

therefore '1" • (8 - a) = � ABO. 

A 

(f3) 
Cor. 4.-The rectangle r . r' = (8 - b) (8 - c) .  
Dem.-Since C O  bisects the L ACB, and CO' bisects 

the L BOE', CO is at right L s  to CO' ;  . . . the L ECO 
+ E'CO' = a right L ; and L EOO + COE = one right 
L. ;  . . • E'eO' = COE. Hence the .6 s  E'OO', EOO are 
equiangular ; and, therefore, 

that is 
E'O' . EO = E'C . CE ; 

r . r' == (8 - b) (8 - ()) . 

(III. 9 . )  
(/,) 



BOOK IVo 55 

Oor. 5 .-If we denote the area of the � ABO by N, 
we shall have 

N = V 8 (8 - a) (8 - b) (8 - 0) . 

For, by equations (a) and ({3), we have 
'ls = N, and r' (8 - a) = N. 

Therefore, multiplying and substituting from (r), we 
get 

N2 = S (s - a) (s - b) (8 - 0) ; 

therefore N = V S (8 - a) (s - b) (s - 0). 

Oor. 6.- N = Vr . 1" • r" . r"' ; 

where r", 1'"' denote the radii of the escribed circles, 
which touch the sides b, c, externally . 

Cor. 7.-If the � ABO be right-angled, having the 
angle C right, 

r = 8 - C ; 1" = 8 - b ;  r" = 8 - a ; r'" = 8. 
Prop. 2.-If from any poz'nt perpendlculars be let/all 

on the sides of a regular polygon of n 
Bides, thez'r 8um �'s equal to n t�'me8 the D 
radius of the insoribed oirole. 

Dem.-Let the given polygon be, E C 
say a pentagon ABODE, and P the 
given point, and the .L s from P on 
the sides AB, BO, &c. , be  denoted 
by PI , P2, Pa, &c. , and let the com- A B 
mon length of the sides of the poly-
gon be /I. ;  then 

2 6 APB = Sjlt ;  
2 � ]3PC = SP2 ; 
2 6 CPD = sPa ; 

&c ., &c. ; 
therefore, by addition, twice the pentagon 

= 8 (Pl + P2 + P3 + P4 + J)5) ' 
Again, if we suppose 0 to be the centre of the in­
scribed circle, and R its radius, we get, evidently, 

2 � AOB = Rs ; 
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but. t.he pentagon = 5 � A.OB ; therefore 

twice pentagon = 5Rs ; 

therefore 8 (ih + pz + P3 + P4 + P5) = 5Rs. 

Hence Pl + pz + P3 + p4, + P5 = 5R" 
Prop. a.-If a regular polygon of n sides be ilescrz"bea 

about a ctt"rcle, the sum of the perpendtt"culars from the 
points of contact on any tangent to the circle equal nR. 

Dem.-Let A, B, C, D, E, &c. , be the points of con­
tact of the sides of the polygon with the 0 ,  L any 
tangent to the 0 ,  and P its point of contact. Now, 
the J.. s from the points A, B, C, &c. , on L, are respec .. 
tively equal to the J.. s from P on the tangents at the 
same points ; but the sum of the J.. s from P on the tan­
gents at the points A, B, C, &c .. , = nR (2) . Hence the 
sum of the J.. s fropl the points A, B, O, &c. , on L = nR. 

Oor. I .-The sum of the J.. s from the angular 
points of an inscribed polygon of n sides upon any line 
equal n times the J.. from the centre on the same line. 

Core 2.-The centre of mean position of the angular 
points of a regular polygon is the centre of its circum .. 
scribed circle . 

For, since there are n points, the sum of the ..L a  
from these points on any line equal n times the J.. from 
their centre of mean position on the line (I. ,  1 7) ; 
therefore the J.. from the centre of the circumscribed 0 
on any line is equal to the 1- from the centre of mean 
position on the same line ; and, consequently, these 
centres must coincide . 

Oor. 3.-The sum of the J.. s from the angular points 
of an inscribed polygon on any diameter is zero ; or, in 
other words, the sum of the J... s on one side of the di­
ameter is equal to the sum of the J.. s on the other side . 

Prop. 4.-If a regular polygon of n sides be inscribea 
in a circle, whose radz'us �Os R, and zjP be any point whose 
ilistance from the centre of the c£rcle is R', then the sum 
of the squares of all the hOnes from P to the angular point8 
0/ the polygon is equal to n (R2 + R/2). 
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Dem.-Let 0 be the centre of the 0,  then 0 is the 
mean centre of the angular points ; hence (11. ,  10 )  the 
sum of the squares of the lines drawn from P to the 
angular points exceeds the sum of the squares of the 
lines drawn from 0 by nOP2, that is by nR'2 ; but all 
the lines drawn from 0 to the angular points are equal 
to one another, each being the radius_ Hence the 
sum of their squares is nR2. Hence the Proposition 
is proved_ 

Oor. I .-If the point P be in the circumference of 
the 0,  we have the following theorem :-The 8um of 
the 8quares of the hOnes drawn from any poz-nt in the m:r­
cumference of a m:rcle to the angular point8 of an · zOnscr1;oed 
polygon i8 equal to 2nR2. 

The following is an independent proof of this theo­
rem :-It is seen at once, if we denote the 1.. s from the 
angular points on the tangent at P by Ph P2, &c., that 

2R . PI = APz ; 
2R . PZ = 13p2 ; 
2R . pa = Cpz, &c. 

Hence 
2R (PI + pz + Pa + &c_ )  = Apz + 13p2 + Cp2, &c. ; 

or 2R . nR = AP2 + 13p2 + Cp2, &c. ; 
therefore the sum of the squares of all the lines from 
P = 2nR2. 

Oor. 2.-The sum of the squares of all the lines of 
connexion of the angular points of a regular poly .. 
gon of. n sides, inscribed in a ° whose radius is R, is 
n2Rz. 

This follows from supposing the point P to coincide 
with each angular point in succession, and adding all 
the results, and taking half, because each line occurs 
twice. 

Prop. 5.-If 0 oe the pO'l:nt of 't-ntersection of the three 
perpendi�ular8 AD, BE, OF of a tr1;angle ABO, and 'tf 
G, H, I oe the m't°ddle pO't°nts of the 8't°des of the triangle, 
and K, L, M tIle middle pozOnts of the hOnes OA., 013, 00 ; 
then the nine points D, E, F ;  G, H, I ;  K, L, M, are in 
tke circumference of a czOrcle. 
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Dem.-Join HK, HG, IK, IG ; then, because AO is 

bisected in K, and A.C in H, HK is 1 1  to CO. In like 
manner, HG is 1 1 to A.B . Hence the L GHK is equal 
to the L between CO and AB ; . . . it is a rightL ;  conse­
quently, the 0 described on GK as diameter passes 
through H. In like manner, it passes through I ;  and 
since the L KDG is right, it passes through D ;  • . . the 

A 

c �--------��--------�� 

�ircle through the three points G, H, I, passes through 
the two points D, K. In like manner, it may be 
proved that it passes through the pairs of points E, L ;  
F, M. ' Hence it passes through the nine points . 

DEF.-The circle through the middle point8 of the 8ides 
of a trian9le �·8 called, on account of the property we have 
lust proved, " The N�'ne-points C�'rcle of the Tr�·angle." 

Prop. 6.-To draw the fourth common tangent to the 
two escribed ct;:rcle8 of a plane triangle, which touch the ba8e 
produoed, without desoribing tho8e oirole8 . 

Con.-From B, one of the extremities of the base, 
let fall a 1.. BG on the external bisector AI of the 
vertical L of the � ABC ; produce BG and AI to meet 
the sides CA, CB of the b. in the points H and I ;  then 
the line j oining the points H and I is the fourth com­
mon tangent. 

Dem.-1'he 6 8  BGA, HGA have the side AG com­
mon, and the L. s adj acen t to this side in tb e two � s 
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equal each to each ; hence AH = AB. Again the � s 
ARI, ABI have the sides AH, AI and the included L 
in the one equal to the two sides AB, AI and t.he in­
cluded L in the other ; . . .  the L.. liIA = BIA. 

Now, bisect the L ABI by the line BO, and it is 
evident, by letting fall ..L s  on the four sides of the 
quadrilateral ABIH from the point 0, that the four ..La 
are equal to one another. Hence the 0, having ° as 
centre, and any of these -Ls as radius, will be inscribed 
in the quadrilateral ; . . . HI is a tangent to the escribed 
0, which touches AB externally. In like manner, it 
may be proved that HI touches the escribed 0 ,  wh ich 
touches AO externally. Hence HI is the fourth com­
mon tangent to these two circles. 

(Jor. I .-If D be the middle point of the base BC, 
the 0, whose centre is D f\nd whose radius is DG, is 
orthogonal to the two escribed O s  which touch BC 
produced. 

For, let P be the point of contact of the escribed 'O , 
which touches AB externally, then 

PD = OP - CD = � (a + b + 0) - � a = k (b + c) ; 

and since BH is bisected in G, and BC in D, 

DG = � CH = � (AB + AC) = � (h + c) ; 
therefore the 0,  whose centre is D and radius DG, will 
cut orthogonally the <:) which touches at P. 
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Cor. 2.-Let DG cut AB in M, and HI in K, and 
from A let fall the 1.. AL, then the quadrilateral 
LMKI is inscribed in a circle. 

For, since the L s ALB, AGB are right, ALBG is 
a quadrilateral in a 0 ,  and M is the centre of the 0 ; 
0 0 0 ML = :MB, and L MLB = MBL. Again, L MKI 
= ARI = ABI ; . . . MKI + MLI = ABI + MBL = two 
right L s. Hence MKIL is a quadrilateral inscribed 
in a circle. 

Prop. 7.-The " Nine-points C�'rcle " is the inverse of 
the fourth common tangent to the two escrioed circles which 
touch tIle oase produced, w�'th respect to the circle whose 
centre �'s at the middle po�'nt of the oase, and wh�'ch cuts 
these circles orthogonally. 

Dem.-The L DML (see fig. ,  last Prop.)  = twice 
DGL (Ill. xx. ) ; and the L HIL = twice AIL ; but 
DML = HIL, since :MKIL is a quadrilateral in a 0 ; 
0 · .  the L DGL = GIL. Hence, if a 0 be described 
about the � GIL it will touch the line GD (Ill. xxxii . ) ; 
0 0 0  DL 0 DI = DG2 ; 0 ' 0  the point L is the inverse of the 
point I, with respect to the 0 whose centre is D and 
radius DGo .Again, since MKIL is a quadrilateral in a 
0 ,  DM 0 DK = DL . DI, and, . 0 .  = DG2. Hence the point 
M is the inverse of K, and 0 0 .  the 0 described through 
the points DLM is the inverse of the line RI (Ill. 20) ; 
that is, the " Nine-points Circle " is the inverse of the 
fourth common tangent, with respect to the 0 whose 

. centre is the middle point of the base, and whose radius 
is equal to half the sum of the two remaining sides. 

Cor. I .-In like mann'er, it may be proved that the 
" Nine-points Circle " is the inverse of the fourth corn .. 
mon tangent to the inscribed 0 and the escribed 0,  
which touches the base externally, with respect to the 
o whose centre is the middle point of the base, and 
whose radius is = to half the difference of the remain .. 
ing sides . 

00'1". 2.--The " Nine-points Circle " touches the in .. 
scribed and the escribed circles of the triangle. 

For, since it is the inverse of the fourth common 
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tangent to the two escribed 0 s which touch the base 
produced, with respect to the 0 whose centre is D,  
and which cuts these 0s orthogonally ; if we join D to 
the points of contact of the fourth common tangent, 
the points where the joining lines meet these 0 s  again 
will be the inverses of the points or contact. Hence 
they will be common both to the " Nine-points Circle " 
and the escribed 0 s ; . . . the " Nine-points Circle " 
touches these escribed 0s  in these . points ; and in a 
similar way the points of contact with the inscribed 0 
and the escribed 0 which touch the base externally 
may be found. 

Oor. 3 .-Since the " Nine-points Circle " of a plane 
6 is also the " Nine-points Circle " or each or the 
three 6s into which it is divided by the lines drawn 
from the intersection or its ..L s to the angular points, 
we see that the " Nine-points Circle " touches also the 
inscribed and escribed circles or each of these triangles . 

Prop. S.-The following Propositions, in connexion 
with the circle described about a triangle, are very im­
portant :--

( 1 ) .  The lines w hick Join the extremities of the dt'ameter, 
which lsperpendioular to the oa8e of a triangle, to the vefj·· 
ticaZ angle, are the internaZ and external b�'8ectQr8 of the 
vert�'oal an9le. 

I 

D 

Dem.-Let DE be the diameter ..L to BC. Join AD, 
AE. Produce AE to meet CB in I. Now, from the 
construction, we have the arc CD = the arc DD. Hence 
the L CAD = DAB ; . . . AD is the internal bisector or the 
L CAB. Again, since DE is the diameter of the 0 , 
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the L DAE is right ; . ' .  the L DAE = DAH ; and 
from these, taking away the equal L s CAD, DAB, we 
have the L CAE = BAR ;  . ' .  JAR = BAR. Hence 
AH is the external bisector. 

(2). If from D a perpendicular be let fall on AC, the 
segments AG, GC into which it divides AC are respectively 
the half sum and the half difference of the side8 AB, AC. 

Dem.-Join CD, GF. Draw FH 1 1  to AC. Since the 
L s CGD, CFD are right, the figure CGFD is a qua­
drilateral in a 0 .  Hence the L AGF = ODE 
(Ill., xxii .) = CAE (Ill . ,  xxi. ) ; . ' .  GF is 11 to AE. 
Hence AHFG is a c:::J ; and AG = FH = � sum of AB, 
AC (I., 1 1 , Oor. 1 ) . Again, GC = AC - AG = AC 
- � (AB + AC) = � (AC - AB) . 

(3) . If from E a perpend�'cular EG' �e drawn to AC, 
CG' and AG' are re8pectively the half 8um and the half 
difference of AC , AB. 

This may be proved like the last. 
(4) .  Through A draw AL perpendicular to DE. The 

rectang le D L . EF �'8 equal to the 8quare of half the 8U'in of 
the sides AC, A.B. 

Dem.-The � s  ALD , EFL have evidently the L s  
at D and I equal, and the right L s  at L and F are 
equal. Hence the .68 are equiangular ; • . • DL . EF 
= AL . FI = FK . FI = the square of half the sum of the 
sides (Prop. 7) . 

(5) .  In like manner it may be proved that EL . FD 
is equal to the 8quare of half the difference of AC, AB. 

Prop. 9.-1/ a, 0, 0 denote, a8 in Prop. 1 ,  the lengths 
of the 8ide8 of the triangle AEO, then c 
the centre of the inscribed c�'rcle will 
be the centre of mean pOs�}l'on of its 
angular po�'nt8 for the 8ystem of mul­
tiple8 a, 0 ,  c. 

Dem.-Let 0 be the centre of 
the inscribed 0 . Join CO ; and on B A 

CO produced let fall the 1- 8  AL, 
BM. Now, the D. s AOL, BCM have the L ACL = 13CM ; 
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and the L. ALC = BMO. Hence they are equiangular 

therefore 

or 

BC . AL = AC . BM ; 

a . AL = 0 . BM. 

(Ill. 9) 

(a) 

Now, if we introduce the signs + and -, since the J... 8 
AL, BM fall on different sides of CL, they must be 
affected with contrary signs ; . . . the equation (a) ex .. 
presses that a times the 1- from A on CO + "h times the 
1- from B on 00 = 0 ;  and since the J.. from 0 on CO 
is evidently = 0, we have the sum of a times per­
pendicular from A ;  ° times perpendicular from B ;  
() times perpendicular from C, on the line CO = o .  
Hence the line CO passes through the centre of mean 
position for the system of multiples a, "h, (). In like 
manner, AO passes through the centre of mean posi­

tion. And since a point which lies on each of two 
lines must be their point of intersection, 0 must be 
the centre of mean position for the system of multiples 
a, 0, (). . 

Cor. I .-If 0', 0", 0"' be the centres of the escribed 
0 s, 0' is the centre of mean position for the system of 
multiples - a, + 0, + c ;  0" for the system + a, - 0, + 0 : 
and 0'" for the system + a, + 0, - o. 
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S E C T I O N  1 1 . 

EXERCISES. 

1 .  The square of the side of an equilateral /j. inscribed in a 0 
equal three times the square of the radius. 

2. The square described about a 0 equal twice the inscribed 
square. 

3.  The inscribed hexagon equal twice the inscribed equi­
lateral triangle. 

4.  In the construction of IV. , x . ,  if F be the second point in 
which the 0 ACD intersects the 0 BDE, and if we join AF, DF, 
the /j. ADF has each of its base L s double the vertical L .  The 
same property holds for the /j. s ACF, BCD. 

5 .  The square of the side of a hexagon inscribed in a 0 ,  together 
with the square of the side of a decagon, is equal to the square of 
the side of a pentagon. 

6 .  Any diagonal of a pentagon is divided by a consecutive 
diagonal into two parts, such that the rectangle contained by the 
whole and one part is equal to the square of the other part. 

7. Divide an L of an equilateral /j. into five equal parts. 

8. Inscribe a 0 in a given sector of a circle. 

9. The locus of the centre of the 0 inscribed in a � ,  whose 
base and vertical L are given, is a circle. 

1 0 .  If tangents be drawn to a 0 at the angular points of an 
inscribed regular polygon of any number of sides, they will form 
a circumscribed regular polygon. 

1 1 .  The line joining the centres of the inscribed and circum­
scribed 0s subtends at any of the angular points of a A an L 
equal to half the difference of the remaining angles . 

1 2. Inscribe an equilateral A in a given square. 

1 3 .  The six lines of connexion of the centres of the inscribed 
and escribed 0s of a plane A are bisected by the circumference 
of the circumscribed circle. 

14. Describe a regular octagon in a given square. 

1 5 . A regular polygon of any number of sides has one 0 in­
scribed in it, and another circumscribed about it, and the two 08 
are concentric. 
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16.  If 0, 0',  0" , 0' ' ' ,  be the centres of the inscribed and 
escribed 0s of a plane b. ,  then 0 is the mean centre of the points 
0', 0"; 0"' ,  for the system of multiples (s - a) , (s - b) ,  (s - c) .  

1 7. In the same case, 0 '  is the mean centre of the points 
0, 0" , 0111, for the system of multiples s, s - b, s - c, and cor­
responding properties hold for the points 0" , 0' "  • 

1 8 .  If 'r be the radius of the 0 inscribed in a b. , and pt, P2 the 
radii of two 0 s touching the circumscribed 0 ,  and also touching 
each other at the centre of the inscribed 0 ;  then 

2 1 1 
- = - + -. '/' Pl pz 

19 .  If '1', '1'1 , 'r2, 'r3 be the radii of the inscribed and escribed 0s 
of a plane 6. ,  and R the radius of the circumscribed <:) ;  then 

" I  + '1'2 + r3 - t· = 4R. 

20. '\n the same case, 

1 1 1 1 
- = - + - + -. 
r '/'1 '1'2 1'3 

21. in a given <:) inscribe a b.. , so that two or its sides may 
pass through given points, and that the third side may be a 
maximum. 

22.  What theorem analogous to 18 holds for escribed 0s ? 

23. Draw from the vertical L of an obtuse-angled b. a line 
to a point in the base, such that its square will be equal to the 
rectangle contained by the segments of the base. 

24. If the line AD, bisecting the vertical L A of the b. ABC, 
meets the base BC in D, and the circumscribed 0 in E, then the 
line CE is a tangent to the 0 described about the 6. ADC. 

25 .  The sum of the squares of the .1 s from the angular points 
or a regular polygon inscribed in a 0 upon any diameter of the 
o is equal to half n times the square of the radius. 

26. Given the base and vertical L of a b.. , find the locus of 
the centre of the 0 w mch passes through the centres of the three 
escribed circles . 

27. If a <:) touch the arcs AC, BC, and the line AB in the 
construction of Euclid (1 . i. ) ,  prove its radius equal to i of AB. 

28. Given the base and the vertical L of a A ,  find the locus 
of the cr.ntre of its " Nine-point Circle. " 

F 



66 A SEQUEL TO EUCLID. 

29. If from any point in the circumference of a 0 -L8 be let 
fall on the sides of a circumscribed regular polygon, the sum 
of their squares is equal to !- n times the square of the radius. 

30. The internal and external bisectors of the L s of the l;:,. ,  
formed by joining the middle points of the sides of another 6. ,  
are the six: radical axes of the inscribed and escribed 0s of the 
lattero 

3 1 .  The 0 described about a t:. touches the sixteen circles in­
scribed and escribed to the four l;:,. s formed by joining the centres 
of the inscribed and escribed circles of the original triangle. 

32.  If 0, 0' have the same meaning as in question 16, then 

AD . AO' = AB . AC. 

34. Given the base and the vertical L of a l;:,. ,  find the locus 
of the centre of a 0 passing through the centre of the inscribed 
circle, and the centres of any two escribed circles. 
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• 

SECTION I. 

ADDITIONAL PROPOSITIONS. 

Prop. l.-If two triangles have a common hase, but 
different vertices, they are to one another as the 8eg'ments 
into which the hOne ioin�·ng the A 
vertice8 1:S divided by tlte common 
base or base produceil. 

Let the two �s be AOB, AOO, 
having the base AO common ; 
let AO cut the line BC, joining 
the vertices in A' ; then B c 

AOB : AOC : : BA' : A'C. 

Dem. -The � ABA' : ACA' : : BA' : A'C ; 

and OBA' : OCA' : : BA' : A'C ; 
therefore 

ABA' - OBA' : ACA' - OCA' : : BA' : A'e ; 

or AOB : AOC : : BA' : A/C. 

Prop. 2 .-Ifthree concurrent lines AO, BO, CO, drawn 
from the angular po�·nt8 of a tr1:angle, meet the Opp08�Ote 
8�·de8 in the points A', 13', C', the produot DJ the three 
rat�·o8 

BA' CB' 
A'e '  B'A' 

A.C' . .J 

C'B 
�8 1ln�vy . 

F 2  



68 A SEQUEL TO EUCLID. 

Dem.-From the last Proposition, we have 
BA.' AOB - - . 
AIC - AOO ' 

CB' BOC - - . 
B'A - BOA ' 

AC' AOC 
C'B 

= 

BOO· 

Hence, multiplying out, we get the product equal to 
unity. 

Cor. This may be written 

AB' . BC' . CA' = A'B . B'O . C'A. 

The symmetry of this expression is apparent. ' Ex­
pressed in words, it gives the product of three alter­
nate segments of the sides equal to the product of the 
three remaining segments. 

Prop . 3.-If two parallel h·nes be �·ntersecteil by three 
ooncurrent transversals, the segments intercepted bV the 
transversals on the parallels are c 
proportional. 

Let the li s be AB, A'B', and the 
transversals CA, CD, CB ; then 

AD : DB : : A'D' : D'B'. 
Dem. - The triangles ADC, A 

A'D' C are equiangular ; 
therefore AD : DC : : A'D' : D'C. 

In like manner, DC : DB : : D'C : D'B' ; 

therefore ex aequali AD : DB : : A'D' : D'B'. 

D 
B 

Oor.-If from the points D, D' we draw two 1-8  
DE, D'E' to AC, and two 1- 8  DF, D'F' to BC ; then 

DE : DF : : D'E' : D'F'. 
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Prop. 4,-Ij the 8iite8 of a tr�'angle ' ABO he (Jut hy any 
transversal, �'n the points A', ]3', C' ; then the proiluot of 
the three rat�'o8 

AB' BC' CA' 

lYC ' C'A' A/.B 
is equal to unity . 

Dem. - From the 
p oints A, 13, C let fall 

A 

the 1.. s p', p", p'" on the A'. 
transversal ; then, by si .. 

, " "' 
milar 6 s  the three ratios are respectively = �II' P" P" , 

. P P P 
and the product of these is evidently equal unity. 
Hence the proposition is proved. 

Observation.-If we introduce the signs plus and minus, 
in this Proposition, it is evident that one of the three ratios must 
be negative. And when the transversal cuts all the sides of the 
triangle ex .urnally, all three will be negative. Hence their 
product will, in all cases, be equal to negative unity. 

Oor.  I .-If A.', 13', C' be three points on the sides of 
a triangle, either all external, or two internal and one 
external, such that the product of the three ratios 

AB' BC' CA' 
·B/C '  C' A' A/B 

is equal to negative unity, then the three points are col­
linear. 

Oor. 2.-The three external bisectors of the angles 
of a triangle meet the sides in thr,ee points, which are 
collineat' . 

For, let the meeting points be A', ]3', C', and we 
have the ratios 

BA' CB' AC' . BA CB AC 
A'(j' ]3 'A.' CB' = to the ratIos 

AC' BA' CB' 
respectively ; and, therefore, their produce is unity. 

Prop. 5.-In any triangle, the rectangle conta�'neil oy 
two 8�'ries �'8 equal to the rectangle conta�'ned by the perpen­
il�'cular on the thz'ril s�'de and the il�'ameter of the c�rcum" 
Bcriberi circle. 
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Let ABC be the 6, AD the 1.. , AE the diameter of 
the 0 ;  then AB . AC = AE . AD. 

Dem.·-Since AE is the diameter, 
the L ABE is right, and ADC is  
right ; . . . ABE = ADC ; and AEB 
= ACD (Ill . , xxi. ) ; therefore the 
6s ABE and ADC are equiangular ; 
and AB : AE : : AD : AC (iv.). 
Hence AB . AC = AE . AD. 

Oor.-If a, 0, 0 denote the three 
sides of a triangle, and R the radius of the circumscribed 

circle, then the area of the triangle = :�. 

For, let AD be denoted by p, we have (5) 

therefore 

2pR = bo ; 

2 apR = abo, 

ap aoo 
- = _ .  
2 4R ' 

that is, area of triangle 

Prop. a.-If a figure of any even number of siiles oe 
insorioed �·n a o�'rcle, the continued product of the perpen-
dioular 8 let fall from any po�'nt ,C in the ciroumjerenoe on the odd ' �--� 

sides �·s equal to the oont",'nued 
produot oJ the perpendioulars 
on the even side8. 

We shall prove this Pro­
position for the case of a 
hexagon , and then it will 
be evident that the proof is 
general. 0 

Let ABCDEF be the hexa-
gon, 0 the point, and let the ..L s from 0 on the lines 
AB, BC . . .  FA, be denoted by (1." /3, "/, 8, £, cp ;  let D 
denote the diameter of the 0,  and let the lengths of 
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the six lines OA., OB . . . OF be denoted by l, m, n, p,  
q, r ;  then we have Da = lm ; Dy = np ; D€ = qr ; 
therefore D3 ay€ = lmnpqr. 
In like manner, D3 f3'8cp = lmnpqr ; 
therefore aye = {3'8rp. (Q.E.D.) 

Oor. I .-The six points A, 13 ,  C, D, E, F may be 
taken in any order of sequence, and the Proposition 
will hold ; or, in other words, if we draw all the 
diagonals of the hexagon, and take any three lines, 
such as AC, BD, EF, which terminate in the six points 
A, 13, C, D, E, F, then the continuous product of the 
-L s  on them will be equal to the continuous product of 
the .Ls on any other three lines also terminating in the 
six points. 

Oor. 2 .-When the figure inscribed in the circle con­
tains only four sides, this Proposition is the theorem 
proved (Ill. ,  1 1 .) 

Oor. 3 .-1f we suppose two of the angular points to 
become infinitely near ; then the line joining these 
points, if produced , will become a tangent to the circle, 
and we shall in this way have a theorem that will be 
true for a polygon of an odd number of sides. 

Oor. 4.-1£ perpendiculars be let fall from any point 
in the circumference of a .  circle on the sides of an in­
scribed triangle, their continued product is equal to the 
continued product of the perpendiculars from the same 
point on the tangents to the circle at the angular points . 

Prop . 7 .- Given, �·n ma9n�·tuile and posit�'on, the oase 
BC of a triangle and the 
ratio :BA. : A C of the 
Bides, it is required to 
find the locus of �·ts 
vertex A. 

:Bisect the internal B �---=:-f--�-=:::""'----==� E 
and the external verti­
cal an gles by the lines 
A.D, AE. Now, EA : 
AC : : :BD : DC (Ill. )  ; 
but the ratio BA. : AC is given (Hyp.) ; therefore the 
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ratio BD : DC is given, and BC is given (Hyp . ) ; . • .  the 
point D is given. In like manner the point E is gi�en. 
Again, the angle DAE is evidently equal half the sum 
of the angles BAC, CAF. Hence DAE is right, and the 
circle described on the line DE as diameter will pass 
through A, and will be the required locus. 

Oar. I .-The circle described about the triangle A.BC 
will cut the circle DAE orthogonally. 

For, let 0 be the centre of the <:) DAE. Join AO ; 
then the angle DAO = ADO, that is, DAC + CAO 
= BAD + ABO ; but BAD = DAC ; . ' .  CAO = ABO ; 
. . . AO touches the 0 described about the � BAC. 
Hence the 0 s  cut orthogonally. 

Oar. 2 .-Any circle passing through the points B, C, 
is cut orthogonally by the circle DAE. 

Oar. 3.-If we consider each side of the triangle as 
base in succession, the three circles which are the loci 
of the vertices have two points common. 

Prop . 8.-If th.rough 0, the ' intersect�·on of the d£ago-
nals ofa quadrilateral ABCD, E 
a l£ne OH be drawn parallel 
to one of the s�·des AB, meeting 
the opposite s�·ite CD in G, anit 
the third diagonal �·n H, OH 
t·s bisected in G. 

Dem.--Produce . HO to 
meet AD in I, and let it A�---�---.::::l 
meet 130 in Jo :w 

Now IJ : JH : :  AB : BF, (Prop. 3 .) 
and OJ : JG : :  AB : BF ; 

therefore 10 : GH : : AB : BF ; 

but AB : BF : :  10 : OG ; . 0 .  OG = GH. 
Oor.-GO is a mean proportional between GJ and 

GI. 
Prop . 9.�If a triangle given �·n species have one angu­

lar poz"nt fixed, and tf a second angular pot"nt moves along 
a given line, the third will also move along a gt"ven line. 
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Let ABC be the L:J. which is given in species ; let 

the point A be fixed ; the point B move along a given 
line BD : it is required to find the 
locus of C .  

From A let fall the ...L AD on 
BD ; on AD describe a 6 ADE 
equiangular to the L:J. ABC ; then 
the L:J. ADE is given in position ; 
.

. . E is a given point. Join EC. 
Now, since the 6 s  ADE, ABO 
are equiangular, we have 

AD : AE : : AB : AC ; 
therefore AD : AB : : AE : AC : 

and the angle DAB is evidently = EAC. Hence the 6 s 
DAB, EAO are equiangular ; . . . the angle ADB = AEC. 
Hence the angle AEC is  right, and the line EC is given 
in position ; . . . the locus of C is a right line. 

Oor.--By an obvious modification of the foregoing 
demonstration we can prove the following theorem :­
If a L:J. be given in species, and have one angular point 
given in position ; then if a second angular point move 
along a given 0 ,  the locus of the third angular point 
is a circle. 

Prop. lo.--If 0 be the centre of the inscribed circle of 
the trz·angle ABC, then A02 : AB . AC : : 8 - a : 8 .  

Dem.-Let O'be the centre A 
of the escribed 0 touching 
130 externally ; let fall the 
...L s OD, O'E. Join OB, 00, 
O'B,  O' C. Now, the L s  
0'130, O'CO are evidently 
right L s ;  . . . 0130'0 is a 
quadrilateral inscribed in a E 
circle, and L 130'0 = BOO 
= ACO ; and BAO' = OAC. 
Hence the triangles O'BA and 
COAare equiangular ; . · . 0' A: 
EA.. : : AC : AO ; . ' .  O'.A. . OA = AB • AC. IIence 
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OA2 : AB . AO : : OA2 : O'A . OA : : O A.  : O'A : : AD : 
.. A.E ; but AD = s - a, and AE = s ; 
therefore OA2 : AB . AO : : (s - a) : 8. 

OA2 0]32 002 
Oor 1 - - + - + - :-: 1 .  . •  00 ca ab 

For 
OA2 8 - a  
- -

be 
• 

8 

In like manner, 
OB2 8 - 0  
- = , ca 8 

and 
002 8 - 0  

- = • 
(to 8 , 

therefore, by addition, 

OA2 OB2 002 
- + - + - = 1 . 

be ca ab 
Oor. 2.-1£ 0', 0", 0'" be the centres of the escribed 

circles, 
0' B2 0'02 O'A 2 
- + - - = - 1 &c. 
ca ab bo ' 

Prop. ll .-If r, R be the radii of the inscrz·bed and 
circumsoribed cif'cles of a plane triangle, o· tlw ilistanoe be .. 
tween their centres ; then 

r r 
R + 0 + 

R _ a = 1 .  
Dem.-Let 0 ,  P be the cen.. E 

tres of the 0 s. Join OP, . and 
let it meet the circumscribed 
o in D .  Join DO, and pro­
duce to meet the circumscribed 
o in E. Join EB, OP, PF, 
PE, 13D.  Since P i s  the centre 
of the inscribed 0 ,  OP bisects 
the L AOB ; . ' . the arc AD A 
= the arc DB. Hence the L 
ABD = DOn (Ill. , 2 1 ) ; and D 
because PE bisects the L ABO, 
the L PBA = PB O ; . ' . the L PED = POB + PB O 
= DPB ; . ' . DP = DB. 
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Again, the b. s DEB, PCF are equiangular ; be­

cause the angles DEB and POF are equal, being in the 
same segment, and the angles DBE and PFC are right. 
Hence DE : DB : : OP -: PF (iv.) ; . ' .  DE . PF = DB . PC 
= DP . PC. 

Now, since the triangle QOD is isosceles, DP . PC 
= 002 - OP2 (11 . , 1. ) ; 
therefore DE . PF = 002 - Op2 ; 
that is, 2Rr = R} - 82 ; 

r r 
therefore 

R _ 8 + R + a = 1 .  
Oor. 1 .-1£ r', r", r'" denote the radii of the escribed 

0s, and 8', a", 8'" the distances of their centres from 
the centre of the circumscribed 0 ,  we get in like 
manner 

r' r' 

R - af + R + 8' 
= - 1 ,  &c. 

Oor. 2.-1f O' T', O" T", O"' T'" be the tangents from 
the points 0', 0", 0'" to the circumscribed 0 ;  then 

2Rr' = O'T' 2, &c. 
Oor. 3 .-If through 0 we describe a 0, touching 

the circumscribed 0 ,  y 
and touching the dia­
meter of it, which 
passes through P, this 
o will be equal to the 
inscribed 0 ;  and simi­
lar Propositions hold 
for circles passing 
through the points 0', 4::::::::::��===�b:=:=J z 
0", 0"'. K 

Prop . 12. - If two 
triang les "be such that the 
lines joining correspond­
ing vertices are concur­
rent, then the points of 
�·nter8e()t�·on 0/ the ()orrespona't'ng 8tOaes are collinear. 
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Let ABO, A'B'O' be the two 6. s, having the lines 
joining their corresponding vertices meeting in a 
point 0 :  it is required to prove that the three points 
X, Y, Z, which are the intersections of corresponding 
sides, are collinear. 

Dem.-From A, 13, 0 let fall three pairs of 1.. s on 
the sides of the b.. A'B'C' ; and from 0 let fall three 1.. 8 
tn ' tn" tn '" on the sides B'O' 0' A' A'B' .r ' r ' .r  , , • 

Now we have, from Oor. ,  Prop. 3, 

BQ p' 

.J3Q' = p"" 

Hence the product of the ratios, 

AP BQ 
AP" BQ" 

OR . 
OR' 

= unIty. 

Again we have, independent of sign, 

AZ AP EX EQ OY OR 
ZB = 

BQ" XO 
= 

CR" AY 
= 

AP'· 

Hence the product of the three ratios 

AZ EX OY 
ZB ' 

- -
XC' YA 

is equal to the product of the three ratios 

AP EQ OR -_ .  
BQ" CR" AP' , 

(IV. )  

and, therefore, equal to unity . Hence, by Cor., Prop. 4, 
the points X, Y, Z are collinear. 

Oor.-If two L s  be such that the points of inter­
section of corresponding sides are collinear, then the 
lines joining corresponding vertices are concurrent. 
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Observation.-Triangles whose corresponding vertices lie on 
concurrent lines have received different names from geometers. 
SALMON and PONCELET call such triangles homologous. These 
writers call the point ° the centre of homology ,. and the line XYZ 
the axis of homology. TOWNSEND and CLEBSCH call them tri­
angles in perspective ; and the point 0, and the line XYZ the 
centre and the axis of perspective. 

Prop . 13.- When three tr7;angles are two oy two �'n 
pers'peot�'ve, and have the same ax�'s of 'perspeot�'ve, the£r 
three oentres of perspeot�'ve are oolh'near. 

Let abo, a'b' c', a" b" 0" be the three .6 s whose corre­
sponding sides are concurrent in the collinear points 
A, 13, C.  Now let us consider the two .6 8  aa' a", ob'b", 
formed by joining the corresponding vertices a, a', a", 
0, 0', 0", and we see that the lines ab, a'b', a"b" j oining 
corresponding vertices are concurrent, their centre of 
perspective being C. Hence the intersections of their 
corresponding sides are collinear ; but the intersections 
of the corresponding sides of these � s are the centres 
of perspective .of the � s  abo, a'b'o', a"o"o". Hence the 
Proposition is proved. 

Oor.-The three � s  aa'a", bb'b", 00'0" have the same 
axis of perspective ; and their centres of perspective 
are the points A, 13, C.  Hence the centres of perspec­
ti ve of this triad of .6 s lie on the axis of perspective 
of the system abo, a'b' 0', a"b" 0", and conversely. 
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:Prop. 14 .- When three tr'iangles wh�'oh are two �y tw� 
tt'n perspeott�ve have the same oentre of homology, the�'r three 
axes of homology are oonourrent. 

It-
Let a�o, a'�' 0', a"l;" 0" be three 6. s, having the point 

· 0  as a common centre of perspective . Now, let us 
consider the two 6. s formed by the two systems of 
lines ao, a'o', a"o" ; and ao, a' 0', a" 0" ; these two 6 s are 
in perspective, the line Oaa' a" being their axis of 
perspective. Hence the line joining their correspond­
ing vertices are concurrent, which proves the Pro­
position. 

Gor.-The two systems of 6 s, viz. ,  that formed by 
the lines ao, a'o', a"b" ; bo, 0'0' , 0" 0" ; oa, 0' a', 0" a" ; and 
the system aoo, a' 0' 0', a" 0" Oil, have corresponding pro­
perties-namely, the three axes of perspective of either 
system meet in the centre of perspective of the other 
system. 

Prop. 15.-We shall conclude this section with the 
solution of a few Problems :-
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( 1 ) . To describe a rectangle of fJ�'ven area, whose four 

sides shall pa88 through four given points. 
Analysis .-Let ABeD be A 

the req-aired rectangle ; E, F, r--_�-T-__ -iB 
G, H the tour given points. J I\----\-+-----.,JH 
Through E draw El 11 to AD ; F 
and through H draw HJ 11 to 
AB, and HO 1.. to EG ; and D 
dl'aw JK 1.. to HO produced. 

E c 

Now it is evident that the 6 s  EIG, JHK, are equi­
angular ; . ' .  the rectangle El . JR = EG . HR ; but 
El . JH = area of rectangle, and is given ; . . . the rect­
angle EG . HK is given, and EG is given ; 0 0 . HK is 
given. Hence the line KJ is given in position ; and 
since the angle FJII is right, the semicircle described 
on HF will pass through J, and is given in position. 
Hence the point J, being the intersection of a given 
line and a given 0,  is given in position ;  therefore the 
line FJ is given in position. 

(2). G�'ven the base of a tr�Oangle, the perpendicular, ana 
the sum of the side8, to con8truot �·t. 

Analysis . -Let A.BO be the 6 ,  OP the .L ; and let 
DE be the diameter of the cir- E 
cumscribed <:) , which is 1- to 
AB ; draw CH 1 1  to AB o 

Now the rectangle DH . EG is 
equal to the square of half sum 
of the sides (IV. , 8 ) ; . 0 0 DH . EG 
is given ; and DG 0 GE = square 
of GB, and is gi ven. Hence A 
the ratio of DH . GE : DG . GE 
is ' given ; . . . the ratio ot DR 
: DG is given. Hence the ratio D 

of GH : DG is given ; but GII is = to the .L , and is 
given ; hence DG is given ; then, it AB be given in 
position, the point D is given ; . ' .  the <:) ADB is given 
in position, and C H  at a given distance from AB is 
given in position. Hence the point C is given in posi­
tiollo 
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The method of construction derived from this ana­
lysis is evident. 

Cor .-If the base, the perpendicular, and the diffe­
rence of the sides be given, a slight modification of the 
foregoing analysis will give the solution. 

(3) .  G1;ven the vase of a trlangle, the vert�'cal angle, ana 
the visector of the vertioal angle, to oonstruct the triangle. 

Analysis .-Let ABC be the required � ,  and let the 
base AB be given in position ; then, since AB is given 
in position and magnitude, and the L ACE is given in 
magnitude, the circumscribed <:) 
is given in position, Let CD, 
the bisector of the vertical L ,  
meet the circumscribed 0 in E, 
then E is a given point. Hence 
EB is given in magnitude. 

Now ED , EC = EB2 (Ill., 
20, Cor. 2 ) ; , ' ,  the rectangle 
ED , EC is given, and CD is 
given (Hyp. ) .  Hence ED , EC E , 
are each given, and the <:) described from E as centre, 
with EC as radius, is given in position. Hence the point 
C is given, and the method of construction is evident. 

Cor.-From the foregoing we may infer the method 
of solving the Problem : Given the base, vertical angle, 
and external bisector of the vertical angle. 

(4). G1:ven the vase of a tr1:angle, the difference of the 
vase angles, ana the difference of D 
the sides, to construct �·t. 

Analysis .-Let ABC be the 
required 6. ; then the rect­
angle EF , GD = the square of 
half the difference of the sides 
(IV., 8) ; . ' , EF . GD is given ; f\.�---F---I--� 
and EF . FD = FB2 is given. 
Hence the ratio of EF . GD 
: EF . FD is given. Hence 
the ratio of FD : GD is given. E 

Again, the L CED = half the difference of the base L St 
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and is given ; and DOE is  a right L ;  . . . � DOE is 
given in species, and CGD is equiangular to DCE ; 
. . . OGD is given in species ; . . . the ratios of GD : DC 
and of DO : DE are given. Hence the ratio of FD : DE 
is given ; therefore the ratio of DF : FE is given, and 
their rectangle is given. Hence DF and FE are each 
given. Hence the Proposition is solved . 

Oor.-In a like manner we may solve the Problem : 
Given the base, the difference of the base angles, and 
the sum of the sides to construct the triangle . 

. 

(5) .  To construct a quadrilateral of g1:ven specie8 who8e 
four 8iac8 shaU pass through four given points. 

Analysis .-Let AB eD be the required quadrilateral, 
P, Q, R, S the four given points. Let E, F be the ex .. 
tremities of the third diagonal. Now, let us consider 
the � ADF ; it is evidently given in species, and PQR 

G 
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is an inscribed triangle given in species . Hence, if M 
be the point of intersection of circles described about 
the 6 8  PAQ, QDR, the 6 MAD is given in species.-­
See Demonstration or (Ill. , 1 7 ) .  

In like manner, if N be the point of intersection of 
the 0 8  about the .6s QAP, PBS, the � ABN is given 
in species. Hence the ratios AM : AD and AN : AB 
are given ; but the ratio of AB to AD is given, because 
the figure ABCD is given in species . Hence the ratio 
of AM : AN is given ; and M, N are given points ; 
therefore the locus of A is a circle (7 ) ; and where this 
circle intersects the circle P AQ is a given point. Hence 
A is given. 

Oor.-A suitable modification of the foregoing, and 
making use of (Ill. , 1 6), will enable us to solve the 
cognate Problem-To describe a quadrilateral of given 
species whose four vertices shall be on four given 
lines. 

( 6) .  Given the base of a tr�·ang le, the dijfe1"enoe of the 
base angles, and the reotangle of the sides, construot it. 

(7) .  Given the base of a triangle, the vertioal angle, and 
the rat�·o of the 8um of the sz·des to the altitude : construct 
it. 

SECTION 11. 

CENTRES · OF SIMILITUDE. 
DEF.-q tIle line Joining the centres of tU)O circles be 

divided �'nternally and externally in the rat�·o of the rad�·�· 
of the ciroles, t7�e points of div�·sion are called, respeotively, 
the internal and the external centre of 8�·militttde of the 
two circles. 

From the Definitions it follows that the point of 
contact of two circles which touch externally is an in .. 
ternal centre of similitude of the two circles ; and the 
point of contact of two circles, one of which touches 
another internally, is an external centre of similitude . 
Also, since a right line may be regarded as an infinitely 
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large circle, whose centre is at infinity in the direction 
perpendicular to the line, the centres of similitude of a 
line and a circle are the two extremities of the diameter 
of the circle which is perpendicular to the line. 

Prop. l.-The direot oommon tangent of two oiroles 
paS8es throug h their external oentre 0/ simihOtuite. 

Dem.-Let 0, 0' 
be the centres of the 
0 s ; P, P' the points 
of contact of the 
common tangent ; 
and let PP' and 00' 
produced meet in T ; 
then, by similar /:). s, 

OT : O'T : : 0 P : O'P' e 

Hence the line 00' is divided externally in T in the 
ratio of the radii of th� circles ; and therefore T is the 
external centre of similitude. 

Gor. l o-It may be proved, in like manner, that the 
transverse common tangent passes through the internal 
centre of similitude. " 

Gor. 2.-The line j oining the extremities of parallel 
radii of two <:) s passes through their external centre of 
similitude, if they are turned in the same direction ; 
and through their internal centre, if they are turned 
in opposite directions. 

Gor. 3.-The two radii of one 0 drawn to its points 
of intersection, with any line passing through either 
centre of similitude, are respectively 11 to the two 
radii of the other 0 drawn to its ihtersections with 
the same line. 

Oor. 4.-All lines passing through a centre of 
similitude of two 0 s are cut in the same ratio by 
the 0s. 

Prop. 2.-Ifthrough a oentre ofsimilitude of two ()�·role8 
we draw a 8ecant ()utt�'ng one of them �On the po�Ont8 R, R', 
and the other in the corre8ponding points S, S' ; then 

G 2  
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the rectangles OR . OS', OR' . OS are constant and 
equal. 

Dem.-Let a, b de­
n.ote the radii of the 
circles ;  then we have 0 
( Cor. 3,  Prop. 2), 

a : b : : OS : OR ; 

therefore a : b : : OS . OS' : OR . OS' ; 

but OS . OS' = square of the tangent from 0 to the circle 
whose radius is a, and is therefore constant. Hence, 
since the three first terms of the proportion are con­
stan t, the fourth term is constant. 

In like manner, it may be proved that OR' . OS is a 
fourth proportional ,to a, b and OS . OS' ; . ' .  OR' . OS 
is constant. 

Prop. S.-The 8ix centres of similituile of three c�'rcles 
lie three by three on four lines, called axe8 of similitude 
of the circles. 

Dem.-Let the radii of the 0 s  be denoted by a, b, c, 
their centres by A, B, C ;  the external centres of simi­
litude by A', E', C', and their internal centres by 
A", 13", Oil. Now, by Definition, 

AC' a - - - ' 
a/B h O ,  

BA' b 
= -- - -

A'e o ' 

CB' () 
B/A = - - 0 

a 

Hence the product of the three ratios on the right is 
negative unity ; and therefore the points A', n', C' are 
collinear ( Cor. 1, Prop. 4) .  
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Again, let us consider the system of points ... � " B", 
C'. We have, as before, 

AC' a - - - _ . 
C'B - b '  
EA." 0 

-- - - -
Alia - () , 

CB" (j 
13/ A. = a · 

Hence the product of the ratios in this case also is 
negative unity ; and . . . A", ]3", C' are collinear ; and 
the same holds for A', B", C" ; A."; ]3', C" . Hence the 
collinearity of centres of similitude will be one exter­
nal and two internal, or three external centres of 
simili tude. 

Cor. 1 .-1£ a variable 0 touch two fixed 0s, the 
line. joining the points of contact passes through a 
fixed point, namely-a centre of similitude of the two 
o s ;  for the points of contact are centres of similitude. 

Cor. 2 .-1f a variable 0 touch two fixed 0 s, the 
tangent drawn to it from the centre of similitude 
through which the chord of contact passes is constant. 

Prop. 4.-If two ()�'roles touoh two others, the rarlloal 
axis of either pa�or passes through a oentre of simihOturle 0/ 
the other pair. 

Dem.-Let the two 
0s X, Y touch the 
two 0s W,V; letR, R' 
be their points of con-
tact with W, and S, S' X 0 
with V. Now, con­
sider the three 0 s 
X, W, Y ;  R, R' are 
internal centres of si­
militude. Hence the 
line RR' passes through the external centre of simili. 
tude of X and y" 
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In like manner, the line SS' passes through the 

same centre of similitude. Hence the point 0, where 
these lines meet, will be the external centre of simili­
tude of X and Y ;  and . . . the rectangle OR . OR' 
= OS . OS' (Prop , 2) ; . . . tangent from 0 to W = tan ... 
gent from 0 to V, hence the radical axis of W and V 
passes through O.  

DEF.-The oirole on the interval, between the oentres of 
similitude of two circles as dia?neter, is called tlw�'r oirole 
of simil�·tude. 

Prop. 5.-The c�'r'ole of similitude of two oiroles �'8 the 
loou8 of the vertex of a trt'angle whose bctse is tlM interval 
between the oentres of the ciroles, and tlM ratio of the sides 
that of their radt'i. 

Dem.-When the base and the ratio of the sides are 
given, the locus of the vertex (see Prop . 7 ,  Section I) 
is the 0 whose diameter is the interval between the 
points in which the base is divided in the given ratio 
internally and externally ; that is, in the present case, 
the 0 of similitude. 

Oar. I .-If from any point in the 0 of similitude of 
two given 0 8  lines be drawn to their centres, these 
lines are proportional to the radii of the two given 0s. 

Oar. 2.-If, from any point in the 0 of similitude of 
two given 0 s, pairs of tangents be drawn to both 0s, 
the angle between one pair is equal to the angle between 
the other pair. 

This follows at once from Oar. 1 .  
Oar. 3 ,-The three 0 s  of similitude of three given 

o s taken in pairs are coaxal. 
For, let P, P' be the points of intersection of two 

of the 0 s  of similitude, then it is evident that the 
lines drawn from either of these points to the centres 
.of the three given 0 s are proportional to the radii of 
the given 0 s. Hence the third <:) of similitude must 
pass through the points P, P'. Hence ' the 0s  are 
coaxal. 

Oar. 4.-The centres of the three 0s  of similitude 
of three given 0s  taken in pairs are collinearo 
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SECTION Ill. 
THEORY OF HARMONIC SECTION, 

DEF 0 - If a hOne AB De cl£v£ded internally �on the 
point C, and ex- A 0 C B D 
tern ally �·n the I I - I  I , 

point D, 80 that the rat�·o AC : CB = - ratio AD : DB ; 
the points C and D are called harmonic conjugates to 
the points A, B.  

Since the segments AC, CB are measured in the same 
direction, the ratio AC : CB is positive ; and AD, DB 
being measured in opposite directions, their ratio is 
negative .  This explains why we say AC : CB = - AD 
: DB. We shall, however, usually omit the sign minus, 
unless when there is special reason for retaining it. 

Cor.-The centres of similitude of two given circles 
are harmonic conjugates, with respect to their centres .  

Prop. lo-If C and D De harmonio oonJugates to A and 
B, and if AB be b1:seoted in 0, then OB is a geoJJUJtrio 
mean oet'loeen 0 C and OD. 

. . . 

or 

Dem.-

AC - CB 
2 

AC : CB : : AD : DB ; 

AC + CB 
2 

. . . . 
AD - DB 

2 
OC : OB : : OB : OD. 

AD + DB . 
2 , 

Hence OB is a geometric mean between OC and OD. 

Propo 2.-If C and D De harmonio oonJugates to A and 
13, tlw o�·roles desoribed on AB (tnd CD as d'l'ameters inter-
�eot eaoh other orthogonally. p 

Dem.-Let the 0 s  inter-
sect in P, bisect AB in 0 ;  A D 
join OP ; then, by Prop. 2, 
we have OC 0 OD = OB2 = Opz. 
Hence OP is a tangent to the 
circle CPD, and therefore the 0s  cut orthogonally. 
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Oor. l .-Any <:) passing through the points C and 
D will be cut orthogonally by the 0 described on AB 
as diameter. 

Oor. 2.-The points C and D are inverse points with 
respect to the <:) described on AB as diameter. 

DEF.-If 0 and D be harmoni(} (}onJugates to A. and B, 
AB is called a harmonic mean between A.O and AD. 

Observation.-This coincides with the the algebraic Defini­
tion of harmonic mean. 

For AO, AB, AD being three magnitudes, we have 

AO : OB : : AD : BD ; 

therefore AO : AD : : OB : ED ; 

that is, the 1 st is to the Srd as the difference between 
the 1 st and 2nd is to the difference between the 2nd 
and Srd, which is the algebraic Definition. 

Oor.-In the same way it can be seen that DC is a 
harmonic mean between DA and DB. 

Prop. 3.-The Ar�'thmet�'() mean is to the Geometr�'(} 
mean as the Geometr�'(} mean �'s to the Harmon�'(} mean. 

Dem.-U pon AB as diameter describe a <:) ; erect 
EF at right angles to AB through 0 ;  draw tangents to 
the <:) at E, F, meeting in D ; 
then, since the 6 OED is right­
angled at E, and EO is 1- to 
OD, we have 00 . OD = OE2 A D 
= OB2. Hence, by Prop. 1 ,  0 
and D are harmonic conjugates . 
to A and B .  Again, from the F 
same � ,  we have OD : DE : : DE : DO ; but OD = 
� (DA + DB) = arithmetic mean between DA and DB ; 
and DE is the geometric mean and DC the harmonic 
mean between DA and DB. 

Oor.-The reciprocals of the three magnitudes DA, 
DO, DB are respectively DB, DC, DA, with respect to 
DE2 ; but DA, DO, DB are in arithmetical progression. 
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Hence the reciprocals of lines in arithmetical progression 
are in harmonical progression, 

Prop. 4.-Any l�'ne outting a oirole, and pa88�'ng through 
a .fixed point, i8 out harmonioally by the oirole, . the point, 
and the polar of the po�·nt. 

Let D be the point, EF its polar, DGH a line cut­
ting the 0 in the points G and H, and the polar of D 
in the point J ;  then the 
points J, D will be har­
monic conjugates to H and 
G. 

Dem.-Let 0 be the cen- D 
tre of the 0 ; from 0 let 
fall the 1- OK on liD ; then, 
since K and 0 are right L s, 
OKJC is a quadrilateral in a 
0 ; . ' .  OD . DC=KD , DJ ;  but OD , DC =DE2 ; , ' .  leD . DJ 
= DE2, Hence RD : DE : : DE : DJ ; and since KD, 
DE are respectively the arithmetic mean and the 
geometric mean between DG and DR, DJ (Prop, 3 . ) 
,viII be the harmonic mean between DG and DR. 

The following is the proof usually given of this 
Proposition :-Join OR, OG, OH, CG. Now OD . DC 
= DE2 = DH . DG ; , ' ,  the quadrilateral nOCG is in­
scribed in a (:) ; , ' ,  the angle OCR = OGR ; and DCG 
= OHD ; but OGR = OHD ; . ' . OCH = DCG, Hence 
RCJ = GOJ ; hence OJ and OD are the internal and 
external bisectors of the vertical angle GeR of the 
triangle GCH ; therefore the points J and D are har .. 
monic conjugates to the points H and G. Q, E.  D.  

Oor. 1 ,-If through a fixed point D any line be 
drawn cutting the 0 in the points G and H, and if 
DJ be a harmonic mean between DG and DH, the 
locus of J is the polar of D .  

Oor. 2.-In the same case, if DK be the arithmetic 
mean between DG and Dil, the locus of R is a 0, 
namely, the 0 described on OD as diameter, for the 
I- OKD is right� 

, 
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Prop , 5,-If ABC be a tr'l:angle, CE a line through 
the vertex parallel · to the base AB ; then any transversaZ 
through D, the middle of AB, w'l'll meet CE in a point, whioh 
w'l'll be the harmon'l°o oonjug ate 
ofD , W'l°th respect to the pO'l°nts E 
in w7�ioh it meets the s'l°des of 
the triangle, 

Dem.-From the similar 
b.. s FCE, FAD we have 
EF : FD : : CE : AD ; but 
AD = DB ; . - . EF : FD : :  CE 
: DB. 

Again, from the similar 
b. s  CEG, BDG, we have F 
CE : DB : : EG : GD ; 

therefore EF : FD : :  EG : GD. Qo E oD ,  

DEFso-Ij we join the points C, D (see last diagram), 
the system of four lines CA, CD, CB, CE is oalled a har­
'Jnon'l'O penoil ; eaoh of the four lines is called a ray ; the 
point C is oalled the vertex of the peno'l°Z ,' the alternate 
rays CD, CE are said to be harmon'l'o oon;jugates w'l'th 
respeot to the rays CA, CB , We shall denote suoh a 
penoil by the notation (C . FDGE), where 0 is the vertex; 
CF, CD, CG, CE the rays. 

Prop. 6 ,-If a hOne AB be cut harmonioally in C and D, 
and a harmonio penc'l'l (0 . ABCD) formed by join'l'ng the 
points A, B, C, D to any 
point 0 ; then, if through C, 
a parallel to OD, the ray 
conjugate to OC be draton, 
rneet'l'ng OA, OB 'l'n G and H, 
G H will be b'l°seoted 'l'n C. 

Dem,-
OD : CH : : DB : BC ; 

and OD : GC : : DA : AC ; 
but DB : BC : : DA : AC ; A-

. ' 0 OD : CH : ; OD ; GC� 

� __ �_-.;D 

lIence GC = CH. 
� . - -... .' ..:-. . 
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Cor . -Any transversal A.'B/C'D' cutting a harmonic 
pencil is cut harmonically. 

For, through C' draw G'H' 11 to GH ; then, by 
Prop. 3, Section l . ,  G'C' : C'H' : : .GC : CH ; . . . G'C' 
= C/H' . Hence A'B/C'D' is cut harmonically. 

Prop . 7.-The line Join 2'ng the 1;ntersection of two oppo­
site sides of a quadrilateral with the intersection of its 
diagonal8 forn�s, w,/;'th the third d2°agonal, et pair of rays, 
wkich are harmonic oonJugates with these sides. 

Let ABOD be the quadrila- F 
teral whose two sides AD, BC 
meet in F ;  then the line FO, 
and the third diagonal FE, 
form a pair of conj ugate rays 
with FA and FB. 

Dem.-Through 0 draw OH 
1 1  to AD ; meet BC in G, and A t:::------'B'-----=E 
the third diagonal in H. Then 
OG = GH (Prop. 8, Section l. ) .  Hence the pencil 
(F . AOBE) is harmonic. In like manner the pencil 
(E . AODF) is harmonic. 

Prop . 8. _. If four collinear points form a narmon'/;°o 
system, their four polars with respect to ltny oittole forrn 
a h{trmon�'o penoiZ. 

Let A, C, B,  D be the four points, P the pole of 
thoir line of collinearity with respect to the (=) X i let 
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o be the centre'. of X. Join OA, OB, OC, OD, and let 
fall the .-L s  PA', PB', PC', PD' on these lines ; then, 
by Prop . 25, Section I . , Book Ill . ,  PA', PB', PC', PD' 
are the polars of the points A, B, C, D ;  and since the 
angles at A', C', B', D' are right, the 0 described on OP 
as diameter will pass through these points ; and since the 
system A, B, C, D is harmonic, the pencil (0 . ABCD) 
is harmonic ; but the angles between the rays OA, OB, 
00, OD are respectiv ely equal to the angles between 
the rays PA', PB', PC', PD' (Ill. ,  xxi . ) .  Hence the 
pencil (P . A'B'C'D') is harmonic . 

DEF.-Four points �'n a circle which connect with any 
fifth point in the circumference by four lines, form�'ng a 
harrnonio pencil, are called a harmon�'c 8Y8tern · of po�'nt8 
on the circle. 

Prop . 9 .-If from any po�·nt two tangents be drawn 
to a circle, the points of contact and the points of interseo­
tion of any 8ecant from the 8ame lJoint form a harmonio 
system of points. 

Dem.-Let Q be the point, QA, 
QB tangents, QCD the secant ; 
take any point P in the circumfe­
rence of the 0 , and join PA, PC, 
PB, PD ; then, since AB is the 
polar of Q, the points E, Q are 
harmonic conjugates to C and D ; 
. . . the pencil (A. . QOED) is har- p 
monic ; but the pencil (P . ACBD) 
is equal to the pencil (A . QCED), 
for the angles between the rays or one equal the angles 
between the rays of the other ; therefore the pencil 
(P . ACBD) is harmonic . Hence A, C, B, D form a 
harmonic system of points. 

Oor. I .-If four points on a 0 form a harmonic 
system, the line joining either pair of conjugates 
pa�ses through the pole of the line joining the othel1 
paIr. 

Oor. 2.-1£ the angular points of a quadrilateral 
i:p.scr�bed in u 0 form. a harmonic system� the rectangle 
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contained by one pair of opposite sides is equal to the 
rectangle contained by the other pair. 

Prop. lO.-If through any point 0 two hOnes be drawn 
outt�Ong a oirole �On four points, then ioin�Ong these points 
both direotly and transversely ; and if the d�Orect hOnes meet 
in P and the transverse hOnes meet in Q, the line PQ will 
be the polar of the point O. 

Dem.-Join OP ; then the pencil (P . OAEB) is har­
monic (Prop. 7) ; . . •  the points 0, E are harmonic 
conjugates to the points A, B .  Hence the polar of 0 
passes through E (Prop. 4) .  In like manner, the 
polar of 0 passes through F ;  . . . the line PQ, which 
passes through the points E and F, is the polar of O. 

Q. E. D . 
Oor. I .-If we j oin the points 0 and Q, it may be 

proved in like manner that OQ is the polar of P . 
Oor. 2.-Since PQ is the polar of 0, and OQ the 

polar of P, then ( Oor. 1 ,  Prop . 1 6, Section l., Book Ill. )  
OP is the polar of Q. 

DEF.-Triangles such as OPQ, wh�·ch possess the pro­
perty that each side 1:S the polar of the opposite angular 
point with respeot to a given cirole, are called self-con­
jugate trtOanples with respect to tlw c�orcle .  Afjain, if we 
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consider the four points A, B, C, D, they are Joinecl by 
three pairs of h'nes, wldch �'nter8ect in the three 2Joints 
0, P, Q respectively ,. then, on acco�tnt of tlw harnzont'c 
propert�'e8 of the quadrilateral ABCD and the triangle 
OPQ, I propose to call OPQ the har?nonic tr�'angle of the 
q'ltadrilcderal. 

Prop. l1 .-If a quadrilateraZ be 1·nscribed in a circle, 
and at its angular points four tangents be drawn, the six 
,pot'nts of intersection of these four tangents l'l'e in pairs on 
tl�e sides of the harmonic triangle of the inscribed quadr�'­
lateral. 

Dem.-Let the tangents at A and B meet in K (see 
fig. , last Prop . )  ; then the polar of the point K passes 
through o .  Hence the polar of 0 passes through K ;  
therefore the point le lies on PQ. In like man ner, 
the tangents at C and D meet on PQ. Hence the Pro­
position is proved. 

Cor. I .-Let the tangents at B and C meet in L, at 
C and D in M, at .A and D in N ;  then the quadrilateral 
KLMN 'will have the lines KM (PQ) and LN (OQ) as 
diagonals ; therefore the point Q is the intersection of 
its diagonals. Hence we have the following theorem :­
If a quadrilateral b e  �'nscribed in a circle, and tangents be 
drawn at its angular points, forrning a circumscribed 
quadrilateral, the d'l'agonals of the t21)0 quadr�'laterals are 
concurrent, and form a harmon'l'c pencil. 

Oor. 2 .-The tangents at the points B and D meet 
on OP, and so do the tangents at the points A and C. 
Hence the line OP is the third diagonal of the quadrila­
teral KLMN ; and the extremities of the third diagonal 
are the poles of the lines BD, AC. Now, since the lines 
BD, .AC are harmonic conjugates to the lines QP, QO, 
the poles of these four lines form a harmonic system 
of points . Hence we have the following theorem : ­

If tangents be drawn at the angular points of an 'l'nscriberl 
quadrilateral, forln'l'ng a circumscribed quadrilateral, the 
third diagonals of these two quadrilaterals are cO'l'ncident, 
and the extrem'l'ties of one ore har?nonic conJ�qates to 
tl�e extrenz'l'ties of the other. 
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SECTION IV. 

T H E O R Y O F  I N V E R S I O N :No  

DEF.-qX be a circle, 0 its centre, P ana Q two points 
on any rradius, such that the rectangle OP . OQ = square 
of the raa//:us, then P ana Q are called inverse points 
w�Oth respect to the c£rcle . Q 

If one of the points, say Q, de­
scribe any curve, a circle for in­
stance, the other point P will 
describe the inverse curve. 0-

'Ve have already given in Book 
lIl o , Section l . ,  Prop . 20, the in­
version of a right line ; in Book IV. , 
Section I . ,  Prop. 7, one of its most important appli­
cations. This section will give a systematic account 
of this method of transformation, one of the most 
elegant in Geometry. 

Prop. 1.-Tlw inverse of a circle is either a hOne or a 
c£rcle, according as the centre of invers�Oon i8 on the cz"r­
curnference of the circle or not on the circ'urmjerence. 

Dem.--·We have proved the first case in Book Ill . ; 
the second is proved as 
follows :-Let Y be the 
o to be inverted, 0 the 
centre of inversion ; take 
any point P in Y ;  j oin 0 
OP, and make OP . OQ 
= constant ( square of  ra­
dius of inversion) ; then 
Q is the inverse of P :  it is required to find the locus of 
Q. Let OP produced, if necessary, meet the <:) Y again 

* This method, one of the most important in the whole range of 
Geometry, is the joint discovery of Doctors Stubbs and Ingram, 
Fellows of Trinity College, Dublin (see the Transactions of the 
Dublin Philosophical Society, 1 842) .  The next writer that 
employed it is Sir William Thomson, ·who by its aid gave geo .. 
metrical proofs of some of the'·-most difficult propositions in the 
Mathematical Theory of Electricity (see Clerk Maxwell on 
" Electricity, " V 01. 1 .  , Chapter XI.) 0 
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at R ;  then the rectangle OP . OR = square of tangent 
from 0 (Ill . xxxvi. ), and . . . = constant, and OP 0 OQ 
is  constant (hyp . ) ; . . . the ratio of OP . OR : OP . OQ 
is  constant : hence the ratio of OR : OQ is  constant. 
Let 0 be the centre of Y ;  join 00, OR, and draw QD 
1 1  to OR. Now OR : OQ : : OR : QD ; . 0 . the ratio of 
OR : QD is constant, and OR is constant ; 0 0 0 QD is 
constant. In like manner OD is constant ; . 0 0 D is a 
given point ; o ·  0 the locus of Q is a 0,  whose centre 
is the given point D, and whose radius is DQ. 

Oor. I .-The centre of inversion 0 is the centre of 
similitude of the original circle Y, and its inverse. 

Oor. 2 .-The circle Y, its inverse, and the circle of 
inversion are coaxal. For if the 0 Y be cut in any 
point by the 0 of inversion, the 0 inverse to Y will 
pass through that point. 

Prop. 2.-If two circles, or a line and a C1:rcle, touch 
each other, their inverses will also touch each other. 

Dem.-If two <:) s, or a line and a <:) touch each other, 
they have two consecutive points common ; hence their 
inverses will have two consecutive points common, and 
therefore they touch each other. 

Prop . 3.-If two circles, or a l�·ne and a circle, 't°ntersect 
each other, their angle of intersect�·on is equal to the angle 
of intersection of their inverses . 

Dem. -Let PQ, PS be 
parts of two <:) s inter­
secting in P ; let 0 be the 
centre of inversion. Join 
o P ;  let Q and S be two 
points on the 0 s  very 
near P . Join OQ, OS, PQ, 
PS ; and let R, U, V be 
the inverses of the points 
P, Q, S .  Join UR, VR, 
and produce OP to X. 
Now, trom the construc­
tion, U and V are points 0 
on the inverses of the 0 s PQ, PSr. And since the rect .. 
angle OP . OR = rectangle OQ . OU, the quadrilateral 
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RPQU is inscribed in a 0 ;  o · 0 the L ORU = OQP ; 
and when Q is infinitely near P, the L OQP = QPX ; 
. 0 0 the L ORU is ultimately = QPX. In like manner, 
the L ORV is ultimately equal to the L SPX ; . . . the 
L URV is ultimately equal to the L QPS. Now 
QP, SP are ultimately tangents to their respective 
circles, and . . . the L QPS is their angle of intersection, 
a.nd URV is the angle of intersection of the inverses 
of the circles. Hence the Proposition is proved. 

Prop . 4.-.A.ny two circles can oe �·nverted into them,­
selves. 

o 

Dem.-:-Take any point 0 in the radical axis of the 
two 0s ; and from 0 draw two lines OPP', OQQ', 
cutting the 0 s  in the points P, P', Q, Q' ; then the 
rectangle OP . OP' = the rectangle OQ . OQ' = square of 
tangent from 0 to either of the circles, and . . . equal 
to the square of the radius of the circle whose centre 
is 0, and which cuts both circles orthogonally. Hence 
the points P', Q' are the inverses of the points P and 
Q with respect to the orthogonal circle ; and therefore 
while the points P, Q move along their respective 
circles, their inverses, the points P', Q', move along 
other parts of the same circles. 

H 
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Cor. 1 .-�rhe circle of self-inversion of a given circle 
cuts it orthogonally. 

. 

Cor. 2.-Any three circles can be inverted into them· 
selves, their circle of self-inversion being the circle 
which cuts the three circles orthogonally. 

Cor. 3.-If two circles be inverted into themselves, 
the line joining their centres, namely ABOD, will be 
inverted into a circle cutting both orthogonally ; for 
the line ABOD cuts the two circles orthogonally. 

Cor. 4.-Any circle cutting two circles orthogonally 
may be regarded as the inverse of the line passing 
through their centres . 

Oor.  5 .-If ABOD be the line passing through the 
centres of two circles, and A'E'O'D' any circle cutting 
them orthogonally ; then the points A', E', 0', D' being 
respectively the inverses of the points A, B, C, D, the 
four lines AA', BB', 00', DD' will be concurrent. 

Cor. 6.--Any three circles can be inverted into three 
circles whose centres are collinear. 

Prop. 5.-Any two circles can oe inverteit into two 
equal c£rcles. 

Dem.-Let X, Y be the original 0 s, r and r' 
their 

radii ; let V, W be the in­
verse 0 s, p and p' their 
radii ; and let 0 be the 
centre of inversion, and T, 
T' the tangents from 0 to 
X and Y, and R the radius 
of the circle of inversion. 
Then, from the Demonstra­
tion of Prop. 1 ,  we have 

r ' p · · T2 ' Rz ,  . . . . , 
1JIt' • p' • • T'2 . R2 I .  • • • • 

Hence, since p = p', we have 
M • r' · · T2 · T'2 . # .  • • • , 

o 

. 0 .  the ratio of T2 : T'2 is given ; and, consequently, the 
ratio of T : T' is given. Hence if a point be found, 
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such that the tangents drawn from it to the two 08  
X, Y will be in the ratio of the square roots of their 
radii, and if X, Y, be inverted from that point, their 
inverses will be equal. It will be seen, in the next 
Section, that the locus or 0 is a circle coaxal with X 
and Y. 

Oor. I .-Any three circles can be inverted into three 
equal circles .  

(Jor. 2.-Hence can be inferred a method of de .. 
scribing a circle to touch any three circles. 

Oor. 3.-If any two circles be the inverses of two 
others, then any circle touching three out or the four 
circles will also touch the fourth. 

Oor. 4.-1£ any two points be the inverses of two 
other points, the tour points are concyclic. 

Prop. 6.-If A ana B De any two points, 0 a centre 
of �'nvers2°on ; ana if the inverS8S of A, B be the point8 
A', B', and p, p', the perpendicular8 from 0 on the hOne8 
AB, A/B'; then AB : A'D' : : p : p'. 

Dem.-Since 0 is the centre of inversion, we have 

OA . OA' = OB . OB' ; 

therefore OA : OB : : OB' : OA'. 

And the angle 0 is common to the two 6. s AOB, A'OB' ; 
. ' .  the 6 s  are equiangular. Hence the Proposition is 
proved. 

Prop. 7.-If A, 13, C . • • L De any number of col­
linear pOtOnt8, we have 

AB + BC + CD . .. + LA = o.  
(Since LA. is measured backwards, it is regarded as 
negative. ) Now, let p be the J.. from any point 0 on 
the line AL ; and, dividing by p, we have 

AB B C  CD LA 
-- + ---- + - . .  + - = o. 
p p p p 

Let the whole be inverted from 0 ;  and, denoting the 
n 2  
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inverses of the points A, 13, 0 . . . L by A', 13', C' . . .  
L', we have from the last A.rticle the following general 
theorem :-If a polygon A'B'O' . . .  L' of any number 
of 81:de8 be 1:n8or1:bed in a o�'role, and if from any po�'nt 
in its o�'roumferenoe 'Perpend�'oular8 be let fall on the 8ide8 
of the polygon ,. then the 8um of the quotient8 obtained by 
d�'viding the length of eaoh 8�'de by its perpendioular ""8 
zero. 

Cor. I .-Since one of the l.. s must fall externally 
on its side of the polygon, while the other l.. s fall in­
ternally, this 1.. must have a contrary sign to the re­
mainder. Hence the Proposition may be stated thus :­
The length of the 8�'de on  wh�'oh the perpendioular fall8 
externally, d�'tt��'ded by �'t8 perpend�'oular, i8 equal to the 8um 
of the quotient8 ari8ing by d�'vid�'ng eaoh oJ t7�e rema�'n�'ng 
side8 by ",'t8 perpend�·oular. . 

Gor. 2 .-Let there be only three sides, and let the 
1.. s be a, f3, 'Y ;  then, if a, b, () denote the lengths of 
the sides, &c" 

a b () - + - + - = o.  
a f3 'Y 

Prop . 8. -If A, 13, 0, D be four oollinear po",'nt8, A', 
]3', C', D' the four points inver8e to them ,· then 

AO , BD A'C' . B'D' 

AB . CD = A.'B' . C'D'· 
B C 

o 

Dem.-Let 0 be the centre of inversion, and p the 
.L from 0 on the line ABeD ; and let the .Ls from 0 
on the lines A'B', A'C', B'D', C'D' be denoted by a, fi, 
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/', 8. Then, by Prop. 6, we have the following equali­
ties :-

AC == 
A'C' . 1'  ; f3 

BD == 
:B'D' 

· P j 
1 

A'13' • l' A "'() _ • n...u - , a. 

CD _ 

C'D' · p 
- a • 

Hence multiplying, and remembering that the rectangle 
f3y is equal to the rectangle as (see Prop. 1 1 , Section I., 
:Book Ill.), we get 

AC . :BD A'C' . :B'D' 

AB . CD - A'B' . C'D' • 

Oor. l .-
AC . BD : AB . CD : AD . BC 

: : A'C' . B'D' : A.'B' . C'D' : A.'D' . B'O'. 

(Jor. 2 .-I£ the points A, B, C, D form a harmonic 
system, the points A', B', C', D' form a harmonic system. 
In other words, the inverse of a harmonic system of 
points forms a harmonic system. 

Oor. 3.-If AB = ]3C ; then the points A', B', C', 0 
form a harmonic system of points. 

Prop. 9.-If two circles be inverted into two others, the 
square of the common tangent of th,e first pa�r, d�'v�'ded by 
the rectangle contained by the�'r dia'fl�eters, is equal to the 
square of the common tangent of the second pa�'r, (h'vided 
br the reotangle oontained by their dianMter8, 
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Dem.-Let X, Y be the original 0 s, X', Y' their 
inverse 0s, ABCD the line through the centres of X 
and Y, and let the inverse of the line ABCD be the 0 
A'B'C'D' ; then, since the line ABCD cuts orthogonally 
the 0 s X, Y, its inverse, the 0 A'B'C'D', cuts orthogo­
nally the 0s X', Y'. Let abed be the line through the 

� �  ____ � ______ �B�' ______ � ______ �D 

o 
centl €S of the 0s X', Y' ; then abed cuts the 08 X', 
Y' orthogonally ; hence the 0 A'B'C'D' is the inverse 
of the line abed 1vith respect to a 0 of inversion, which 
inverts the 0s X', Y' into themselves (see Prop. 4, 
Oor, 3) .  Hence, by Prop. 8, each of the ratios 

AC . BD at . bd 
AB . CD' ab . cd 

is equal to the ratio 

therefore 

A'C' . B'D' _--- a 
A'B' . C'D" 

AC . BD at , bd 
AB . CD - ab . ed' 

The numerators of these fractions are equal respectively 
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to the squares of the common tangents of the pairs of 
circles X, Y ;  X', Y' (see Prop. 8, Section I. , Book Ill). 
Hence the Proposition 
is proved. 

Oor. I .-If Cl ' C2, 
Oa, &c., be a series of 
circles, touching two 
parallel lines, and also 
touching each other ; A B 
then it is evident, by making the diagram, that the 
square of the direct common tangent of any two of 
these circles, such as Cm, Om + m which are separated by 
(n - 1) circles, is == n2 times the rectangle contained by 
their diameters. Hence, by inversion and by the theo� 
rem of this Article, we have the following theorem :­
If A and B oe any two semioiroles 1:n oontaot with eaoh 
other, and also in oontaot with another semioirole, on 
whose diameter they are desorioed ,. and if oiroles Cl' O2, Ca 
oe desorioed, touching them as �'n the d1:agram, the 1.. 
from the oentre oJ On on the line AB = n t£mes the 
dt'ameter of Om 'where n denote8 any of the natural num­
oers 1 ,  2, 3, 9"0' 

This theorem will immediately follow by completing 
the semicircles, and describing another system of circles 
on the other side equal to the system Ch O2, Cs, &c. , and 
similarly placed. * 

Prop . lO.-If four ot/roles oe all touohed oy the same 
o�·role ,. then, clenot�'ng by 1 2, the oommon tangent of the 
1 st and 2nd, 9"0" 

12  . 34 + 14  . 23 = 1 3  . 24. 

Dem.-Let A, 13, C, D be four points taken in order 
on a right line ; then, by Prop. 7, Section I. ,  Book 11. ,  
we have 

AB . CD + BC . AD = AO . BD. 

Now, let four arbitrary circles touch the line at the 

* The theorem of this Cor. is due to Pappus. See Steiner' � 
Gf/sammeZte lVerke� :Band 1. ? Seite 47. 
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points A, 13, C, D, and let their diameters be 0, 0', 0", 
S"' ; then we ha'Ve 

AB . CD BC . AD AC . BD 

-/33' . -/3" 3'" + ..,; 1)' 3" . ..,; 33'" - ..,; 33" • ..,; 3' 3'" j 
and by the last Proposition each of the fractions of this 
equation remains unaltered by inversion. Hence, if the 
diameters of the inverse circles be denoted by il, il', il", il''', 
and their common tangents by 12, &c. ,  we get 

12  . 34 23 . 41 13 . 24 
:-:::::=---:-==:== + -- -- = - --V dd' • V it" dIll ..,; cl'd" · -/ d'" it V itd" • V d'it'" · 

- - - - - -

Hence 12  . 34 + 23 . 1 4  = 1 3  . 24.% 

Oor. I .-If four arbitrary circles touch a given circle 
at a harmonic system of points ; then 

12  . 34 = 23 . 14 . 

Oor. 2.-The theorem of this Proposition may be 
written in the form 

12  . 34 + 23 . 14  + 3 1  . 24 = 0 ; 

and in this form it proves at once the property of the 
" Nine-points Circle."  For, taking the 0s 1 ,  2, 3 ,  4 
to be the inscribed and escribed 0 s of the �, and re .. 
membering that when 0 s touch a line on different 
sides, we are, in the applic�tion of the foregoing theo .. 
rem, to use transverse common tangents. Hence, 
making use of the results of Prop. 1 ,  Section l., Book 
IV. , we get 

- - - - - -

12  . 34 + 23 . 14  + 31  . 24 
= b2 _ ()2 

+ 
()2 _ a2 + a2 - b2 = O. 

Hence the 0 s 1 ,  2, 3, 4, are all touched by a :fifth 0 . 
This theorem is due to Feuerbach. The following 

simple proof of this now celebrated theorem was pub .. 

* This extension of Ptolemy's Theorem first appeared in a 
Paper of mine in the Proceedi'nf/8 of the ROlal Irish AGademr� 1866. 
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lished by rue in the Quarterly Journal for February, 
1 86 1  :-

" If A.BC be a plane triangle, the circle passing through 
the .feet of �·t8 perpenriz·oulars touches �·ts �·n8crilJecl ana 

escribeil eiro/ea." 

·D 

Dem.-Let the inscribed and escribed 0 s be de­
noted by 0, 0', 0", 0"', the circumscribed 0 by X, 
and the 0 through feet of 1.s by �. Now, if P be 
the intersection of .L s, and if the lower segments of 
.Ls be produced to meet X, the portions intercepted 
between P and X are bisected by the sides of ABO 
(Prop. 13 , Section I . ,  Book Ill. ) .  Hence � passes 
through the points or bisection, and therefore P i s  the 
external centre of similitude of X and �. 

Let DE be the diameter of X, which bisects BC. 
Join PD, PE, and bisect them in G and H ;  then S 
must pass through the points G and H ;  and since GH 
is 1 1  to DE, GH must be the diameter or � ; and since l 
passes through F, the middle point or BC (see Prop. 5, 
Section I . ,  Book IV. ) ,  the L GFH is right. Again, 
if from the point D three .Ls  be let raIl on the sides of 
,A.BC, their feet 8:re collinear� and the line of colli-
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neari ty evidently is 1- to AD and it bisects PD (see 
Prop. 1 4, Section I . ,  Book Ill. ) . Hence FG is the line 
of collinearity, and FG is 1- to AD. Let M be the 
point of contact of ° with BC ; j oin GM, and let fall 
the 1- HS. Now, since FM is a tangent to 0, if from 
N we draw another tangent to 0, )ve have FM2 = FN2 
+ square of tangent from N (Prop. 21 ,  Section I . ,  
Book Ill . ) ; but FM = � (AB - AC) .  Hence FM2 
= FR . FI (Prop. 8, Oor. 5,  ,Section I. , Book IV. ) 
;= FK . FN ; . . . square of tangent from N = FN . NK. 
Again, let GT be the tangent from G to 0 ;  then GT2 
= squ'are of tangent from N + GN2 = FN . NK + GN2 
= GF2. Hence the 0 whose centre is G and radius 
GF will cut the circle ° orthogonally ; and . . . that 0 
will invert the circle ° into itself, and the same 0 
will invert the line BC into � ; and since BC touches 0, 
their inverses will touch (Prop. 2) .  Hence � touches 
0 ,  and it is evident that S is the point of contact. 

In like manner, if M' be the point of contact of 0' 
with BC, and if we join GM', and let fall the 1- ns' 
on GM', S' will be the point of contact of � with 0'. 

Oor.-The circle on FR as diameter cuts the circles 
0, 0' orthogonally. 

Prop. 11.-DRo HART'S EXTENSION OF FEUERBACH' S 
THEOREM :-Ij the three 8�'de8 of a plane tr�'angle be re­
placed by three oiroles, then the oircles touoh�'ng these, wh�'oh 
correspond to the insor�'bed and e8or�'bed o�'roles of a plane 
triangle, are all touohed by another oircle. 

Dem.-Let the direct common tangents be denoted, ' - -

as in Prop. 1 1 , by 1 2, &c. , and the transverse by 1 2', 
&c. , and supposing the signs to correspond to a 6 whose 
sides are in order or magnitude a, b, 0 ;  then we have, 
because the side a is touched by the 0 1 on one side, 
and by the 0 s 2, 3, 4 on the other side, 

Hence 

- - -- -

1 2' . 34 + 1 4' . 23  = 1 3' . 24 ; 
- - - - - -

1 2' . 34 + 24' . 1 3  = 23' . 1 4 ; 
- - - - - -

1 3' . 24 + 34' . 12  = 23' . 14. 
- - - - -- -

1 4' 0 23 + 34' . 12 = 24' . 1 3  · 
, 0 " , " , 
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showing that the four circles are all touched by a circle 
having the circle 4 on one side, and the other three 
circles on the other. This proof of Dr. Hart's ex­
tension of Feuerbach's theorem was published by me in 
the Proc.eed�·ng8 of the Royal Irish Academy in the year 
1 8 6 6 .  

Prop. 12.-If two o�·rcles X, Y be 80 relateiZ that a 
trtt·angZe may be tt·nscr�·beil tt'n X and descrtt·bed about Y, the 
inverse of X with respect ,to Y is the " N1:ne-POtt·nts Ott·rcle " 
of the trtt·ang le formed by jo�·ninfJ the points of contact 
on Y. 

Dem.-Let A.BO be the 6. 
inscribed in X and described 
about Y ;  and A'}3'C' the 6. 
formed by joining the points 
of contact on Y. 

Let 0,  0' be the centres E 
of X and Y. Join O'A, inter- B\'-------=�=----)f 
secting B'C' in D ;  then, evi­
dently, D is the inverse of 
the point A with respect to 
Y, and D is the middle point of 13'0'. In like manner, 
the inverses of the points B and 0 are the middle 
points C'A.' and A.'B' ; . . . the inverse of the 0 X, which 
passes through the points A, 13, 0 with respect to Y, 
is the 0 which passes through the middle points of 
]3'C', C' A', A'B', that is the " Nine-points Circle " of the 
triangle A/B/C'. 

Gor. I .-If two <:) s X, Y be so related that a 6. in­
scribed in X may be described about Y, the 0 in­
scribed in the b:. ,  formed by j oining the points on Y, 
touches a fixed circle, namely, the inverse of X with 
respect to Y. 

Gor. 2.-In the same case, if tangents be drawn to 
X at the points A, B, C, forming a new � A"B"O" , 
the 0 described about AliBI/Oil touches a fixed circle. 

00'1. 3.-Join 00', and produce to meet the 0 X in 
the points E and F, and let it meet the inverse of X 
with respect to Y in the points P and Q ;  then PQ is 
the diam.etel' of the " Nine-voints Circle " of the t::. 
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A'B'O', and is . . . = to the radius ot Y. Now, let the 
radii ot X and Y be R, r, and let the distance 00' be­
tween their centres be denoted by 0 ;  then we have, 
because P is the inverse ot E, and Q ot F, 

'1'2 '1'2 
O'P = R + 0' O'Q = R - 0 ;  

but O'P + O'Q = PQ = r ; 

theretore 
'1'2 '1'2 

--- + = r. 
R +  0 R � o  

1 1 1 
R + o  

+ 
R - o  = - ; r 

Hence 

a result already proved by a different method (see 
Prop. 1 1 , Section I . ) .  

Prop. 13.--If a varlable chord of a clrcle 8ubtend a 
right angle at a fixed point, the 10eu8 of its pole i8 a et·rcleo 

y�---

pem.-Let X be the �iven circle, A.B the variable 
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chord which subtends a right L at a fixed point P ;  
AE, BE tangents at A and B, then E is the pole of 
AB : it is required to find the locus of E .  Let 0 be 
the centre of X. Join OE, intersecting AB in I ;  then, 
denoting the radius of X by r, we have 012 + AI2 = r2 ; 
but AI = lP, since the L APB is right ; . ' .  012 + Ip2 
= r2 ; . ' .  in the � OIP there are given the base OP in 
magnitude and position, and the sum of the squares of 
01, IP in magnitude. Hence the locus of the point I 
is a 0 (Prop . 2, Cor. , Book 11 . ) .  Let this be  the 0 
INR. Again, since the L OAE is right, and AI is 1-
to OE, we have 01 . OE = OA2 = r2. Hence the point 
E is the inverse of the point I with respect to the 0 
X ;  and since the locus of I is a 0 ,  the locus of E will 
be a circle (see Prop. 1 ). 

Prop. 14.-q two circles, whose radii are R, r, and 
distance between their centres 8, be such that a quaitr�­
lateral inscribed in one �·s circumscribed about the otl�er ; 
then 

] 1 1 
(R + 8)2 + (R -. 0)2 

= 
1'2" 

Dem.-Produce AP, BP (see last fig. )  to meet the 
o X again in the points C and D ;  then, since the 
chords AD, DC, CB subtend right L s at P, the poles 
of these chords, viz . ,  the points H, G, F, will be points 
on the locus of E ;  then, denoting that locus by Y, we 
see that the quadrilateral EFGH is inscribed in Y and 
circumscribed about X. Let Q be the centre of Y ; then 
radius of Y = R, and OQ = 8. Now, since N is a point 
on the locus of I (see Dem.  of last Prop .) ,  ON2 + PN2 
= r2 ; but PN = OR ; . ' .  ON2 + OR2 = r2. Again, let 
OQ produced meet Y in the points L and M ;  then 
L and M are the inverses of the points N and R with 
respect to X. Hence 

ON . OL = r2 ;  that is ON . (R + 8)  = r2 ; 

therefore 
r2 

ON = R + i f  
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In like manner, 

but we have proved ON2 + OR2 = r2 ; 

therefore 

or 

r4 r4 
eR + 3)2 

+ eR - 3)2 = r i 
1 1 1 

(R : 0)2 + (R - 0)2 
= rZ' 

This Proposition is an important one in the Theory or 
Elliptic Functions (see Durege, Theorie clet' Elliptischen 
Functionen, p .  1 85 ) .  Our proof is as simple and elemen­
tary as could be desired .  For another pro or, by R. F .  
Davis, �:LA., see Educat1;onal T't'rnes (reprint), vol. xxxii. 

Prop. 15.-If ABC be aplane triangle, AD , BE, CF �'t8 
'Perpendiculars, 0 their point of intersect�'on, then the four 
circles whose (Jentres are A, B, C, 0,  c and the 8q�tare8 of whose radii are 
respectively equal to the rectangles 
AO . AD , BO . BE, CO . OF, 
OA . OD, are mutually orthogonal . 

. Dem.-AO . AD + BO . BE 

= AF . AB + BF . BA. = AB2. 

H
f
en

h
ce the . �u� of th

0
e squares A F B .  

o t e radll 01. the · s whose 
centres are the points A, B = AB2 ; . . . these 0 s  cut 
orthogonally. Similarly the 0 s whose centres are C 
and A cut orthogonally. . 

Again, let us consider the fourth 0 ,  whose centre is 
the point 0, and the square of whose radius is = to the 
l�ectangle OA . OD. Now, since OA and OD are mea­
sured in opposite directions, they have contrary signs ; 
. . . the rectangle OA . OD is negative, and the o has a 
radius whose square is negative ;  hence it is imaginary ; 
but, notwithstanding this, it fulfils the condition or in .. 
terseeting the other 0 s orthogonally. For AO . AD + 
OA. . OD = AO . AD - AO . OD = A02 ; that is, the 
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sum of the squares of the radii o£ the circles ,\\i hose 
centres are at the points A, 0 = A02. Hence these 
circles cut orthogonally. 

Observation.-In this D emonstration we have made the � 
acute -angled, and the ilnaginary 0 is the one whose centre is at 
the intersection of the .1 s, and the three others are real ; but if 
the 6. had an obtuse angle, the imaginary 0 would be the one 
whose centre is at the obtuse angle. 

Prop. 16.--If fo?tr c£rcles be 1n'ldually orthogonal, and 
if any figure be 'l°nverted w�Oth respect to eacl� of the four 
C1:rcles �On success£on, the fourth tOnvcr st"on Wt'U cot"nct"de w't°th 
the ort"fJinal figure. . 

Dem.-It will plainly be 
sufficient to prove this Pro 
position for a single point, 
for the general Proposition 
will then follow. Let the 
centres of the four 0 s be 
the angular points A, B, 
C of a 6., and 0 the inter­
section of its ..L s : the A 
squares of the radii will 
be AB . AF, BA . BF, -
CO . OF, CF . CO. Now 

c 

B 

let P be the point we operate on, and let pI be its in­
verse with respect to the 0 A, and P" the in verse of 
P' with respect to the 0 B.  Join P"O and OP meeting 
in PIli. N OW7 since pI is the inverse of P with respect 
to the 0 A, the square of whose radius is AB . AF, 
we have AB . AF = AP . Ap/ ; . . . the 6. AFP is equi­
angular to the � AP'B ; . 0 .  L AFP = Ap/B : in like 
manner the L BFP" = AP/B, . . . the 6. s  AFP, BP"F 
are equiangular, . o . rectangle AF . FB = PF . FP". 
Again, because 0 is the intersection of the .i s  of the 
� ABO, AF . FB = OF . OF. Hence OF . OF = 
PF . FP", and the Ls  OFP and OFP" are equal, since 
the L s  AFP and BFP" are equal ; . . . the 6 s  P"FO and 
C}"P are equiangular, and the Ls  OP"F and PCF are 
equal ; hence the four points C, pII, F, pII' are concyclic ; 
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. . . rectangle OP" . OP"I = rectangle OC . OF ; the point 
F/" is the inverse of P" with respect to the 0 whose 
centre is 0, and the square of whose radius is the 
negative quantity OC . OF. Again, the L OFP 
= pI/Fa = OPIllP, . . . the four points 0, F, FIll, P 
are con cyclic ; . . . OP . Oplll = 00 . OF, and the point P 
is the inverse of pilI with respect to the 0 whose centre 
is C, and the square of whose radius is the rectangle 
OF . 00 . Hence the Proposition is proved. 

The ' foregoing theorem is important in the Theory 
of Elliptic Functions, as on it depends the reduction of 
the rectification of Bicircular and Sphero-Quartics to 
Elliptic Integrals (see Ph�·l. Tran8 . ,  vol . 1 67, Part ii . ,  
" On a New Form of Tangential Equation " ) .  

The following elegant proof, which has been com­
municated to the author by W. S. M'Oay, F.T.C.D. ,  
depends ' on the principle (Miscellaneous Exercises, 
No. 60), that a circle and two inverse points invert into 
a circle and two inverse points . 

Inv�rt the four orthogonal circles from an intersec­
tion of two of them and we get a circle (radius R), two 
rectangular diameters, and an imaginary concentric 
circle (radius R V  - 1 ) . Suc­
cessive inversions with respect 
to these two circles turn P into 
Q (OP = - OQ) ; and successive 
reflexions in the two diameters R r---�--��--�--� 
bring Q back to P.  

This theorem can be extend­
ed to surfacea.} thus : " If five 
spheres be mutually orthogonal, 
and if any surface be inverted 
with respect to each of the five spheres in succession, 
the fifth inversion will coincide with the original 
surface." 
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SECTION V. 

C O A. X A. L  C IR C LE S . 

In Book Ill. , Section I . ,  Prop . 24, we have proved 
the follow ing theorem :- p 
" If from any point P tan .. 
gents be drawn to two circZes, 
the difference of their square8 
is equal tw�'ce the rectang Ze 
contained by the perpendz'cu- r---
lar let fall from P on the 
radical ax",'s and the distance 
between their centre8 . '  , 

The following special cases of this theorem are 
deserving of notice :-

(1 ) .  Let P be on the circumference of one of the circles, 
and we have-If from any point P in the c",'rcumference 
of one circle a tangent be drawn to another circle, the­
square of the tangent is equal twt'ce the rectangle con­
tained by the distance between the�'r centres and the per-
pendicular from P on the radicaZ axi8. 

(2) .  Let the circle to which the tangent is drawn be 
one of the limiting points, then the square of the l�'ne 
drawn from one of the limiting pot"nts to any po't'nt of a 
cz'rcle of a coaxal system varies a8 the perpen(h'c'ular jr01n 
that point on the ra(l'i'cal axis. 

(3) .  If X, Y, Z be three coaxal clrcles, the tangents 
drawn from any point of Z to X and Y are in a g't'ven 
rat£o .  

(4) .  If tangents drawn from a variable point P to two 
!J�'ven circles X and Y have a g1:ven rat1:0, the locus of P is 
a circle coaxal w'ith X and Y. 

(5) .  The circle of s�'militude of two given circles �'8 
coaxal �oith the two o�'rcle8. 

I 
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(6) .  If A ({nd B be the points of contact, upon two 
circle8 X and Y, of tangent8 drawn from any point of 
the�'r oircle of 8im�'h'tude, then the tangent from A. to Y 
�'8 equal to the tangent from B to X. 

Prop. 2.-Two c�'rcle8 be�'ng given, it �'8 required to 
de80ribe a SY8tem of circles coaxal with them. 

Con.-If the circles have real points of intersection, 
the problem i s  solved by describing circles through 
these points and any third point taken arbitrarily. 

If the given circles have not real points of intersec­
tion, we proceed as follows :-

Let X and Y be the given 0s, P and Q their 
centres : draw AB, the radical axis of X and Y, inter­
secting PQ in 0 :  from 0 draw two tangents OC, OD 

A 

B 

to X and Y ;  then OC = OD, and the 0 described with 
o as centre and OD as radius will cut the two 0s  X 
and Y orthogonally. Now take any point E in this 
orthogonal 0 ,  and draw the tangent ER meeting the 
line PQ in R :  from R as centre, and RE as radius, 
describe a 0 Z ;  then Z will be coaxal with X and Y. 
For the line ER being a tangent to the 0 ODE, the 
L OER is right, . ' .  OE is a tangent to Z ;  and since 
OD = OE, the tangents from 0 to the 0 s  Y and Z are 
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equal : hence OA. is the radical axis ot Y and Z ;  . . . the 
three 0 s  X, Y, Z are coaxal. In like manner, we can 
get another circle coaxal with X and Y by taking any 
other point in the 0 ODE, and drawing a tangent, and 
repeating the same construction as with the 0 Z. In 
this way we evidently get two infinite systems of circles 
coaxal with X and Y, namely, one system at each side 
ot the radical axis. The smallest circle ot each system is 
a point, namely, the point at each side of the radical 
axis in which the line j oining the centres of X and Y 
cuts the 0 ODE. These are the limiting points, and in 
this point of view we see that each limiting point is to be 
regarded as an infinitely small circle. The two infinite 
systems ot circles are to be regarded as one coaxal sys­
tem, the circles of which range from infinitely large to 
infinitely small-the radical axis being the infinitely 
large circle, and the limiting points the infinitely 
small. 

Oor. I .-No circle of a system with real limiting 
points can have its centre between the limiting points. 

Oor. 2.-The centres of the circles of a coaxal system 
are collinear. 

Oor. 3.-The circle described on the distance bet-wreen 
the limiting points as diameter cuts all the circles of the 
system orthogonally. 

Oor. 4.-Every circle passing through the limiting 
points cuts all the circles of the system orthogo­
nally. 

Oor. 5 .--The limiting points are inverse points with 
respect to each circle of the system. 

Oor. 6.-The polar of either limiting point, with 
respect to every circle of the system, passes through 
the other, and is perpendicular to the line of collinearity 
of their centres. 

. Prop . 3.-If two ciroles X and Y cut orthogonaUy, the 
polar with respect to X DJ any po�·nt A. in Y passes 
through B, the po�·nt d�·ametr�·caUy opposite to A. 

1 2  
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This is Prop. 26, Book Ill . ,  Section I. The follow­
ing are important deductions :-

Cor. I .-The circle A 
described on the line 
j oining a point .A to any 
point B in its polar, 
with respect to a given 
circle, cuts that circle X 
orthogonall y . 

Cor. 2.-The inter­
section of the 1.. s of the 

�--

6. formed by a pair of B 
conjugate points .A, B, 
with respect to a given circle and its centre 0, is the 
pole of the line AB. 

Cor. 3.-The polars of any point .A with respect to 
a coaxal system are concurreI;lt. For, through .A and 
through the limiting points describe a 0 : this ( Cor. 4, 
Prop. 2)  will cut all the 0 s  orthogonally, and the 
polars of .A with respect to all the 0 s of the system 
will pass through the point diametrically opposite to 
A on this orthogonal 0 ; hence they are concurrent. 

Cor. 4.-lf the polars of a variable point ,vith respect 
to three given 0 s  be concurrent, the locus of the point 
is the 0 which cuts the three given 0 s orthogonall y. 

Prop. 4.-If Xl' X2, Xs, &c . ,  be a system of coaxal 
c�'rcles, and �f Y be any other c�orcle, then the rad£cal axes 
of the pa£rs of c�orcles Xl' Y ;  X2, Y ;  Xs, Y, &c. , are 
conc'urrent. 

Dem.-The two first meet on the radical axis of Xh 
X2 ; the second and third on the radical axis of X2, 
Xs ; but this, by hypothesis, is the radical axis of Xl' 
X2 ; hence the Proposition is evident. 

Prop . 5.-If two circles cut two other c�'rcles orthogo­
nally, the radical ax�'s of either 'pa�'r is the hOne Joining the 
centres of the o ther 'pa�·r. 

Dem.-Let X, Y be one pair cutting ·W, V, the other 
pair, orthogonally ; then, since X cuts W and V ortho­
gonallYI the tangents drawn from the centre of X to W 
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and V are equal ; hence the radical axis of W and V passes 
through the centre of X" In like manner the radical 
axis of W and V passes 
through the centre of 
Y ;  . ' .  the line j oining 
the centres of the 0 s 
X and Y is the radical 
axis of the 0 s W and 
V. In the same way 
it can be shown that 
the line joining the 
centres of W and V is 
the radical axis of X and Y .  

Oar. I .-If one pair of the 0 s, such as W and V,  do 
not intersect, the other pair, X, Y, will intersect, because 
they must pass through the limiting points of W and V. 

Oar. 2.- Coaxal 0 s maybe divided into tvvo classes-­
one system not intersecting each other in real points, 
but having real limiting points ; the other system in­
tersecting in real points, and having imaginary limiting 
points . 

Cor. 3.-If a system of circles be cut orthogonally by 
two circles they are coaxal. 

Oar. 4.--1f four circles be mutually orthogonal, the 
six lines joining their centres, two by two, are also their 
radical axes, taken two by two. 

Prop. 6.-If a system of concentr2"C c2"rcles be 2"nverteil 
fron� any arbitrary point, the inverse circle8 will form a 
coaxal system. 

Dem.-Let 0 be the centre of inversion, and P the 
common centre of the concentric system. Through P 
draw any two lines : these lines will cut the concentric 
system orthogonally, and therefore their inverses, which 
will be two circles passing through the point 0 and 
through the inverse of P, will cut the inverse of the 
concentric system orthogonally ; hence the inverse of 
the concentric system will be a coaxal system (Prop. 5, 
Cor. 3) .  

Cor. I .-The limiting points will b e  the centre of 
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inversion, and the inverse of the common centre of 
the original system. 

Oor. 2.-1f a variable circle touch two concentric 
circles, it will cut any other circle concentric with them 
at a constant angle. Hence, by inversion, if a variable 
circle touch two circles of a coaxal system, it will cut 
any other circle of the system at a constant angle. 

Oor. , 3  .-If a variable circle touch two fixed circles, 
its radius has a constant ratio to the perpendicular from 
its centre on the radical axis of the two circles, for it 
cuts the radical axis at a constant angle. 

Oor. 4.-The inverse of a system of concurrent lines 
is a system of coaxal <:) s intersecting in two real points . 

Oor. 5 .-If a system of coaxal circles having real 
limiting points be inverted from either limiting point, 
they will in vert in to a concentric system of circles. 

Oor. 6 .-1f a coaxal system of either species be in­
verted from any arbitrary point, it inverts into another 
system of the same species. 

Prop . 7.-If 'a var�·able circle touch two fixed circle8, 
its rad�·u8 has a con8tant rat�·o to the perpend","cular from 
its centre on the radical axi8. 

Dem.-This is Gor. 3 of the last Proposition ; but it 
is true universally, and 
not only as proved there 
for the case where the 0 
cuts the radical axis. On 
account of its importance 
we give an independent 
proof here. Let the cen­
tres of the fixed 0 s be 0, 
0', and that of the variable 
o 0". Join 00', and pro­
duce it to meet the fixed 
0s in the points C, C' : .E A B 
upon CC' describe a 0 : 
let 0'" be its centre : let fall the -L s 0" A, O"'B on the 
radical axis : let D be the point of contact of 0" with 
0 ;  then the lines CD and 0'/'0" will meet in the centre 
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of similitude of the 0s  0", 0"' ; but this centre is a 
point on the radical axis of the circles 0, 0' ( see Prop. 4, 
Section 11. ) .  Hence the point E is on the radical axis, 
and, by similar triangles, 
0" A. : O"'B : : O"E : O"'E : : radius of 0" : radius of 0''', 

. . . radius of 0" : O"A. : : radius of 0'" : O"'.B ; 
but the two last terms of this proportion are constant, 

. . . radius of 0" : 0" A. in a constant ratio . 
Prop. B.-If a chord of one c�'rcle be a tangent to 

another, the angle wh1:ch the chord subtends at either h'mit-
ing po�'nt �'s bisected by the line drawn c 
from that z,';nu·t�·ng point to the point 
of contact. 

Let OF be the chord, K the point 
of contact, E one of the limiting 
points : the angle OEF is bisected by 
EK. For since the limiting point 
E is coaxal with the circles 0, 0' we 
have, by Prop. I .  (3) ,  

CE : CK : : FE : FI{ ; 

. · 0  EC : EF : : KC : KF. 

Hence the angle OEF is bisected (VI. iii) . 
G 

In like manner, if G be the other limiting point, the 
angle CGF is bisected by GK. 

Oor. 1 .-1£ the circles were external to each other, 
and the figure constructed, it would be found that tha 
angles bisected would be the supplements of the angles 
CEF, CGF. 

Oor. 2.-1£ a common tangent be drawn to two 
circles, lines drawn from the points of contact to either 
limiting point are perpendicular to each other ; for 
they are the internal and external bisectors of an angle. 

Cor. 3.-If three circles be coaxal, a CODlmon tan­
gent to two of them will intersect the third in points 
which are harmonic conjugates to the points of contact ; 
for the pencil from either limiting point will be a har ... 
monic pencil. 
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Cor. 4.--1£ a circle be described about the triangle 
CEF, its envelope will be a cir6le concentric with the 
circle whose centre is 0 ; 
that is, with the circle 
whose chord is OF. 

( When a l�'ne or c�'rcle 
moves accorcl,z'ng to any g�'ven 
law, the curve wh�'ch �'t 
touches �'n all �'ts J?os�'t�'on8 
't·8 called its envelope. ) 

Prod uce EK till it meets 
the circumference in D ;  
then because the L OEF 
is bisected by ED, the arc 
CDF is bisected in D ;  hence the line OG, which j oin s 
the centres of the cireles, passes through D and is 1- to 
OF ; . ' .  O'K is 11 to OD ; . . . O'K : OD : : EO' : EO ; 
hence the ratio of O/I{ : OD is given ; but O/I{ is given ; 
therefore OD is given, and the 0 whose centre is 0 
and radius OD is given in position, and the 0 OEF 
touches it in D ;  hence the Proposition is proved. 

Prop. 9.-If a system of ooaxaZ o�·role8 have two reaZ 
points of intersect�'on, all 
lines drawn through e�'ther 
point are d�'v�'ded propor-
tionally by the circles . 

Let A, B be the points of 
intersection o£ the coaxal 
system : through A draw 
two lines intersecting the 
circles again in the two 
systems of points 0, D, E ; 
C' D' E' · then , , , 

CD : DE : : C'D' : D'E'. 

Dem.-Join the points C, D, E, C', D/, E' to B ; then 
the Lls BOD, BO'D' are evidently equiangular, as are 
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also the triangles l3DE, l3D'E' ; hence 

CD : DB : : CIDI : DIB ; 
DB : DE : : DIB : D IE' ; 

therefore, ex aequali, 
CD : DE : : C'D' : D'E'. 

121  

Oar. I .-If two lines be divided proportionally, the 
circles passing through their point or intersection and 
through pairs of homologous points are coaxal. 

Oar. 2 .-1£ from the point B perpendiculars be 
drawn to the lines joining homologous points, the feet 
. of these perpendiculars a.re collinear. For ea.ch lies on 
the line joining the feet of the perpendiculars from B 
on the lines AC, AO'. 

Oar. 3 .-The circles described about the triangles 
formed by the lines joining any three pairs of homolo­
gous points all pass through B.  

Cor. 4.-The intersection of the perpendiculars of 
all the triangles formed by th� lines joining homolo­
gous points are collinear. 

Oor . 5 .-Any two lines joining homologous points 
are divided proportionally by the remaining lines of 
the system. 

Prop. lO.-To desoribe a oirole touohing three {j�'ven 
circles. 

Analysis .-Let X, Y, Z be the three given 0 s, 
ABC, A'B'C' t,vo 0 s  which it is required to describe 
touching the three given 0 s ; then, by Oor. 2, Prop. 4, 
Section IV. , the 0 DEF, which cuts X, Y, Z orthogo­
nally, will be the 0 of inversion of ABO, A'B'O', and 
the three 0s  ABC, DEF, A/B/C' will be coaxal ( Cor . 2,  
Prop. 1 ,  Section IV. ) .  

Now, consider the 0 X, and the three 0s ABC, 
DEF, A'B/C' ; the radical axes of X and these 0 s are 
concurrent (Prop. 4) ; but two of the radical axes are 
tangents at A, A', and the third is the common chord 
of X and the orthogonal 0 DEF ; let P be their point 
of concurrence.  Again, from Prop . 4,  Section II. , it 
follows that the axis of similitude of X, Y1 Z is the 
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radical axis of the 0s ABC, A'B'C' ; but since PA = PA', 
being tangents to X, the point P is on this radical axis. 
Hence P is the point of intersection of two given lines, 
namely, the axis of similitude of X, Y, Z, and the 
chord common to X and the orthogonal 0 DEF ; . . .  P 
is a given point ; hence A, A', the points of contact of the 
tangents from P to X, are given. Similarly, the points 

B, B' ; C, C' are given points. And we have the follow .. 
ing construction, viz. : IJescribe the orthogonal c�·rcle of 
X, Y, Z, and draw the three chords of int(J1'section of this 
circle with X, Y, Z respeot�'vely ; and from the points 
where these chords rneet the axis of si1Jzilitude of X, Y, Z 
draw pairs of tangents to X, Y, Z ;  then the two oi1�oles 
desoribed through these six points of contact Wt'U be tan .. 
gential to X, Y, z.  

001". I .-Since there are four axes of similitude of 
X,Y, Z, we shall have eight circles tangential to X,Y, Z. 

001". 2.-1f we suppose one of the circles to reduce to 
a point, ,ye have the problem : " To desoribe a ct'rcle 
touohing two given ciroles, and passing through a given 
point." And if two of the circles reduce to points, we 
have the problem : " To descr�'be a circle touching a gt'ven 
cirole, and passing through two given points . "  
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The foregoing construction holds for each case, the 
first of which admits of four solutions, and the second 
of two . 

Oor. 3 .-Similarly, we may suppose one of the circles 
to open out into a line, and we have the problem : " To 
desoribe a circle touch�Ong a hOne and two given circles " ; 
and if two circles open out into lines, the problem : 
" To describe a circle touching two given lines and a circle ." 
The foregoing construction extends to these cases also, 
and like observations apply to the remaining cases, 
namely, when one of the circles reduces to a point, and 
one opens out into a line, &c. Since our construction 
embraces all cases, except where the three circles be .. 
come three points or open out into three lines, it would 
appear to be the most general construction yet given 
for the solution of this celebrated problem. 

Another Method-Analysis .-Let 0, 0', 0" be the 
centres of the 0 s  X, Y, Z, and let AR, BR be the 
radical axis of the pairs of 
0 s XY, YZ, respectively, 
and let 0'" be the centre of 
the required 0 W :  from 
01/' let fall the 1- s 01/' A , 
O" 'B ; join R to C, the 
point of contact of W with 
Z, and produce it to meet 
O"D drawn 1 1 to O'''R. Now, 
because W touches the 0 8  
X, Y, its radius 0'''0 has a 
given ratio to 01/' A (Prop . 7) .  
Similarly, O"'C has a given 
ratio O"'B ; . ' .  0'" A has a 
given ratio to O"'B ; hence 
the line Ol/'R is given in position, and the ratio of 
O"'R : Ol/'B is given ; . . . the ratio of O'I/R : Ol/'C is 
given ; hence the ratio of O"D : 0"0 is given ; . . . D is 
a given point and R is a given point ; . . .  the line RD is 
given in posit.ion ; hence C is a given point. Similarly, 
the other points of contact are given. 
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Observa tion.-This method, though arrived at by the theory 
of coaxal circles, is virtually the same as Newton' s 1 6th Lem.ma. 
It is, however, somewhat simpler, as it does not employ conic sec­
tions, as is done in the P1'incipia. When I discovered it several 
years ago, I 'was not aware to what an extent I had been antici­
pated. 

Prop . 11.---lf X, Y be two c�·rcle8, AB, A'B' two chords 
of X wh�·ch are tangents to Y ;  
tlwn 2/ the perpendiculars from A 
A, A' on the radical axis be de­
noted by p, 7r, and the perpend2·­
culars from B, B' by p', '!r', 

AA' : BB' : : � p + V 7r' 

: VP' + V'!r'· 
Dem.-Let 0, 0' be the cen­

tres of the circles ; then, by ( 1 ), 
Prop. 1 ,  

AD = V2 . OO'. p, A'D' = V2 . 00'. 7r ;  

. . . AD + A'D' = V 2 . 00' {Vp + vi 7r}  • 

But AD + A'D' is easily seen to be = AO + A'O ; 

. ' .  AO + A'e = V2 . OQ' {Vp + V7r} . 

In like manner, 

BC + B'O = V2 · O�' { �p' + V 7r' } .  
Hence, . 

AC + A'O : BC -I- B'O : :  �p + V7r : VP' + V'!r'. 

Now, since the triangles AA'C, BB'C are equiangular, 
we have 

A 0 + A' C : BC + B' 0 : : AA' : BB' ; 

. . . AA' : BB' : : V P + V '!r : V p' + � '!r'. 

This theorem is very important, besides leading to an 
immediate proof of PonceZet' 8 Theorenz . If we suppose 
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the chords AB, A'B' to be indefinitely near, we can in .. 
fer from it a remarkable property ot the motion of a 
particle in a vertical circle, and also a method of repre­
senting the amplitude of Elliptic Integrals of the First 
kind by coaxal circles.% 

. Prop . 12.-PoNcELET's THEoREM.-Ij a variable poly­
gon of any number of sides be 't'nscribed in a ct'rcle of a 
coaxal system, and if all the s't'des but one 't'n every position 
touch fixed circles of the system, that one also 't'n every 

I position touches anotherfixed circle of the systeJn. 
It will be sufficient to prove this Theorem for the 

case of a triangle, because from this simple case it is 
easy to see that the Theorem for a polygon of any num­
ber ot sides is an immediate consequence. 

Let ABC be a 6 inscribed in a 0 of the system, 
A'B'C' another position of the 6 ,  and let the sides AB, 
A'B' be tangents to one 0 of the system, BO, B'O' tan­
gents to another 0 ; then it is required to prove that 
CA, C' A' will be tangents to a third 0 of the system. 

Dem.-Let the perpendiculars from A, B, C on the 
radical axis be denoted by p, p', p", and the perpendi­
culars from A', B', C' by 1r, '!r' , '!r" ; then, by Prop . 11 , 
we have 

AA.' : BB' : : V p + V 1r : V p' + V 7f', 
and BB' : CC' : : V j/ + V 1r' : V p" + V 7f" ; 

. " .  AA' : · CO' : : VP + V 1r : VP" + V 7f". 
Hence AC, A'C are tangents to another circle of the 
system. 

The foregoing proof of this celebrated theorem was 
given by me in 1 858  in a letter to the Rev. R. Towns­
end, F.T.O ,D� It is virtually the same as Dr. Hart' s 
proof, published in 1 857 in the Quarterly Journal of 
Mathemat2'cs , of which I was not aware at the time. 

'* The method of representing the amplitude of Elliptic Inte .. 
grals by coaxal circles was first given by J acobi, Crelle's Journal, 
Band. Ill. Theorem 1 1  affords a very simple proof of this appli­
cation. See Educational Times, Vol. III. , Reprint, page 42.  
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DR. HART' S PROOF .-. This proof depends on the fol­
lowing Lemma (see fig . ,  Prop . 1 1 )  :-If a quadrilateral 
AA/BB' be inscribed in a circle X, and if the diagonals 
AB, A'B' touch a circle Y of a system coaxal with X, 
then the sides A, A' touch another circle of the same 
system, and the four points of contact D, D', E, E' are 
collinear. 

This proposition is evident from the similar triangles 
AED, B'E'D', and the similar triangles EA'D', E'BD ; 
and the equality of the ratios AE : AD, B'E' : B'D', 
A'E : A'D,  BE : BD. 

The first part of this theorem also follows at once 
from Prop . 1 1 .  

Now, to prove Poncelet's theorem :--Let ABC, A/B/C' 
be two positions of the variable 6 ,  and let, as before, 
AB, A'B' be tangents to one 0 of the system, BC, BIO' 
tangents to another 0 ; then CA, C' A' shall be tangents 
to a third 0 of the system. For, join AA', BB', CC'. 
Then, since AB, A.'B' are tangents to a <:) of the system, 
AA', BB' are, by the lemma, tangents to another 0 of 
the system ; and since BC, B'C' are tangents to a 0 of 
the system, BB', CC' are tangents to a 0 of the system ; 
. ' .  AA.', BB', CC' are tangents to a 0 of the system ; 
and since AA', CO' touch a 0 of the system, by the 
lemma, AC, A'C' touch a 0 of the system ; hence the 
Proposition is proved, and we see that the two proofs 
are substantially identical. 

SECTION VI. 

THEORY OF ANHARMONIC SECTION. 

DEF.-A systemJ of f02tr colh'near po't'nts A, B, C, D 
make, a8 �'8 known, 8ix 8egment8 ; the8e may be arranged 
�'n three pairs, eaoh oontaining the lour letters-thu8, 

AB, CD ; BC, AD ; CA, BD . 

Where the la8t letter �'n eaoh couple is D, and tl�e first 
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segments ,/;·n the three couples are r'espect1:vely AB, BC, 
CA, exactly corresponding to the sides of a triangle A.BO, 
taken z'n order. No 'to , if we take the rectangles formed by 
these three paz'rs of segn�ents, the six quot1;ents obta1;nea 
by dz'vidz'ng each rectangle by the two remaining ones are 
called the six anharmonic ratios of the four points A, B, 
C, D. Tkus these six jitnctz'ons are 

. 

AB . CD nC . AD CA . BD . 130 . AD' OA . BD ' AB . CD ' 

and the2r reciprocals 

BC . A.D CA. . BD AB . CD 

AB . OD' BC . AD' CA . BD-

It is usual to eaU any one of' those s'ix functions the anhar­
monic Iratio of the four points A., B,  C, D. 

Prop . I .-If (0 . ABeD) be 
passing through the four poz·nts 
A, B, 0, D ;  and if through 
any of these points B we draw 
a line parallel to a ray passing 
through any of the other poz'nts, 
and cuttz'ng the two remaz'nz'ng 
rays in the poz'nts M, N, the 
six anharmonio ratz'os oJ A, 13, 
C,  D can be expressed in terms 
of the ratios of the segments 
MB, BN, NM. 

Dem.-From similar triangles, 

and 

MB AB 

OD = AD' 

OD OD 
BN = BC· 

a pencz"l of fo'ttr rays 

o 
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Hence, 

A SEQUEL TO EUCLID. 

MB AB . CD 
EN 

== 
BO . AD ; 

therefore MB : EN : : AB . CD : BC . AD. 

Oomponendo-

MN : BN : : AB . CD + 130 . AD : BC  . AD ; 

. . . MN : EN : : AC . BD : BC . AD ; 

. . . MB : BN : NJ\! : : AB . CD : BC . AD : CA . BD . 
Prop . 2.-If a peno£l of four raY8 be cut by two tran8-

ver8al8 ABCD, A/E'C'D', then (see last fig.) any of the 
anhar1non�·o rat£08 of the poz·nt8 A, B, C, D £8 eq2taZ to tIle 
corresponi12·ug rat�·o for the p01;nt8 A', ]3', C', D'. 

Dem.-Through the points B, B' draw MN, M'N' 
parallel to OD ; then (Section I . ,  Prop. '3 ) we have 

�fB : BN : : M'B' : B'N' ; 

AB . CD A'B' . C'D' 
BO . AD - B'O' . A'D'· 

therefore 

Oor. I .-We may suppose the rays of the pencil 
produced through the vertex, and the transversal to 
cut any of the rays produced without altering the an­
harmonic ratio . 

DEF .-The anharmon1;c rat�·o of the four po�·nt8 on any 
tran8ver8al c2dting a penC1:Z be£ng con8tant, it is called the 
anharn�onic ratio of the pencz'l. 

Oor. 2 .-. If two pencils have equal anharmonic ratios 
and a common vertex ; and if three rays of one pencil 
be the production of three rays of the other, then the 
fourth ray of one is the production of the fourth ray of 
the other. 

Oar. 3 .-If two pencils have a common transversal, 
they are equal ; that is, they have equal anharmonic 
ratios. 



BOOK Vi. 1 29 
oor. 4 .-If A, B,  0, D be four points in th e circum­

ference of a circle, and E and F any two other points 
also in the circunlference, then the pencil (E . ABOD) 
= (F . ABOD).  This is evident, since the pencils have 
equal angles. 

Oor. 5 .-1£ through the middle point 0 of any chord 
AB of a circle two other chords OE and DF be drawn, 
and if the lines ED and OF joining their extremities 
intersect AB in G and H, then OG = OH. 

Dem.-The pencil (E . ADOB) = (F . ADOB ; there­
fore the anharmonic ratio of the points A, G, 0,  B = the 
anharmonic ratio of the points A, 0, H, B ;  and since 
AO = OB, OG = OH. 

DEF.-The anharmonic ratio of the cyclic pencil 
(E . ABOD) i8 called the anharmontt'c rattt'o of the four 
cyolic points A, B, 0, D.  

Prop . 3.-The anharmonio ratio of four concyclio 
points can be expressed �·n term8 of the choras Joining 
tl�ese four points. 

Dem. (see fig. , Prop . 9, Section IV. )-The anharmonic 
ratio o f  the pencil (0 . ABOD) is AO . BD : AB . CD ; 
and this, by Prop. 9, Section IV.  = A'C' . B'D' 
: A'B' . C'D' ; but the pencil (0 . ABCD) = the pencil 
(0 . A'B/O/D') = the anharmonic ratio of the points 
A', B', C', D'. Hence the Proposition is proved. 

Oor. I .-The six functions formed, as in Def. 1 ,  
with the six chords j oining the four eoncyclic points 
A', B', C', D', are the six anharmonic ratios of these 
points. 

Cor. 2 .-1f two triangles CA.B, C' A'B' be inscribed 
in a circle, any two sides, viz . , one from each triangle, 
are divided equianharmonically by the four remaining 
sides. For, let the sides be AB, A'B' ; then the 
pencils (0 . A'BAB'), (C' . A/B.AB') are equal ( Cor. 4, 
Prop . 2) .  

Prop . 4.-PASCAL' S THEOREM.-If a hexagon be 
inscribed in a circle, the inttJr8ec.tions of oppo8ite side8 

K 
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viz. , 1st and 4th, 2nd and 5 th, 3rd and 6th, are colli-
near. B 

Let ABCDEF.A be the 
hexagon. The points L, N, 
M are collinear. 

Dem.-J oin EN. Then the 
pencil (N . FMCE) = the pen­
cil (C . FBDE), because they P 
have a common transversal 
EF ( Oor. 3, Prop . 2 . )  In 
like manner, the pencil 
(A. . FBDE) = (N . ALDE) ; 
but (.A . FBDE) = C . FBDE) (Prop . 2, Oor. 4).  Hence the 
pencils (N . FMCE), (N . ALDE) are equal ; and there­
fore ( Oor. 2, Prop. 2) the points L, N, M are collinear. 

Oor. 1 .--With six points on the circumference of a 
circle, sixty hexagons can be formed. For, starting 
with any point, say A, we could go from .A to one of the 
l'emaining points in five ways. Suppose we select B, 
then we could go from B to a third point in four diffe­
rent ways, and so on ; hence it is evident that we 
could join A. to another point, and that again to another, 
and so on, and finally return to .A in 5 x 4 x 3 x 2 x 1 
different ways . Hence we shall have that number of 
hexagons ; but each is evidently counted twice, and w e  
shall therefore have half the number, that is, sixty 
distinct hexagons . 

Oor. 2 .-Pascal's Theorem holds for each of the 
sixty hexagons. 

Cor. 3 .-Pascal' s Theorem holds for six points, 

R 

which are, three by three, on two lines. Thus, let the 
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two triads of points be .A, E, 0, D, 13, F, and the proof 
of the Proposition can be applied, word for word, except 
that the pencil (A . FBDE) is equal to the pencil 
(0 . FBDE), for a different re'ason, viz . ,  they have a 
common transversal. 

Prop. 5.-If two equal pencils have a comrnon ray, the 
�'ntersect�'ons of the rema�'n�'ng three hOlnolofJous pa�'rs of 
rays are ·coUinear. 

Let the pencils be (0 . 0'A.J30), (0' . OABO), having 
the common ray 00' ; then, if possible, let the line 
j oining the points A and 0 -intersect the rays OB, O'B 
in different points E', B" ; then, c 
since the pencils are equal, 
the anharmonic ratio of the 
points D, .A, B', 0 equal the 
anharmonic ratio of the points 
D,  A, B", 0, which is impos­
sible . Hence the points A, 13, 0 
must be collinear. 0 0' 

Cor. 1 .--1f A, 13, 0 ;  A', 13', C' be two triads of 
points on two lines intersecting in 0, and if the an­
harmonic ratio ( 0 AB 0) = (0 A'B' 0'), the three lines 
AA', BB', OC' are concurrent. For, let AA', BB', 
intersect in D ; j oin CD, intersecting OA' in E ; then 
the anharmonic ratio (OA'B/E) = (OABO) = (OA'B/O') 
by hypothesis ; therefore 
the point E coincides 
with 0'. Hence the 
Proposition is proved. 

Gor. 2 .--1f two �s  
ABO, A'B'O' have lines 
joining corresponding 
Vertices concurrent, the 

p 

intersections of corre- O �---�-f-+-+---j" 
sponding sides m list be 
collinear. For, j oin P, 
the point of intersection 
of the sides BC, 13'0', 

x 2  
R 

J-t\. 
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to 0, the centre of perspective ; then each of the 
pencils (A . PCA'B) ,  (A' . PC'AB') is equal to the pen­
cil (0 . PCA.B) ; hence they are equal to one anoth er, 
and they have the ray AA' common. . Hence the inter­
sections of the three corresponding pairs of rays A.C, A'C', 
AP, A'P , AB, A'B', are collinear. 

Oor.  3 .-If two vertices of a variable 6 ABC move 
on fixed right lines LM, LN, and if the three sides 
pass through three fixed collinear points 0, P, Q, the 
locus of the third vertex is a right l ine. 

Let the side AB pass through 0, BC through P, CA 
through Q, and let A'B'C' be another position of the 6 ; 
then the two 6 s AA'Q, BB'Q, have the lines joining 
their corresponding vertices concurrent ; hence the in­
tersections of the corresponding sides are coHinear. 
Hence the Proposition is proved. 

Prop . 6 .-If on a r�ght line OX three pairs of points 
A, A' ; B, B' ; C, C' be taken, such that the three rectangles 
OA . OA', OB . OB', OC . OC', are each equal to a constant, 
8ay kZ, then the anharmonic ratio of any four of the six 
points �·s equal to the anharmon�'c rat�'o of their four conJu-
gates . 

Dem.-Erect OY at right L s to OX, and make OY 
= k ;  join AY, A' Y, BY, B'Y, CY, C'Y. N"ow, by 
hypothesis, OA . OA' = Oyz ; . ' .  the <::) described about 
the 6AA'Y touches OY at Y ;  . . . the L OYA = OA'Y. 
In like manner, the L OYB = OB'Y ; hence the L A YB 

lY 

== (A.."YB' : similarly the L Bye = B'YC', &c. ;  . . . the 
4� 6£ · ihc -pt-ncil (Y • A.BCC') = the L s of the pencil 
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(Y . A.'B'C'C) ; and hence the anharmonic ratio of 
(Y . ABCC/) equal the anharmonic ratio of the pencil 
(Y . A/B/C'C) .  

Cor. 1 .--If the point A moves towards 0,  the point 
A' will move towards infinity. 

Cor. - 2.-The foregoing Demonstration will hold if 
some of the pairs of conjugate points be on the pro­
duction of OX in the negative direction ; that is, to 
the left of OY, while others are to the right, or in the 
positive direction. 

Cor. 3 .-If the points A, 13, u, &co ,  be on one side of 0, 
say to the right, their corresponding points A', B/, C', &c. ,  
may lie on the other side ; that is, to the left. In this 
case the 6s  AYA/, BYB', CYC', &c. ,  are all right-angled 
at Y ;  and the general Proposition holds for this case 
also, namely, The anharmon1;o rat1;0 of any four points �·s 
equal to the anharrnon1;o ratio of the�Or four oonJugates. 

Cor. 4.-The anharmonic ratio of any four collinear 
points is equal to the anharmonic ratio of the four 
points which are inverse to them, with respect to any 
circle whose centre is in the line of collinearity. 

DEF.- When two systems of three points eaoh, suoh as 
A, B, C ;  A', B', C', are collinear, and are so related that 
the anharrnonic ratl£o of any four, which are not two cou­
ples of conjugate points, �Os equal to the anharmon1;o rat1;0 
of the£r four conjugates, the s�x p02°nts a/re sa1:d to be �on 
involution. The potOnt ° oonJugate to the point at in­
finity is called the cen.tre of the ","nvolution. Again, if 
we take two points D , D', one at eaoh side of 0, suoh that 
OD2 = OD/2 = kZ, it is evident that eaoh of these points is 
�Ots own conjugate. Hence they have been called, by 
TOWNSEND and CHASLES, the double points of the in­
volut1;on. From these Definitions the following Propo .. 
sitions are evident :-

( 1 )  . .Any pa�or of homologou8 po�"nts, 8uoh as A, A', are 
harmon�'c conj�tgate8 to the do'uble po�Ont8 D, D/. 

(2) .  Three pa�·rs of points which have a common pa�·r of 
harmonic conju{Jates form a system in in!l)olut1;on! 
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(3) .  The two double pOt"nts, and any two pat"'I'B of con­
Jugate pOtOnts, form a system in tOnvolution . 

( 4) .  A ny line cutttOng three coaxal m:rcleB lB (Jut �on 
involuttOon. 

DEF.--.lf a system of pOt"nts in �"nvolutt·on be Joz·nerl to 
any point P not on the It"ne of collinearity of the points, 
the stOX Jot"ntOng lines WtOU have the anharmontOc rattOo of the 
pencil formed by any four rays equal to the anharmontOo 
rattOo of the pencil formed by thetOr four conJugate rays. 
Such a pencil is called a pencil in involution. The rays 
passtOng through the double points are called the double 
rays of the involution. 

Prop . 7 o-If four potOnts oe colhonear, they belong to 
three systems tOn 'involution. 

Dem.-Let the four points be A, 13, C, D ;  upon AB 
and CD, as diameters, describe circles ; then any circle 
coaxal with these will intersect the line of collinearity 
of A, B, C, D in a pair of points, which form an invo­
lution with the pairs A, 13, C, D. Again, describe circles 
on the segments AD, 130, and circles coaxal with them 
will give us a second involution. Lastly, the circles 
described on CA, BD will give us a third system. The 
central points of these systems will be the points where 
the radical axes of the coaxal systems intersect the line 
of collinearity of the points. 

Prop . S.-The following examples will illustrate the 
theory o f  involution :-

( 1 ) . Any right line cut­
ting the sides and d�Oagonals 
of a quadrtOlateral is cut 'in 
involution. 

Dem .-Let ABeD be 
the quadrilateral, LL' the 

L 

transversal intersecting the diagonals in the points 
N, N' . Join AN', ON' ; then the anharmonic ratio of 
the pencil (A. . LMNN') = (A . DEON') = (C . DEON') 
= {C . M/L'ON) = (0 " L/�['N/N) .  

-
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(2) . A right h'ne, outting a o�'role and the 8�'des of an 

insoribed quadrilateral, �'s out L 
�'n �'nvolut�'on. 

Dem,-J oin AR, AR', 
OR, Olt' ; then the anhar­
monic ratio of the pencil 
(A . LRMR') = (A , DRBR' )  
= (0 ,  DRBR')= (  O .  M'RL'R') 
= (0 . L'R'M'R) .  

Cor.-The points N, N' 
belong to the involution. 

(3) . If three ohords of a oirole be ooncurrent, thet·r six 
points of �'nterseot�'on w�'th the 
oirole are �'n involution. 

Let AA', BB' , CC' be the 
three chords intersecting in 
the point O .  Join AO, AO', o --��---::::':::::::::.J 
AB', CB' ; then the anhar-
monic ratio (A . CA'B'O') = 
(B' . CBAO') = (B' . 0' ABC). 

Cor.-The pencil formed by any six lines from the 
-pairs of homologous points A, A' ; B ,  B ;  C, 0, to any 
seventh point in the circumference is in involution . 

Prop , 9.-If 0, 0' be two fixed po�'nts on two gt'ven 
h'nes OX, O'X', and if on OX we take any system of 
points A, B, 0, &c. , and on O'X' a oorresponding system 
A', B', 0', &c" suoh that the reotangles OA . 0' A' 
= OB . O�B' = 00 . 0'0', &c. ,  equal oonstant, say k2 ; 
then the anharn�on�'o rat�'o of any four points on OX equal 
the anharmonio ratt'o of the�'r four oorresponih'ng points on 
O/X'. 

This is evident by superposition of O'X' on OX, so that 
the point 0' will coincide with 0 (see Prop. 7 ) ; then 
the two ranges on OX will form a system in involution. 

DEF.-Two systems of points on two h'nes, suoh that 
the anharmonio ratio of any four points on one h'ne �'s equal 
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to the anharmon£o ratio of the£r four oorresponding points 
on the other, are sa'id to be homographic, and the lines are 
sa1:d to be homographically d�'vided. The points 0, 0' 
are oalled the centres of the systems. 

Oor. I .-The point 0 op. OX is the point corre .. 
sponding to infinity on Q'X' ; and the point 0' on O'X' 
corresponds to infinity on OX. 

DEF .-If the h'ne O'X' be super£mposea on OX, but so 
that the po�'nt 0' w£U not ooino�'de with 0, the two system8 
of points on OX dit'ide it homographically, and the points 
of one system whioh co�'ncide with their homologous po�'nts 
of the other are called the double points of the homo ... 
graph�'(} system. 

Prop. 10 .- G£ven three .pa�·r8 of correspond�'ng po�'nt8 
of a h'ne d�'v�'ded lwmographically, to find the double points .  

Let A,  A' ; B,  0 A B C A .B' er X 
E' ; C, C', be the J 

' 1 ' • I • 

three pairs of corresponding points, and 0 one of the 
required double points ; then the conditions of the 
question give us the anharmonic ratio 

therefore 

Hence 

(OABC) = (0 A'B'O') ; 

OA . BC OA' . B'O' 
OB . AC = O B ' . A'O'-

OA . OB' B'O' . AC 
- ---

OA' . OB BC . A'C' 

equal constant, say kZ. 
Now OA . OB', OA' . OB are the squares of tangents 

drawn from 0 to the circles described on the lines AB' 
and AIB as diameters ; hence the ratio of these tan­
gents is given ; but if the ratio of tangents from a 

variable point to two fixed circles be given, the locus 
of the point is a circle coaxal with the given circles. 
Hence the point 0 is given as one of the points of 
intersection of a fixed circle with OX, and these inter­
sections are the t,vo double points of the homographic 
syste,m. 
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If the three pairs of points be on a circle, the points 
of intersection of Pascal' s line with the circle will be 
the double points required. For (see fig., Prop . 5) ,  let 
D, 13, F ;  A, E, C, be the two triads of points, and let 
the Pascal' s line intersect the circle in the points P and 
Q ;  then it is evident that the pencil CA . PDBF) <  
= CD . PAEO) .  

Cor.-If we  invert the circle into a line, o r  v�·oe versa, 
the solution of either of the Problems we have given 
here will give the solution of the other. 

Prop. 11 .- We shall oonolude th'l·s Seot'l·on with the 
solution of a few Problems by means of the double po�·nts < 

of homographio division. 

( 1 ) .  Be£ng g'l"ven two r'lght lines L, L', it �"s required 
to plaoe between them a hOne AA', wh'l'oh W'l'U subtend 
given angles 0, 0' at two given po'l'nts P, plo 

Solution.-Let us take 
arbitrarily any point A on 
L. Join P A, P' A, and make 
the L s  APA', AP A", re­
spectively equal to the two 
given L s 0, 0' ; then, 
when the point A moves 
along the line L, the points 
A', A" will form two ho- .P .F 
mographic divisions on the 
line L'. The two double points of these divisions will 
give two solutions of the required Problem. 

(2) .  Being g'l'ven a polygon of any number of s't'aes, 
and as many po'l'nts taken arb'l'trarily, 'let 'l'S requ'lred to 
insor't'be in the polygon another polygon whose s'l'des w't'U 
pass through the g't'ven points. 

We shall solve this problem for the special case of 
a triangle ; but it will be seen that the solution is 
-perfectly general, 
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Let AB C be the given triangle ; P, Q, R the given 
points. Take on AC any A. 
arbitrary point D .  Join 
PD, intersecting AB in E ;  
then j oin EQ, intersecting p - --
BC in F ;  lastly, j oin FR, 
intersecting A.C in D' ; then 
the two points D, D' will 
evidently form two homo.. B 
graphic divisions on A C, 
the two double points of Q 

.R 

c 

which will be vertices of two triangles satisfying the 
question. 

(3) .  Being g",·ven three po",·nt8 P, Q, R, and two l",'nes 
L, L', it i8 required to de80ribe a triangle ABO hav�'ng 
C equal to a given angle, the vert",'oe8 A and B on the 
given h'ne8 L, L', and the 8",'de8 pa88ing through the given 
point8. 

Solution,-Through the point R draw any line 
meeting the two lines L, L' in the points a, b .  Join 
Ph, and from Q draw 
Qa' making the required 
angle C with Ph ; the 
two points a, a' will 
form two homographic 
divisions on L, the double 
points of which will give 
two solutions of the re .. 
quired question. Q P L 

(4) , To in80ribe in a 
oirole a tr�'angle who8e 8ide8 8hall pa88 through three given 
point8. 

This is evidently solved like the preceding, by taking 
three false positions, and finding the double points of 
the two homographic systems of points. 

(5 ) ,  The problem of desoribing a oirole touohing three 
given o2'rcle8 oar/; be 80lved at once by the method of tak'/;'ng 
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three fal8e p08it�'on8, and finding double point8, as fo1 .. 
low8 :-

Let A, B, C be the centres of the three given circles ; Z 
the required tangential circle ; a, f3, y the points of con­
tact : then the triangles ABC, a{3y are in perspective, 
the centre of Z being their centre of perspective, and the 
axis or similitude of the three given circles being their 
axis of perspective. Let A', ]3/

, C' be the three centres 

of similitude. Then take any three points P, P', P" in 
the circle A ;  join them to the point ]3', cutting the circle 
C in the points Q, Q', Q" : again, j oin these points to A', 
and let the j oining lines cut the circle ]3 in the points 
R, R', RI! : lastly, j oin R, R', RI! to C', cutting the circle 
A in the points 7T', 7T" ,  7T'" ; then a will be such that the 
anharmonic ratio (app'pll) will be equal to the anbar­
monic ratio \ a 7T 7T

/7rIl). Hence the problem is solvedo 
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Exe rc ises. 

1. The eight circles which touch three given circles may be 
divided into two tetrads-say X, Y, Z, W ;  X' , Y', Z' , W'-of 
which one is the inverse of the other with respect to the circle 
cutting the three given circles orthogonally. 

2.  Any two circles of the first tetrad, and the two correspond­
ing circles of the second, have a common tangential circle . 

3 .  Any three circles of either tetrad, and the nonMcorresponding 
circle of the other tetrad, have a common tangential circle. 

4. Prove by means of the extension of Ptolemy' s Theorem 
(the middle points of the sides being regarded as very small 
circles) that these point- circles, and the inscribed circle, or any 
of the escribed circles, have a common tangential circle. 

5.  The anharmonic ratios of the four points of contact of the 
" nine-points circle " 'with the inscribed and the escribed circles 
are respectively 

.) , a" - o �  
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SECTION VII. 

THEORY OF POLES AND POIJARS, AND RECIPROCATION. 

Prop. l .-If four points be collinear, tlwir anharmonic 
ratio �·s equal to the anharmonic rat1;o of the�·r four polars . 

This Proposition may be proved exactly the same as 
Proposition 8,  Section Ill. Thus (see fig. , Prop. 8 .  
Section Ill .) the pencil (0  . A/B/O/D') = (P . A/B/O'D') ; 
but the pencil (0 . A/B'O'D') = anharmonic ratio of 
the four points A, B, 0, D, and the pencil (P . A'B'O/D' ) 
consists of the four polars. Hence the Proposition is 
proved. 

The two following Propositions are interesting appli­
cations ot this Proposition :-

(1 ) .  If two triangles be  self-conJugate with respect to  a 
cirole, any two sides are divided equ�·anharmonioally by the 
four remaining sides ; and any D 
two vertioes are subtended 
equianharmonioally by the four p,V 
remaz"n1;ng vertioes. 

Let ABO, A/B/O/be the two 
self-conjugate D. S ; it is re­
quired to prove that the pencil 
(0 . ABA/B/) = (0' • ABA/B/) . 

Dem.-LetA/O', B'O' meet 
AB produced in D and E .  
Join A'O, B'O, AO', BO'. N. 
Now, since A' 0' is the polar 
of B', and AB the polar ot 0, 
their point of intersection D 

A 

B 

E 

is the pole of ]3'0 (see Gor. ,  
Prop . 25, Section I. ,  Book 
Ill.) . In like manner, the 
point E is the pole of A/C ; 
hence the four points B, A, 
E, D are the poles of the four lines CA, CB, CA', CB'. 
Thp.refore the anharmonic ratio of the four points B, 
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A, E, D is equal to the anharmonic ratio of the pencil 
(C . ABA'13') . Again , the points 13, A, E, D are the in­
tersections of the line AB with the pencil (C . A13A'B') ; 
therefore the pencil (C . ABA'B') = (C' . ABA'B') . , 

We have proved the second part of our Proposition, 
and the first follows from it by the theorem of this 
Article . 

(2) .  If two tr1:angles 'be such that the sides of one are the 
polars of the vert£ces of the other, they are in perspect£ve. 

Dem.--Let the three sides of the L ABC be the 
polars of the corresponding vertices of the b.. A'B'C', 
and let the corresponding sides meet in the points X, 
Y, Z respectively. Now, since AB is the polar of C', 
and 13'0' the polar of A, the point D is the pole of AO' 
( Cor. , Prop. 25 ,  Section I . ,  Book III . ) .  In like man­
ner the point X is the pole of AA', and the points 13', 
C' are, by hypothesis, the poles of the lines AO, AB . 
Hence the anharmonic ratio of the points 13', 0', D ,  X 
= the pencil (A . YZC'A') = the pencil (Z . YAC'A.') . 
A.gain, the anharmonic ratio B'C'DX = the pencil 
(Z . A'C'AX) = (Z . XAC'A') . Hence (Z . YAC'A') 
= (Z . XAC'A') ; . -. the lines XZ, ZY form one right 

A 

y 

, line ; therefore the intersection of corresponding sides 
of the triangles are coHinear. Hence they are in per-
Qn c n f � r c 10.:' ,l' \J l-� � • 
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Prop. 2.-If two var£able pO'l'nts A, A', one on each of 
two h'nes g£ven 'l'n P08'l'tz'on, subtend an angle of constant 
'Jnagn'l'tude at a gz'ven poz'nt 0, the locu8 of the pole of the 
l£ne AA' with respect to a given 1 
(}£rcle X, whose centre 'l's 0, is a 
circle. 

Dem.-Let AI, A'I be the B 
lines given in position, and let 
B ,  B', Q be the poles of the 
three lines AI, A'l, and AA' B' 
with respect to X ;  then the 
points B,  B' are fixed, and the 
lines EQ, B'Q are the polars of 
the points A, A' ; . . . the lines 
OA, OA' are respectively 1- to the lines BQ, B'Q ; 
hence the L EQB' is the supplement of the L AOA' ; 
therefore EQB' is a given angle, and the points B, B' 
are fixed ; therefore the locus of the point Q is a 
circle. 

Prop . 3.-For two homograph'l·o systems of points on 
two lines given 'l'n posit'l'on there ex£st ittoo poz'nts, at each 
of whz'ch tlw several pa'l'rs of (}orrespond�'ng points subtend 
equal angles . 

Dem.-Let A, A' be two corre­
sponding points on the lines AI, A'I ; 
and let 0, 0' be the points on the 
lines AI, A'I which correspond to 
the points at infinity on A'I, AI 
respectively ; then (see Prop . 1 0, 
Section IV. , Book VI. ) the rectangle 0 
OA . O'A' = constant, say k2• Join 
00', and describe the triangle OEO' (see Prop. 1 5 , 
Section I. , Book VI. ) having the rectangle OE . O'E of 
its sides = k2, and having the difference of its base L s 
equal difference of base L s of the /:). 010'. Then E, 
the vertex of this L::::. , will be one of the points re­
quired. For it is evident from the construction that 
OE . O'E = OA . O'A) and that the L AOE = A'O'E ; 
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. . . the 6 s AOE, A'O'E are equiangular ; . . . the L OAE 
= A'EO' ; . . . if the points A, A' change position, the 
lines EA, EA' will revolve in the same direction, and 
through equal angles . Hence the L AEA' is constant. 

In the same manner, another point F can be found on 
the other side of 00' such that the L AF A' is constant. 

00'1'.  I .-Since the line AA' subtends a constant angle 
at E, the locus of the pole of AA' with respect to a circle 
w hose centre is E is a circle. Hence the properties of 
lines joining corresponding points on two lines divided 
homographically may be inferred from the properties of 
a system of points on a circle . 

00'1'. 2 .-Since when A' goes to infinity A coincides 
with 0, then OA is one of the lines joining correspond­
ing points . And so in like manner is 0' A', and the poles 
of these lines will be points on the circle which is the 
locus of the pole of AA'. 

00'1'.  3 .--The locus of the foot of the perpendicular 
from E on the line AA' is a circle, namely, the inverse 
of the circle which is the locus of the pole of AA'. 

00'1'. 4.-If two lines be divided homographically, 
any four lines joining corresponding points are divided 
eq uianharmonically by all the remaining lines joining 
corresponding points. This follows from the fact that 
any four points on a circle are subtended equianhar­
monically by all the remaining points of the circle. 

Prop . 4.-If any figure A be given, by tak£ng tlw pole 
of every l£ne, and the polar of every po£nt �'n �'t w�'th 
respeot to any arbl:trary o�'role X, we oan oonstruot a new 
figure B, whl:ch �'s oalled the reciprocal of A with respeot 
to X. Thus we see that to any system of colUnear points 
or ooncurrent h'nes of A there will oor'1'espond a system of 
concurrent hOnes or ooll1:near points of B ,.  and to any pair 
of l�'nes divided homographl:cally in A.. there w�'lt oorresponil 
in B two lwmographz'o penoz'ls of lines, Lastly, the angle 
whioh any two points of A subtend at the oentre of the 
reciprocatz'ng cirole is equal to the angle rnade by their 
polars �·n B.  
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Hence it is evident that, from theorems which hold 

for A, we can get other theorems which are true for B. 
This method, which is  called reciprocation, i s  due to 
Poncelet, and is one of the most important known to 
Geometers . 

We give a few Theorems proved by this method :-

(1 ) .  .Any two fixed tangents to a oz'role are out homo-
graphz'caZZy by any variable T 
tangent. 

Dem.-. Let AT, BT be the 
two fixed tangents touching 
the circle at the fixed points .A. 
and B, and OD a variable tan­
gent touching at P. Join AP, 
BP . Now AP is the polar of D 
0, and BP the polar of D ;  and if the point P take four 
different positions, the point 0 will take four different 
positions, and so will the point D ; and the anharmonic 
ratio of the four positions of 0 equal the anharmonic ratio 
of the pencil from A to the four positions of P (Prop . 1 ). 
Similarly t.he anharmonic ratio of the four positions of 
D equal the ·  anharmonic ratio of the pencil from B to the 
four positions of P ;  but the pencil from .A. equal the 
pencil from B ;  therefore the anharmonic ratio of the 
four positions of 0 equal the anharmonic ratio of the 
four positions of D. 

(2) . .Any four fixed tangents to a oz'role are out by any 
fifth _ variable tangent in fo�tr po�·nts whose anharrmonio 
ratz'o is oonstant. 

Dem.-The lines joining the point of contact of the 
variable tangent to the points of contact of the fixed 
tangents are the polars of the - points of intersection of 
the variable tangent with the fixed tangents ; but the 
anharmonic ratio of the pencil of four lines from a 
variable point to four fixed points on a circle is con­
stant ; hence the anharmonic ratio of their four poles­
that is, of the four points in which the variable tangent 
cuts the fixed tangent-is constant. 

L 
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(3) . Lines araUJn from any varr£able ]Joint �·n the plane 
of a quadrilateral to the six po�·nts of intersection of its 
four sides form a peno�"l �"n �"nvolution. 

This Proposition is evidently the reciprocal of ( 1 ) , 
Prop . 9, Section VI. The F 
following is a direct proof : 
Let ABCD be the quadri­
lateral, and let its opposite 
sides meet in the points E 
and F, and let 0 be the point 
in the plane or the quadri­
lateral ; the pencil from 0 to E 
the points A, 13, C, D, E, F y 
is in involution. 

Dem .-J oin OE, cutting the sides AD, BC in X and 
Y. Join EF. Now, the pencil (0 . XADF) = (E . XADF) 
= (E .  YBCF) =(O . YBCF) = ( O . XBCF) ; . 0 .  (O . EADF) 
= (0 . EBCF) .  Hence the p encil is in involution. 

(4) .  If two vertioes of a triangle move on fixed lines, 
wh�"le the three s�"des pass through three ooUinear points, 
the loous of the th�·rd vertex �os a r'lght hOne. Hence, reci­
procally, If two s�"des of a tr�·angle pCtSS through fixed 
points, while the vertioes 'Inove on three oonourrent Unes, 
the third side w�oU pass through a fixed point. 

(5 ) .  To desoribe a tr�Oangle abo�tt a oirole, so that 'lOts three 
vertices may be on three g�"ven l�ones . This is solved by 
inscribing in the circle a triangle whose three sides 
shall pass through the poles of the three given lines, 
and drawing tangents at the angular points of the in­
scribed triangle . 

. I 
(4) . BRIANCHON' S THEoREMo-If a hexagon be described 

about a o�"role, the three lines joining the 0ppos1:te angular 
po1.:nts are oonourrent 0 

This is the reciprocal of Pascal' s Theorem : we prove 
it as follows :-

Let ABCDEF be the circumscribed hexagon ; the 
three diagonals AD, BE, CF are concurrent" For, let 
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the points of contact be G� H, I, J, K, L. Now since 
A. is the pole of GH, and D A 
the pole of JK, the line AD 
is the polar of the point of 
intersection of the opposite 
sides GH and JK of the in- B 
scribed hexagon. In like F 
manner, BE is the polar of 
the point of intersection of 
the lines HI, KL, and OF 
the polar of the point of 
intersection of IJ and LG ; 
but the intersections of 
the three pairs of opposite D 
sides of the inscribed hexagon, viz . ,  GH, JK ; HI, RL ; 
IJ, LG, are, by Pascal's Theorem, collinear ; therefore 
their three polars AD, BE, OF, are concurrent. 

(7) .  If two lines be iliv�'cled homograpl�ically, two linea 
joining homologou8 po�'nt8 can be drawn, each of wl�ich 
passes through a given point. 

For, if AA! (see fig. ,  Prop. 3) pass through a given 
point P, j oin EP, and let fall a J.. EG on AA' ; then 
( Oor. 2 ,  Prop . 3)  the locus of the point G is a 0 ; and 
since EGP is a right an gle ,  the 0 described on EP as 
diameter passes through G ;  hence G is the point of 
intersection of two given 0 s ; and since two 0 s  inter­
sect in two points, we see that two lines joining homo­
graphic points can be formed, each passing through P. 
Now, if we reciprocate the whole diagram with respect 
to a circle whose centre is P, the reciprocals of the 
points A, A' will be parallel lines. Hence we have the 
following theorem in a system of two homographic 
pencils of rays :-There ex�'st two pairs of hO'llwlogou8 
rays wh�'ch are parallel to each other. 

Oor .-There are two directions in which transver .. 
sals can be drawn, intersecting two homographic pen­
cils of rays so as to be divided proportionally, namely, 
parallel to the pairs of homologous rays which are 
parallel . 



148 A SEQUEL TO EUOLID. 

(8) .  If we reciprocate Prop . 3 we have the following 
theorem :-Being given a fixed point, namely, the centre 
of the ()1:rcle of rec1:procation and t�oo homograph1:c pencils 
of rays, two l�'nes can be found (the polars of the points E 
and F In Prop . 3) ,  so that tlw port�'on8 �'ntercepted on 
eacl" by lzomologou8 rays of the pencils will subtend an angle 
of constant magnitude at the given point. 

SECTION VIII. 

MISCELLA.NEOUS EXERCISES.  
1 .  The lines from the angles of a 6 to the points of contact of 

any 0 touching the three sides are concurrent. 

2 .  Three lines being given in position, to find a point in one of 
thenl, such that the sum of two lines drawn :£rom it, making given 
angles ·with the other two, may be given. 

3 . From a given point in the diameter of a semicircle produced 
to draw a line cutting the semicircle, so that the lines may have a 
given ratio which join the points 0:£ intersection to the extremities 
of the diameter. 

4 .  The internal and external bisectors 0:£ the vertical angle of 
a 6. meet the base in points which are harmonic conj ugates to the 
extremities . 

5 .  The rectangle contained by the sides 0:£ a 6. is greater than 
the square of the internal bisector of the vertical angle by the 
rectangle contained by the segments of the base . 

6. State the corresponding theorem for the external bisector. 

7. Given the base and the vertical angle of a 6 ,  find the fol. 
owing loci :-

(I) . Of the intersection of perpendiculars . 

(2) .  Of the centre 0:£ any circle touching the three sides. 

(3). Of the intersection of bisectors of sides. 

8. 1:£ a variable 0 touch two fixed 0s, the tangents drawn to it 
from the limiting points have a constant ratio. 
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9 .  The .1 from the right angle on the hypotenuse of a right­

angled 6. is a harmonic mean between the segments of the hypo­
tenuse made by the point of contact of the inscribed circle. 

10 .  If a line be cut harmonically by two 0s, the locus of the 
foot of the .1 ,  let fall on it from either centre, is a 0 ,  and it cuts 
any two positions of itself homographic ally (see Prop . 3, Cor. 2, 
Section VII . ) .  

1 1 .  Through a given point to draw a line, cutting the sides of 
a given D. in three points, such that the anharmonic ratio of the 
systenl, consisting of the given point and the points of section, 
may be given. 

1 2. If squares be described on the sides of a 6 and their cen­
tres joined, the area of the 6. so formed exceeds the area of the 
given triangle by lth part of the sum of the squares. 

13 .  The locus of the centre of a 0 bisecting the circumferences 
of two fixed 08 is a right line. 

14 .  Divide a given semicircle into two parts by a 1. to the 
diameter, so that the diameters of the 0s described in them may 
be in a given ratio. 

1 5. The side of the square inscribed in a D. is half the har­
monic mean between the base and perpendicular. 

1 6 .  The 0s described on the three diagonals of a quadrilatera 
are coaxal. 

1 7 . If X, X' be the points where the bisectors of the L A of 
a D. and of its supplement meet the side BC, and if Y, Y'; Z, Z', 
be points similarly determined on the sides CA, AB ; then 

and 

18 .  Prove Ptolemy's Theorem, and its converse, by inversion 

19 .  A line of given length slides between two fixed lines : find 
the locms of the intersection of the .1 8 to the fixed lines from the 
extremities of the sliding line, and of the 1. s on the fixed lines 
from the extremities of the sliding line. 

20. If from a variable point P ..L s be drawn to three sides of 
a � ; then, if the area of the 6. formed by joining the feet of 
these ..L s be given, the locus of P, is a circle . 
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2 1 .  If a variable 8 touch two fixed 08, its radius varies as the 
square of the tangent dra"wn to it from either limiting point. 

22. If two 0s, whose centres are 0, 0', intersect, as in Euclid 
(1. 1 ) , and 00' be joined, and produced to A, and a 0 GDR be 
described, touching the 0s whose centres are 0, 0', and also 
touching the line AO ; then, F E if we dra,v the radical axis 
EE' of the 0s, intersecting 
00' in C ,  and the diameter 
DF of the 0 GRD, and join 
EF, the figure CD FE is a Af--���-:;::---"t:::::----+::-O"'r -----IB 
square. 

Dem.-The line joining 
the points of contact G and 
H will pass through C, the 
internal centre of similitude 
of the 0s 0, 0' ; therefore CG • CH = CE2 ; but CD2 = CG . CH ; 
therefore CD = CE. 

Again, let 0" be the centre of GDR, and D' the middle point 
of AO ; then the 0 whose centre is D' and radius D'A touches the 
0s  0, 0 ' ;  hence (by Theorem 7, Section V. ) the 1. from 0 "  on 
EE' : O"D : : CD' : D' A ;  that is, in the ratio of 2 : 1 .  Hence the 
Proposition is proved. 

23. If a quadrilateral be circumscribed to a 0, the centre and 
the middle points of the diagonals are collinear. 

24. If one diagonal of a quadrilateral inscribed in a 0 be bi­
sected by the other, the square of the latter = half the sum of the 
squares of the sides . 

25.  If a !::. given in species moves with its vertices on three 
fixed lines, it marks off proportional parts on these lines. 

26 .  Through the point of intersection of two 0s  draw a line 
so that the sum or the difference of the squares of the chords of 
the 0s shall be given. 

27 .  If two 0s touch at A, and BC be any chord of one touching 
the other ; then the sum or difference of the chords AB, AC bears 
to the chord BC a constant ratio. Distinguish the two cases. 

28 .  If ABC be a !::. inscribed in a 0,  and if a 1 1 to AC through 
the pole of AB meet BC in D,  then AD is = CD . 

29. The centres of the four 0s  circumscribed about the � s 
formed by four right lines are concyclic. 

3 0 .  Through a given point draw two transversals which shall 
intercept given lengths on two given lines . 
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31 . If a variable line meet four fixed lines in points whose 
anharmonic ratio is constant, it cuts these four lines homographi­
cally. 

32. Given the .1 CD to the diameter AB of a semicircle, it is 
required to draw through A a chord, cutting OD in E and the 
semicircle in F, such that the ratio of CE : EF may be given. 

33. Draw in the last construction the line AEF so that the 
quadrilateral CEFB may be a maximum. 

34. The 0 described through the centres of the three escribed 
o s of a plane D. ,  and the circumscribed 0 of the same D. ,  will 
have the centre of the inscribed 0 of the D. for one of their centres 
of similitude. 

35 .  The 08 on the diagonals of a complete quadrilateral cut 
orthogonally the 0 described about the t::.. formed by the three 
diagonals. 

36 .  When the three ..L s from the vertices of one D. on the 
sides of another are concurrent, the three corresponding 1- s from 
the vertices of the latter, on the sides of the former, are concur­
rent. 

37. If a 0 be inscribed in a quadrant of a 0 ;  and a second 0 
be described touching the 0 ,  the quadrant, and radius of quadrant ; 
and a 1- be let fall from the centre of the second 0 on the line 
passing through the centres of the first 0 and of the quadrant ; 
then the D. whose angular points are the foot of the 1. ,  the 
centre of the quadrant, and the centre of the second 0,  has its 
sides in arithmetical progression. 

3S.  In the last Proposition, the 1- s let fall from the centre of 
the second 0 on the radii of the quadrants are in the ratio of 
1 : 7 .  

39. When three 0s of a coaxal system touch the three sides of 
a D. at three points, which are either collinear or concurrently 
connectant with the opposite vertices , their three centres form., 
with those of the three 0s of the system which pass through the 
vertices of the D. ,  a systenl of six points in involution. 

40. If two 0s be so placed that a quadrilateral may be in­
scribed in one and circumscribed to the other, the .diagonals of 
the quadrilateral intersect in one of the limiting points . 

41 .  If from a fixed point 1- s be let fall on two c0njugate rays 
of a pencil in involution, the feet of the ..L s are collinear with a 
fixed point. 

42. MIQUEL' S THEoREM.-If the five sides of any pentagon 
ABODE be produced, forming five 6. s external to the pentagoll1 
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the 0 8 described about these t:,. s intersect in five points A", B", 
C" , D", E" , which are concyclic. 

Dem.-J oin E"B', E"D", D"O", O"B", 0" 0 ;  join also D"n 
and E' B" , and let them produced meet in G • Now, consider the 6-
AB'E', it is evident the 0 described about it (Oor. 3, Prop . 12, 
Book Ill.) will pass through the points E", B" ; hence the four 
points E" , B',  E',  B "  are concyclic ; . 0 . the L GB"E" = E'B'E";  
but E'B'E" = G D" E" ; 0 · . L G B"E" = G D"E" 0 Hence the 
o through the points B", D", E" passes through G o 

Again, since the figure ODD"O" is a quadrilateral in a 0 ,  the 
L GDE' = D"C"C, and the L GE'D = B"C"C (Ill. 2 1 ) ; 

.
.

. L B" C" D" = GDE' + GE'D .  T o  each add L E'GD , and 
we see that the figure GD"C"B" is a quadrilateral in a 8 ;  
hence the 8 through the points B", D" , E" passes through C".  
In like manner it passes through A". Hence the five points 
A" B" Ci f  D "  E "  li . , , , , are concyc c .  

43.  If the product of the tangents, from a variable point P to 
two given 0s, has a given ratio to the square of the tangent from 
P to a. third given 0 coaxal with the former 1 the locus of P is n. 
cL de of the same system . 
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44 . Through the vertices of any 6. are drawn any three paral­
lel lines, and through each vertex a line is dra"wn, making the 
same L with one of the adjacent sides which the parallel makes 
with the other ; these three lines are concurrent. Required the 
locus of the point in which they meet . 

45 . If from any point in a given line two tangents be drawn to 
a given 0 , X, and if a 0 ,  Y, be described touching X and the two 
tangents, the envelope of the polar of the centre of Y with respect 
to X is a circle. 

46 . The extremities of a variable chord XY of a given 0 are 
joined to the extremities of a fixed chord AB ; then, if m AX . AY 
+ n BX . BY be given, the envelope of XY is a ch'cIe . 

47. If A, A' be conjugate points of a system in involution, and 
if AQ, A'Q be 1- to the lines joining A, A' to any fixed point P, it 
is required to find the locus of Q. 

48. If a ,  a', b, b' , 0 ,  0', be three pairs of conjugate points of a 
system in involution ; then, 

(1) .  
(2) .  

(3) .  

ab' • bo' • oa' = - a' b • b' 0 • 0' a. 

ab' • bo • o'a! = - a'b • b'o' • oa D 

ab . ab' 
ao • ao' 

a'b • a'b' 

a' 0 • a' 0' · 

49.  Construct a right-angled 6. ,  being given the sum of the 
base and hypotenuse, and the sum of the base and perpendicular. 

50. Given the perimeter of a right-angled 6. whose sides are 
in arithmetical progression : construct it. 

5 1 .  Given a point in the side of a 6. ;  inscribe in it another � 
similar to a given � ,  and having one L at the given point. 

52 .  Given a point D in the base AB produced of a given 6. ABC ; 
draw a line EF through D cutting the sides so that the area of 
the 6. EFC may be given. 

53. Construct a 6.. whose three L s shall be on given 0s,  
and whose sides shall pass throng h three of their cen tres of 
similitude. 

54. From a given point 0 three lines OA, OB, O C are drawn 
to a given line ABO ; prove that if the radii of the 0 s  inscribed 
in OAB, OBC are given, the radius of the 0 inscribed in OAC 
will be determined. 

55 .  Equal portions OA, OB are taken on the sides of a given 
right L AOB, the point A is joined to a fixed point C, and a 1- let 
fall on AC from B :  the locus of the foot of this 1. is a circle. 
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56 .  If a segment AB of a given line be  cut in a given anhar .. 
monic ratio in two variable points X, X', then the anharmonic 
ratio of any four positions of X will be equal to the anharmonic 
ratio of the four corresponding positions of X'. 

57 .  If a variable � inscribed in a 0 ,  X, whose radius is R, has 
two of its sides touching another 0, Y, whose radius is r, and 
whase centre is distant from the centre of X by 0 ;  then the dis­
tance of the centre of the ° coaxal with X and Y, which is the 
envelope of the third side of the 6. from the centre of X, 

58.  In the same case the radius of the ° which is the enve­
lope of the third side is 

where 

r2 (R - p) - Rp2 • 
. ) , p'" 

59 .  If two tangents be drawn to a 0, the points where any 
third tangent is cut by these will be harmonic conjugates to the 
point of contact and the point where it is cut by the chord of 
contact. 

60.  If two points be inverse to each other with respect to any 
0 ,  then the inverses of these will be inverse to each other with 
respect to the inverse of the 0 .  Hence it follows that if two 
figures be inverse to each other with respect to any 0, their 
inverses 'will be inverse to each other with respect to the inverse 
of the circle. 

6 1 . MALFATTI' S PROBLEM.-To inscribe in a � three 0s which 
touch each other, and each of which touches two sides of the 6. .  

Analysis .-Let L, M, N be the points of contact of three 0s 
which touch one another, and each touch two sides of the 6. ABC ; 
draw the com.illon tangents DE, FG, HI to these 0s at their 
points of contact L, M, N ;  then, since these lines are the radical 
axes of the 0s taken in pairs, they are concurrent : let them 
meet in K. 

Now, it is evident that FH - HD = FO - DP = FM - DL = 
FK - DIL Hence H is the point of contact with FD of the 0 
described in the 6. FKD . In like manner, E and G are the 
points of contact of 0s which touch the triads of lines IK, KF, 
AC ; and I K, DK, AB, respectively. 
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Again, RN = RP = QL, and NS = ER = EL ; . ' .  HS = EQ ; 

. ' . (see 6, Prop . 1 ,  Section V.) the tangents at E and H to the 08 

A I  

p 

ES and HQ meet on their 0 of similitude ; . ' .  C is a point on the 
o of similitude of the 8s  ES and IIQ ;  and therefore these 88 
subtend equal L s at C.  Also, three commor. tang �nts of the 0s HQ, 
ES, PNR, viz. , QL, SN, KF, are concurrent ; . ' .  (see Ex. 48, 
Section 11.,  Book Ill.) C must be the point of concurrence of 
three other eommon tangents to the same 0s .  Hence the second 
transverse common tangent to HQ and ES must pass through C ;  
and since C is a point on their 0 of similitude, this transverse 
eommon tangent nlust bisect the L ACB.  In like manner it is 
proved that the bisectors of A and B are transverse eommon tan­
gents to the 0 s  ES and GT, and to HQ and GT, respectively. 
Hence, we have the following elegant eonstruction :-Let V be 
the point of concurrence of the three biseetors of the L 8 of the � 
ABC. In the 6. 8 V AB, VBC, VCA, describe three 0s : these 0s 
will evidently, taken in pairs, have YB, YC, YA as transverse 
eommon tangents ; then to the same pairs of 08  draw the three 
other transverse tangents ; these will be respectively ED, GF, 
HI ; and the 0s described touching the triads of lines AB, AC, 
ED ; AB, BC, G F ;  AB, BC, HI, will be the required circles . 

This eonstruction is due to Steiner, and the foregoing simple 
and elementary proof to Dr. Hart (see Qztarterly Jozwnal, vol. i. 
p. 2 19) .  

62 . If a transversal passing through a fixed point 0 cut any 
. number of fixed lines in the points A, B, C, &c. ,  and if P be a 

point such that 
1 1 1 1 

OP = OA + OB + OC -f 
the locus of P is a right line . 

c 
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63. The sum of the squares of the radii of the four 0s, cut .. 
ting orthogonally the inscribed and escribed 8 s  of a plane � ,  
taken three by three, is equal to the square of the diameter of the 
circumscribed 0 .  

64.  Describe through two given points a 0 cutting a given arc 
of a given 0 in a given anharmonic ratio. 

65 .  A1l 0s 'which cut three fixed 0s at equal L s form a coaxal 
system. 

66.  Being given five points and a line, find a point on the line, 
so that the pencil formed by joining it to the five given points 
shall form an involution with the line itself. 

67.  If a quadrilateral be inscribed in .a circle, the circle de­
scribed on the third diagonal as diameter will be the circle of 
similitude of the circles described on the other diagonals as dia­
meters. 

68.  If ABO be any !:::" , B'O' a line drawn 1 1  to the base BO ; 
then, if 0, 0' be the escribed 08 to ABO, opposite the L s B and 
C respectively, 01 the inscribed 8 of AB'O', and 0'1 the escribed 
o opposite the L A ; then, besides the lines AB, AO, which are 
common tangents, 0, 0', 01, 0'1, are all touched by two other 
circles. 

69.  When two 0s intersect orthogonally, the locus of the point 
whence four tangents can be drawn to the 8 s, and forming a 
harmonic pencil, consists of two lines, viz . ,  . the polars of the 
centre of similitude of the two circles. 

70.  If two lines be divided homographically in the two sys­
tems of points a, b, c, &c. ,  a', b', c', &c . ,  then the locus of the 
points of intersection of ab', a'b, ac', a'e, ad', a'd, &c .,  is a right 
line . 

71 . Being given two homographic pencils, if thl�ough the point 
of intersection of two corresponding rays we draw two transver­
sals, which meet the two pencils in two series of points, the lines 
joining corresponding points of intersection are concurrent. 

72.  Inscribe a !:::" in a 8 having two sides passing through two 
given points, and the third II to a given line . 

73 . If two !:::" s be described about a 0 ,  the six angular points 
are such that any fonr are subtended equianharmonically by the 
other two.  

74. Given four points A,  B,  0, D on a given line, find two 
other points X, Y, so that the anharmonic ratios (ABXY) , (ODXY) 
may be given. 

75.  If two quadrilaterals have the same diagonals, the eight 
points of intersection of their sides are such that any four are 
subtended equianhar-monically by the other four. 
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76 . Given three rays A, B, 0, find three other rays X, Y, Z 

through the same vertex 0,  so that the anharmonic ratios of the 
pencils (0 . ABXY) , (0 . BCYZ),  (0 . CAZX) , may be given. 

77. If a 6. similar to that formed by the centres of three given 
0s slide 'with its three vertices on their circumferences, the ver­
tices divide the 0s homographically. 

78. Find the locus of the centre of a 0, being given that the 
polar of a given point A passes through a given point B, and 
the polar of another given point 0 passes through a given 
point D .  

79. If a � be self-conjugate with respect to a given 0 ,  the 
o described about the 6. is orthogonal to another given circle. 

80.  The 0s self- conjugate to the fl s  formed by four lines are 
coaxal. 

8 1 .  The pencil formed by lines 11 to the sides and diagonals of a 
quadrilateral is involution. 

82. If four 0s be co-orthogonal, that is, have a common 01'­
thogonal 0 ,  their radical axes form a pencil in involution. 

83.  In a given 0 to inscribe a 6. whose sides shall divide in a 
given anharmonic ratio given arcs of the circle. 

84. When four 0s have a common point of intersection, their 
six radical axes form a pencil in involution. 

85. The pencil formed by drawing tangents from any point in 
their radical axis to two 0 s, and drawing two lines to their centres 
of similitude, is in involution. 

*86 .  If a pair of the opposite L s of a quadrilateral be equal to a 
right L ,  then the sum of the squares of the rectangles contained 
by the opposite sides is equal to the square of the rectangle con­
tained by the diagonals. 

87.  Prove that the problem 17, page 38, " To inscribe in a given 
� DEF, a 6. given in species whose area shall be a minimum, " 
admits of two solutions ; and also that the point 0' in the second 
solution, ,vhich corresponds to 0 in the first, is the inverse of 0 
with respect to the circle which circumseribes the 6. DEF. 

88 .  The line joining the intersection of the .l.. s of a 6. to the 
centre of a circumscribed 0 is .1 to the axis of perspeetive of the 
given 6. ,  and the 6. formed by j oining the feet of the . 1.  s .  

=IF This Theorem is  due to  Bellavitis. See his fifethode des E qut'pollencei. 
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89.  If two 0s whose radii are R, R', and the distance Ot whose 
centres is 0, be such that a hexagon can be inscribed in one and 
circumscribed to the other ; then 

1 1 
(R2 - 0 1)2 + 4R'2Ro + (R2 - 02)2 - 4R'2Ro 

1 

90. In the same case, it an octagon be inscribed in one and 
circumscribed to the other, 

= 
{ 2R'z (R2 + a!) - (R2 -a)2 V-

9 1 .  If a variable 0 touch two fixed 0s, the polar of its centre 
with respect to either or the fixed 0s touches a fixed circle. 

92. If a 0 touch three 0s, the polar of its centre, with respect 
to any of the three 0 s, is a common tangent to two circles .  

*93.  Prove that the Problem, to inscribe a quadrilateral, whose 
perimeter is a minimum in another quadrilateral, is indeterminate 
or impossible, according as the given quadrilateral has the sum of 
its opposite angles equal or not equal to two right angles. 

94. If a quadrilateral be inscribed in a 0, the lines joining the 
feet of the 1- s, let fall on its sides from the point of intersection 
or its diagonals, will form an inscribed quadrilateral Q or minimum 
perimeter ; and an indefinite number of other quadrilaterals may be 
inscribed whose sides are respectively equal to the sides or Q, the 
perimeter of each or them being equal to the perimeter or Q. 

95. The perimeter of Q is equal to the rectangle contained by 
the diagonals of the original quadrilateral divided by the radius of 
the circumscribed circle . 

96. Being given four lines torming four 6. s, the sixteen cen­
tres or the inscribed and escribed 8 s to these L:::. s lie four by four 
on four coaxal circles . 

97. If the base of a !:::. be given, both in magnitude and posi .. 
tion, and the ratio of the sum of the squares of the sides to the 
area, the locus of the vertex is a circle. 

,. The Theorems 87 and 93-96 have been communicated to the author 
by IVlr. w. s. �l'CAY, F .T.C.D. 



nOOK VI. 1 59 

98 . If a line of constant length slide between two fixed lines, 
the locus of the centre of instantaneous rotation is a circle. 

99 .  If two sides of a � given in species and magnitude slide 
�long two fixed 0s, the envelope of the third side is a circle. 
(BOHILLIER) • 

100.  If the lengths of the sides of the � in Ex. 99 be denoted 
by a, 0, c, and the radii of the three 0s by a, /3, 'Y ;  then 
aa ± 0/3 ± Cl' = twice the area of the 6. ,  the sign + or - being 
used according as the 0s touch the sides of the 6. internally or 
externall y. 

1 0 l . If five quadrilaterals be formed from five lines by omitting 
each in succession, th e lines of collinearity of the middle points 
of their diagonals are concurrent. (H. Fox TALBOT.) 

102.  If D, D' be the diagonals of a quadrilateral whose four 
sides are a, b, c, d, and two of whose opposite angles are 8, 8', then 

D2 D'2 = a2 ()2 + b2 d2 - 2abcd cos (8 + 8') . 
103.  If the sides of a b. ABC, inscribed in a 8 ,  be cut by a 

transversal in the points a, b, c.  If a, /3, 'Y denote the lengths of 
the tangents from a, b, 0 to the 0 ,  then af31' = Ab . Bo . Ca. 

104. If a, 0, 0 denote the three sides of a � ,  and if Cl ,  /J, l' de­
note the bisectors of its angles, 

8 abc • S • area 
a{3', = 

(a + b) (b + c) (0 + a) • 

105 . If a � ABC circumscribed to a 8 be also circumscribed 
to another 6. A'B' C', and in perspective with it, the tangents from 
the vertices of A'E' C' will meet its opposite sides in three collinear 
points. 

106 .  If two sides of a triangle be given in position, and its 
area given in magnitUde, two points can be found at each of 
which the base subtends an angle of constant magnitude. 

107. If two sides or a triangle and its inscribed circle be given 
in position , the envelope of its circumscribed circle is a circle.­
MANNHEIM. 

108 .  If the circumference of a circle be divided into an uneven 
number of equal parts, and the points of division denoted by the 
indices 0, 1 ,  2, 3, &c. ,  then if the point of the circle diametri­
cally opposite to that whose index is zero be joined with all the 
points in one of its semicircles, the rectangle contained by the 
chords terminating in the points 1, 2, 4, 8 . . • is equal to the 
power of the radius denoted by the number of chords. 
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109 .  A right line, which bisects the perimeter of the maximum 
figure contained by that perimeter, bisects also the area of the 
figure . Hence sho·w, that of all figures having the same perimeter 
a circle has the greatest area . 

1 1 0 .  The polar circle of a triangle, its circumscribed circle , 
and nine -points circle, are coaxal . 

I l l .  The polar circles of the five triangles external to a pen­
tagon, which are fo' ,med by producing its sides, have a common 
ol'thogonal circle. 

1 1 2. The six anharmonic ratios of four collinear points can be 
expressed in terms of the trigonollletrical functions of an angle, 

. namely, 

- sin2g>, - cos2cp, tan2cp, - cosec2cp, - sec2cp, cot?cp_ 

Sho·w how to construct cp. 

1 1 3 .  If the sides of a polygon of an even number of sides be 
cut by any transversal, the product of one set of alternate seg­
Inents is equal to the product of the other set. If the number of 
sides of the polygon be odd, the rectangles will be equal, but will · 
have contrary signs (CARNorr) . 

1 14. If from the angular points of a polygon of an odd number 
of sides concurrent lines be drawn, dividing the opposite sides 
each into two segnlents , the product of one set of alternate seg­
menb3 is equal to the product of the other set (PONCELET) . 

1 1 5.  If the points at infinity on two lines divided homo­
graphically be corresponding points, the lines are divided pro .. 
portionally. 

1 1 6 .  To cons truot a quadrilatera l, heing given tlu four sides and 
the area. 

Analysis . - Let ABOD be 
the required quadrilateral. The 
four sides, AB, B C, CD, DA are 
given in magnitude ; and the 
area is also given. Draw AE 
parallel and equal to BD. Join 
ED, EC ; draw AF, CG per­
pendicular to BD ; produee CG 
to H ;  bisect BD in O .  

Now w e  have 

BC2 - CD2 = 2BD . OG 
and 

AD2 .- AB2 = 2BD , O�� ; 

'..,--_________ � B 

�-+=------� A 

E 
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therefore 

BC2 + AD2 - AB2 - CD2 = 2BD . FG = 2AE . AR. 

Hence, since the four lines AB, BC, CD,  DA ' are given ill 
magnitude, the rectangle AE . AH is given. Now, if we suppose 
the line AD to be given in position, since DE is equal to AB. 
which is given in magnitude, the locus of the point E is a circle ', 
and since the rectangle AH . AE is given, the locus of the point H 
is a circle, namely, the inverse of the locus of E.  

Again, since the lines AE, AC are equal, respectively, to  the 
diagonals of the quadrilateral, and include an angle equal to that 
between the diagonals, the area of the triangle ACE is equal to 
the area of the quadrilateral. Hence the area of the triangle 
ACE is given. Therefore the rectangle AE . CH is given. And 
it has been proved that the rectangle AE . AH is given ; therefore 
the ratio AH : CH is given. Hence the triangle ACH is given 
in species. And since the point A is fixed, and H moves on a 
given circle, C moves on a given circle. And since D is fixed, 
and DC given in magnitude, the locus of the point C is another 
circle . Hence C is a given point. 

1 1 7 . Prove from the foregoing analysis that the area is a maxi .. 
mum when the four points A, 13, C ,  D are concyclic . 

1 1 8 .  In the same case prove that the angle between the diagonals 
is a maximum when the points are concyclic . 

1 1 9 .  The difference of the squares of the two interior diagonals 
of a cyclic quadrilateral is to twice their rectangle as the distance 
between their middle points is to the third diagonal . 

1 20. Inscribe in a given circle a quadrilateral whose three 
diagonals are given. [Make use of Ex. 1 1 9 . ]  

121 . Given the two diagonals and all the angles of a quadri­
lateral ; construct it. 

122.  If L he one of the li1niting points of two circles, 0, 0',  ana 
LA, LB two radii veotors at right angles to ea()h o ther, and term i­
nating in these oircles, the loous of the interseotion of tangents at A 
ana B is a circle coaxal with 0, 0'. 

Dem.-J oin AB, intersecting the circles again in G and R, 
and let fall the perpendiculars 0 C, 0' D) LE. 

M 
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Then 

AL2 : AB . All : : OL : 00' [VI. Sect. v. Prop. I. (3)]. 

But 
Hence 

therefore 

In like manner 

Hence 

AL2 = AB.AE. 

AE : AH : : OL : 00' ; 
AE : HE : : OL : O'L. 

GE : BE : : OL : O'L. 

AG : BH : : OL : O'L, 

that is, in a given ratio. Therefore the tangents AK, BK are in 
a given ratio [EUCLID, VI. IV. Ex. 2] ; and the locus of K is a 
circle coaxal with 0, 0'. 

This theorem is the reciprocal of a remarkable one in Confocal 
Conics (see Conios, page 184) . The demonstration of it here 
given, as well as that of the Proposition Ex. 1 1 6, hay e been com­
municated to me by W. S. M 'CAY, F.T. C.D. 

1 23. In the same case the locus of the point E is a circle co ... 

axal with 0, 0' .  

1 24. If 0" be the centre of the locus of E, then LO" is half 
the harmonic mean between LO and LO'. 
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125. If r b e  the radius o f  the inscribed circle of a triangle ABC, 
and p the radius of a circle touching the circumscribed circle in­
ternally and the sides AB, AO ; then p cos2 lA = r. 

126 .  Prove the corresponding relation p' cos2 lA = r' for the 
e.ase of external contact. 

127 .  Prove by inversion the equality of the two circles in 
Prop. 8, Cor. 4, p .  32. 

128. If AB, OD be the diameters of two circles, and be also 
segments of the same line, prove that the two circles are equal 
which touch respectively the circles on AB, CD ; their radical 
axis on opposite sides, and any circle whose centre is the middle 
point of AD .- (STEINER.) 

1 29 .  Given three points, A, B, C, and three multiples, l, m, n, 
find a point 0 such that tAO + mBO + nOO may be a minimum. 

1 30. Ir A, B, 0, D be any four points connected by four circles, 
each passing through three of the points, then not only is the 
angle at A between the arcs ABO, ADO equal to the angle at C 
between ODA, OBA, but it is also equal to the angle at D be­
tween the arcs DAB, DOB ; and to the angle at B between BOD, 
BAD .-(HAMILTON.)  

1 3 1 .  If  A, B, 0 be the escribed circles of  a triangle, and if 
A', B', 0' be three other circles touching ABO as follows, viz . 
each of them touching two of the former exteriorly, and one in­
teriorly ; then A', B' , 0' intersect in a common point P, and the 
lines of connexion at P with the centres of the circles are perpen­
dicular to the sides of the triangle. 

1 32. The line or collinearity or the middle points of the diago­
nals of a complete quadrilateral is perpendicular to the line or 
collinearity or the orthocentres or the four triangles. 

1 33.  The sines of the angles which the line of collinearity of 
the middle points of the diagonals or a complete quadrilateral 
makes with the sides are proportional to the diameters of the 
circles described about its four triangles. 

134. If r, p be the radii of two concentric circles, and R the 
radius of a third circle (not necessarily concentric), so related to 
them that a triangle described about the circle .,. may be inscribed 
in R, and a quadrilateral about p may be inscribed in R :  then 

rIp + p/� = pJr. 
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1 35. If R, r be the radii of two circles, C, C', of which the 
former is supposed to include the latter ; then if a series of circles 
01,  O2, 03, • •  ' . Om be described touching both and touching each 
other in succession, prove that if traversing the space between 
C, C' n times consecutively the circle Om touch 01 if 0 be the 
distance between the centres, 

n7f' 
(R - r)2 - 4Rr tan2 - = 02• -(STEINER.) 

m 

1 36 .  If A ,  B, C, D be any four points, and if the three pairs 
of lines which join them intersect in the points b, c, d, then the 
nine-points circles of the four triangles ABC, ABD, ACD, BOD, 
and the circle about the triangle bcd, all pass through a common 
point P. 

1 37.  If AI, BI, Ch Dl be the orthocentres of the triangles 
A, B, C, &c . , and bI, Cl, d1 the points determined by joining 
AI, BI, Ch DI, in pairs ; then the nine-points circles of the four 
triangles AI, BI ,  Cl, &c . ,  and the circumscribed circle of the tri .. 
angle b1cldI,  all pass through the former point P.-(Ex. 29 . )  

1 38 .  rfhe SIMSON'S  lines (Book Ill . Prop . 1 2) of  the extremi­
tiea of any diameter of the circumcircle of a triangle intersect at 
right angles on the nine-points circle of the triangle. 

1 39. * Every tangent to a circle is cut harmonically by the sides 
of a circumscribed square, and also by the sides of a circumscribed 
trapezoid whose non-parallel sides are equal. 

140.  A variable chord of a circle passes through a fixed point ; 
its extremities and the fixed point are j oined to the centre ; prove 
that the circumcircles of the three triangles so formed touch in 
every position a pair of circles belonging to two given coaxal 
systems. 

141 .  Weill' s Tl�eo1·em.-If two circles be so related that a poly­
gon of n sides can be inscribed in one and circumscribed to the 
other, the mean centre of the points of contact is a fixed point. 

1 42 .  In the same case the locus of the mean centre of any 
nUID ber (n - r) of the points is a circle. 

Weill' s Theorem ,vas published in LiouvilZe's JO'lwnal, 
Third Series, Tome IV., page 270, for the year 1 878. A 
proposition, of which Weill' s is an immediate inference, was 
published by the Author in 1862, in the Quarterly Journal 
oj Pure and .Applied Mathematics, Vol. V. , page 44, Cor . 2 .  

* Theorems 1 39, 1 40, have been communicated to the author 
by ROEERT GRAHAM, Esq. , A. M., T . e. D .  
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S U P P L E M E N T A R Y  C H A P T E R. 

RECENT ELEMENTARY GEOMETRY. 

S E C  T I  0 N I.  

THEORY OF ISOGONAL AND ISOTOMIC POINTS, AND OF 

ANTIPARALLEIJ AND SYMMEDIAN LINES. 

DEF .-Two lines AX, AY are ,�a�'d to be ISOGONAL 
CONJUGATES, w£th respect to an angle BA.C, when they make 
equ(tl ang les �f)ith �'ts b�'seotor. 

Prop. l .-If frorn A 
two poz'nts X, Y on two 
h'nes AX, AY, which 
are isogonal conJugates 
t()�'th respect to a gz'ven 
angle BAC, perpend�'­
culars XM, YN, XP, 
YQ be drawn to �'ts 
8ides ; then-

1°. The (rectangle 
X}f . YN = XP . YQ. 

2°. The po�'nts M, N, :B 
P, Q are ooncycl£c. 

. 

3°. MP is perpendicular to AY, and NQ to AX. 

o 

Dem.-l 0 •  From the construction, ,ve hav e  evi­
dently XM : AX : : YQ : AY', and AX : XP : : .AY 

N 
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: YN. Hence [Euo. V. XXII . ] XM : XP : : YQ : YN ; 
therefore X¥ . YN = XP . YQ. 

2°. In the same manner Al\l : AX : : AQ : AY, and 
AX : AP : : AY : AN. Hence A M  : AP : : AQ : AN ; 
therefore AM . AN = AP . AQ. Hence the points M, 
N, P, Q are concyclic . 

So. Since the angles AMX, APX are right, AMXP 
is a cyclic quadrilateral ; therefore the angle MAX = 
MPX ; but MAX = YAQ. Hence MPX = YAQ, and 
PX is perpendicular to AQ. Hence PM is perpendi­
cular to AY. Similarly, QN is perpendicular to AX. 

COR. I .-If the rectangle conta£ned by the perpend�'­
()ulars from two g�'ven points on one of the s�·des of a g�"ven 
angle be equal to the rectangle oontained by the perpendi­
oulars from the same point8 on the other s�"de, the hOnes 

Jo£n�"ng the ver tex of the angle to the po�'nts are isogonal 
oonJugate8 w�"th respect to the angle. 

Prop . 2.-The �'sogonal conJugates of three conourrent 
lines AX, BX, CX, with respeot to the three angles of a 
triangle ABC, are conourrent. 

Dem.-Let the isogo­
nal conjugates of AX, EX 
be AY, BY, respectively. 
Join CY. It is required 
to prove that CY is the 
isogonal conjugate of CX. 

From 1°, Prop . 1 ,  the C 
rectangles of the perpen­
diculars from X, Y on the 
linesAC, BC  are each equal 
to the rectangle contained 
by the perpendiculars from X, Y on AB. Hence they 
are equal to one another, and therefore, by Prop . 1 ,  
Oor. 1 ,  the lines ex, CY are isogonal conjugates with 
respect to the angle C . .  
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DEF.-Tlw poz"nts X, Y are called isogonctl conjugates 

with respect to the triangle ABO.  
COR. I .-If X, Y b e  isogonal conJugate8 with respect 

to a triangle, the three rectangles contained by the dis­
tances of X, Y from the sides of the tr�'angle are equal to 
one another. 

COR. 2 .-The middle p01:nt of the line XY is equally 
distant frorn the profect�'ons of the points X, Y on the 
three sides of the tr�·angle. 

Exerc ises.  

1.  The sum of the angles BXO, BYO is 1800 + A. 

2 .  The line joining any two points, and the line joining their 
isogonal conjugates, with respect to a triangle, subtend at any 
vertex of the triangle angles "rhich are either equal or supple­
mental. 

3 .  AM2 : AN2 : : BM . MO : BN . NO . (STEINER . )  
4.  If  the lines AX, AY meet the circumcircle of the triangle 

ABO in M', N', then the rectangles AB . AO, AM . AN', and 
AM'. AN are equal to one another. 

5 .  The isogonal conjugate of the point M' is the point at in­
finity on the line AN' . 

6 .  If three lines through the vertices of a triangle meet the 
opposite sides in collinear points, their isogonal conjugates will 
also meet them in collinear points . 

7.  If upon the sides of a triangle ABO three equilateral tri­
angles ABC',  BOA' , CAB' be described either externally or in­
ternally, the isogonal conjugate of the centre of perspective 
of the triangles ABO, A'B' O' , is a point common to the three 
Apollonian circles of ABO . (See Cor.  3, p .  86 .) 

8 .  If the lines MX, QY in fig. Prop . 1 ,  intersect in D ,  and 
the lines MP, NQ in E, the lines AD, AE are isogonal conj ugates 
with respect to the angle BAO.  

9.  I f  D, E be  the points where two isogonal conj ugates, with 
l'espect to the angle BAC, meet the base BO of the triangle B AC 
and if perpendiculars to AB, AO at the points B, C meet the per 
pendiculars to BC at D, E in the points D /, E' ; D" , E", respea 
tively ; then BD'.  BE' : CD". CE" : : AB4 : AC4 . 

1 0 .  In the same case BD . BE : OD . OE : : ABz : AOz. 
N 2  
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DEF.-The 'right lines AB', AC'  are said to be iso­
ton�i() conJugates, with respeot to a side BC, of the tri-

A 

B L....--�---�-� C 

angle ABC, when the intercepts BB', CC' on that side are 
equal. 

Prop . 3 .-If tu'o points 
triangle, be such that the 
ltOnes AX, AY are isoto­
'JnicA with respect to the 
side' B C ; B X, BY with 
respect to A C ;  then ex, 
CY are isotomic con­
iugates with respect to 
AB. 

x, Y, in the plane of a 
A 

Dem.-Produce AX, 
AY to meet BO in A', 
A" ; BX, BY to meet B C 
AC in 13', B" ; and ex, CY to meet AB in C' ,  C", re­
spectively. Then AB'. BO'. CA'= A.'B . B'C . C'A ; and 
AB" . B C". CA" = A"B . B"C . C"A.  [VI . ,  Section 1 . ,  
Prop . 2.J 

Hence, multiplying these equation s, and omitting 
terms that cancel each other, we get BC'. AC" == C" A. .  
C' A. Hence BC" = C' A .  Q .E . D .  
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DEF.-Two points, X, Y, are sa�'d to be i80tonl�'o oonJu­

gates, w�'th respeot to a triangle ABC, when the pa�'rs of 
h'nes AX, AY ; BX, BY ; CX, CY are �'80t01Jn'o oon­
jugates, with respeot to the sides BC, CA, AB respec­
tively. 

Exe rc i ses . 

1 .  If the multiples :for which the point X is the mean centre of 
the points A, B, C be a, /3, 1' ;  prove that �, �,  � are the mul­

a /3 I' 
tiples :for which the isotomic conjugate of X is the mean centre of 
the points A, B, O.  

2 .  If  a right line meet the sides of a triangle in the points A', 
B' , C' ; prove that the triads of points in which the isogonal and 
the isotomic conjugates of AA', BB', OC' ,  with respect to - the 
angles A, B, 0, meet the sides of the triangle, are each collinear. 

DEF.-Lines BO, B'O' are said to be antiparallel, w�'th 

A 

c '  

B '----------� O 

respeot to the angle A, when the angle ABO is equal to 
AC' B'. 

There are three systems of alltiparallels with re­
spect to a triangle ABC. 

1 ° .-Antiparallels to BC with respect to the opposite 
angle A. 

2°. " CA " 13 .  
3°. " AB " C.  

Prop . 4.-The antiparallels to the sides of a tr�'angle 
are parallel to the tangents to its oircu17�circle at the 
angular points , 
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For if LMN be the triangle formed by the tangents, 
the angle MAC is [Euo. Ill. XXXII. ] equal to ABC ; 
therefore MAC = AC'B', and hence AM is parallel to 
0']3'. 

COR. I-The points B', C' ; B, C are oonoyohoo. 

COR. 2 .- The hOnes foin�·ng the feet of the perpenilicu.­
lars of a triangle are antiparaUel to its sides. 

DEF.-The isogonal conjugate of a median AM of a 
triangle �'s called a symmed2°an . 

It follows from Prop . 2 that the three symmedians 
of a triangle are concurrent. The point of concur­
rence (le) is called the symmedian point of the triangle. 

Prop . 5 .-Th.e perpendiculars from K on the sides of 
the triangle are proportional to the 82°des . 

Dem.-Let the perpendiculars from M on the sides 
AB, AC be �ID, ME, and from K on the three sides 

C' 

.K 
x, ,!!, z .  Then [Prop . 1 , l°J MD . % = ME . 'Y ;  but MD . 
AB = ME . AC . Hence y : % ; : AC : AB? which proves 
the proposition ! 
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x y % 2Ll 

a = b = "0 = a2 + b2 + c'4-
COR. 1 .-

COR. 2 .- The symmed�'ans of a tr�'angle are the rned./l·an8 
of its ant�'parallel8 .  

COR. 3 .-Tlte sy?J�nzed£an AS divides 130 in the ratio 
AB2 : A02. 

COR. 4 ,-The rnult'lples for wlt'l'ch le is the mean centre 
of the po£nt8 A, B, 0 are a2, b2, 02• 

COR. 5 .-The point K i8 the �'sogonal conjugate of the 
oen troid of the triangle. 

Prop . 6,-The symmed�'ans pass tltrough the poles of 
tlw s�'de8 of the triangle ABO w�'th respect to �'t8 circum .. 
oircle .  

Dem.-Let A' be the pole of BC. Let fall perpen­
diculars A'F, A'G ; then A'F : A'G : : sin A'BF : 
sin A'OG, or : : sin AOB : sin ABO ; . ' .  A'F : A'G : : AB 
: AC : : perpendicular from K on AB : perpendicular 
from K on AC. Hence the points A, K, A' are col­
linear. 

COR. I .-The polar of K is the ax£s of perspective of 
the tr�'angle ABC, and its reo�prooal, w�'th respect to the 
oircunzcircle. 

COR 2 ,-Tne tangent at A to the c'l'rcumc'l'1'cle, and the 
symmeaian AS, are narmont:o conjugates w�'th respect to the 
sides BA, AC of the trianglee 

Prop, 7.-The sum of the square8 of the' d'l'8tances of 
1{ !r'om the 8'l'des of ABO 2'S a mint'nzum. 

Dem.-Let x, 'J/, % be the distances of any point 
whatever from the sides of ABC, and let � denote 
its area. We have , the identity 

(X2 + y2 + %2)(a2 + b2 + c2) - (ax + by + C%)2 
= (ay - bx)2 + (b% - cy)2 + (cx - a%)2 ; 

but ax + by + C% = 26.�  Consequently x2 + y2 + %2 has its 
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minimum value when the squares . which occur on the 
right-hand side of the identity vanish ; that is, when 

x Y % 

a = b = c' 
COR.-K �'s the rnean centre of the feet of 'l�ts own 

perpendicztlars on the sides of the triangle ABO. 

X 
DEF .-If we put - = § tan w, w is called the Brocard 

a 
angle of the trt·angle . 

Prop. B .-cot w . = cot A + cot B + cot C. 

Dem.-From 5 ,  Oor. 1 ,  we have 

Hence 

but 

Hence 

4Ll 
tan w = 2 b2 Z '  a + + c 

2bc cos A + 2ca cos B + 2ab cos 0 
-

4� 

2bc cos A 
t A & 4.6. = co , c . 

cot w = cot A + cot B + cot O. 

OOR . -If the base and tIle Brocar;d ,angle of a tr�'angle 
be g�·ven, the locus of the syJnn�edt'an po�'nt 'l�S a r't'ght h'ne 
parallel to the base. 

Exerc ises. 

1 .  If ICa, Kb, ICe be the points 01 intersection 01 the symme .. 
dians with the sides 01 the triangle AB C, the al'e� 01 the triangle 

1 2.63 ICrKbICc = ( ') l ) . 2) 2 · a'" + ,'" + c . .  . 
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2 .  If the side BA of the triangle ABC be produced through A 
until AB' = BA ; and at B' and C be erected perpendiculars to 
BA, AC, respectively, meeting in I ;  AI is perpendicular to the 
symmedian passing through A. 

3 .  If A" be the pole of the line BC, with respect to the cir­
curncircle Aa", Ab", A/', the feet of  the perpendiculars from A", 
on the sides of ABC ; the area of the triangle Aa", Ab", Aa" 1 2�3 
= (b2 + 02 _ a2) z '  

4 .  In the sanle case prove that the figure A" Ab" Aa" At" i s  a 
parallelogram . 

SECTION 11 . 

T wo FIGURES DJRECTLY SIMILA.R. 

DEFIN.-Be£ng g£ven a system ofpo£nts A, 13,  C, D, 
. . . If upon the l£ne Joining them to a fixed po£nt 0 
po£nts A ', R', C', &c . , . . .  be determ�'ned by the condi-

. OA' OB' OC' 
t�ons 

OA. 
= OB = 

OC 
= &c. , · · · = k, the two sys-

tems of po£nts A, B, C, &c. , and A', B', C', &c. , are sa£il 
to be homothetic, and 0 £s called their honiothetic centre. 

Prop. 1.- 1 °. The figure homothet�'c to a r�ght h'ne �'8 
a parallel r�ght h·ne. 

2°. The figure hornot!wt�'c to a circle is a c�'rcle. 

Dem.-Io: This follows at once from the definition 
and Euc" VI. 11. . 

2°. It is evident from Book VI. ,  Section 11 . ,  Prop. 1 ,  
Cor. 4 .  

Prop. 2.-In two homothet�'c fi.q�tl'es- l 0 .  Two h·omo­
lOfJous lines are in the constant ratio k. 2°. Two cor­
responding tr�'angles are sinn"lar. 

These are evic1en t, 
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Prop . 3o-Being fJ'l°ven two hon�othetio systems, viz o ,  

ABC, . . . A'B'C' . . . If one of thmn , A'B'C', . . .  be 
turned round the h01nothetio centre 0, through a constant 

B 

0·' 

angle a, 'lento a new pos'l°tion A"B"C" ; . . . then-l o. Any 
two homologous hOnes (AB, A"B ") are 'l°nchoned at an angle 
a to each other. 2°. The tr�Oangles OAA", OBB", &CO , 
(ire s'l°nzilar to each other. 

Dem. - By hypothesis, the angle OAB = OA/B' 
= OA"B", and the angle OZA" = OZQ [Euc. I.  XV o J .  
Hence [Euco I. XXXII . ] the angle A"OZ = ZQA. Hence 
ZQA = a' . 

Again", the triangles O AB, qA'B' are equiangular. 
Therefore OAB and OA"B" are equiangular. Hence 
OA : OB : : OA" : OB" ; . ' . OA : OA" : : OB : OB" ,  and 
the angle AOA" = BOB" . Therefore [Euc . VI. VI. ] the 
triangles AOA", BOB" are similar. 

COR. 1 .-Reoiprocally.-If upon the hOnes drawn from 
a fixed point 0 to all the angles of a polygon ABCD, &c. , 
similar triangles OAA", OBB", OCC" be descr/bed, the 
polygon forn�ed by the vertices A", B", C", &c. ,  'l°S s�omilar 
to the original polygon ABCD. 

CORo 2 .-If 0 be " considered as a potent belonfJ'l°nfJ to the 
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first figure , it will be its own homologttte in the secona 
figure. 

DEF.-The point ° is called a double point of the two 
figures ,· it is also callea their centre of similitude. 

Prop. 4.-Bel:ng given two polygons direotly 81�'inilar, 
it is required to find their double point. 

Let AB, A'B' be two homologous sides of the figures ; 
C their point of intersection. Through the two triads 
of points A, A',  C ;  E, E', C describe two circles inter-

A _______ 

secting again in the point 0 :  0 will be the point re­
quired. For it is evident that the triangles OAB, OA/B' 
are similar, and that either may be turned round the 
point 0, so that the two bases AB, A/B' will be 
parallel. 

O bservat ion .-The foregoing construction must be modified 
'when the homologous sides of the t"wo ngures are consecutive 

B ��-------T--'H---� 

sides BA, AC of a triangle. In tl1is case, upon the lines BA, 
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AC describe two segments BOA, AOO , touching AC, BC, re­
spectively, in the point A. Then 0, their point of intersection, 
will be' the double point required, for it is evident that the tri­
angles, BOA, AOC are directly sinlilar . 

COR. I .-If AO be produoed to 1neet the ()�·roumo�·role 
of the tr�Oangle ABC �On D ,  AO is biseoted �'n D .  

Dem o-Produce B O  to meet the circle in E .  Join 
ED. Now since the triangles BOA, AOC are directly 
similar, the angle OAC = ABO, and thererore = ODE. 
In like manner, the angle ACO = DEO . Now, because 
the angles DAC and ADE are equal, the arc CD = AE, 
Hence DE . AC ; . . . chord DE = AC ; . . . [E�to. I .  XXVI . ] 
DO = OA. 

COR. 2 .-The dl:stances of the double point from any 
two hon�ologous points A, A' are �'n a g�Oven rat,,:o, beoc�use 
the dl:stanoes are hmnologous hOnes. 

COR. 3.--The perpendioulars drawn from the double 
point to any two homologous hOnes are in a given rat�·o . 

COR. 4.--The angle subtended at the double po�'nt by 
the line Join�Ong two homologous points �os oonstant. 

COR. 5 .  --The l?:ne A 0 passes through the sym1nedl:an 
po�Ont of the tr�Oangle BAC ,. beoause the perpend,,;oulars 
frorn the symn'�edian point on the b;nes BA, AC are pro­
portional to these lines, and therefore proportl;onal to the 
2Jerpend'iculars frorn 0 on the 8Ct1ne lines .  

COR. 6 .--qBD be  Joined, the reotangle AB . BD : A02 
: : BC : CO.  

Prop. 5.--The oentre of sirnilitude of a gl:ven trl:angle 
ABC, and an equl;ctngular �onsor't°bed triangle, �·s one or 
other of t100 fixed points .  

Dem.-Let DFE be an inscribed triangle, having 
the angles D,  F, E equal to B,  A, C, respectively. 
Then the point common to the circles BDF, AFE? 
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CED will [Ill . ,  Section 1. , Prop. 1 7J be  a given point : 
if this be 0, 0 will be the centre or similitude or the 
triangle ABC, and an equiangular inscribed triangle, 
such as DFE, whose vertex F, corresponding to A, is 
on the line AB. In like manner, there is another point, 
0', which is the centre or similitude of ABC,  and similar 
inscribed triangles such as E'F'D', having the vertex 
corresponding to A on the line AC. 

! 
I 

� B'�----------�----------��--� C 

DEF.-O, '0 are oalled the 13rooard po£nts of the tr�·­
(tngle ABC .  

COR. I .-The circumc",Orole of the triangle Ann touohe8 
nc in B .  

Dem.-Since n i s  the double point of the triangles 
ABC, DEF, the triangles {lBD, OFA are equiangular ; 
. . .  the angle OBD = OAF. rrherefore the circle AOB 
touches BC in Bo  In like manner, the circumcircles 
of the triangles BOC, cnA touch respectively CA in C, 
and AB in A. 
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COR. 2.-The three angle8 nAB, nB C, nCA are equal 

to one another, and each 'Z·8 equaZ to tlw Br'ocard angle of 
the tr�·ang le . 

Dem.-The angles are equal [Euc . Ill. XXXI! . ] .  Let 
their common value be w. Then, since the lines AD, 
Bn, cn are concurrent, we have, from Trigonometry, 

sin 3W = sin (A - w) sin (B - w) sin (C  - w) . 

Hence cot w = cot A + cot B + cot C. 

Therefore w is the Brocard angle of the triangle (Sec­
tion 1. , Prop . 8 ) .  

Exe rc i ses.  

1 .  Inscribe in a given triangle ABC a rectangle similar to a 
giyen rectangle, and having one side on the side B C  of the tri­
angle. A is the homothetic centre of the sought rectangle, and a 
sinlilar rectangle constructed on the side BC .  

2 .  Inscribe in a given triangle a triangle whose sides will be  
parallel to the three given lines . 

3.  From the fact that a trian gle ABC, and the triangle A'BICI, 
,vhose vertices are the llliddle points of the sides of ABC, are 
hom othetic ; prove-1°, that the medians of ABC are concurrent ; 
2°, that the orthocentre, the circumcentre, and the centroid of 
ABC are collinear. 

4. Sho'w that Proposition 9 of Book VI . ,  Section l. , and its 
001 .. are applications of the theory of figures directly similar. 

5: "  If figures directly similar be described on the perpendicu­
lars of a triangle, prove that their double points are the feet of 
perpendiculars let fall from the orthocentre on the medians . 

6 .  The Brocard points are isogonal conjugates with respect to 
the triangle BAC. 

7 .  The system of multiples for which n is the mean centre of 

A B C · 1  1 1  
h 

f , . 1 1 1  
, , IS b2' c2' ((,2 ; and t e system or .n IS c2' a2 ' b'l. . 

8 .  If the line A'B '  (Fig . ,  Prop . 4) turn round any given point 
in the plane, while AB remains fixed, the locus of the double 
point 0 is a circle. 
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9 .  If through A [second Fig . ,  Prop . 4] a line AF be drawn 

parallel to BU, and meeting the circle AOC again in F ;  prove 
that BF intersects the circle AOC in a Brocard point. 

1 0 .  In the same Fig. , if BC cut the circle AOC in G, prove that 
the triangles AB C,  ABG have a common Brocard point. 

SECTION Ill. 

LEMOINE'S, TUCKER'S ,  A.ND TA.YLOR' S CIRCLES. 

Prop . I .-The three parallels to the s�'des of a tr�·angle 
through its symmedian po�·nt meet the sides �'n s�·x con­
cy cl1:c po�·nts . 

Dem.-Let the parallels be DE', EF', FD'. Join 
ED', DF', FE'. Now AFKE' is a parallelogram. Ale 

bi sects FE'. Hence [Section 1. , Prop. 5, Cor. 2J FE' 
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is antiparallel to BC. Similarly DF' is antiparallel to 
AC. Hence the angles AFE', BF'D are equal ; hence 
it is easy to see that FE' is equal to F'D .  In like 
manner it is equal to ED'. 

Again, if 0 be the circumcentre, OA is perpendi­
cular to FE'; therefore the perpendicular to FE', at its 
middle point, passes through the middle point of ICO .  
Hence, since FE' = ED' = DF' , the middle point of K O  is 
equally distant from the six points F, E', E, D', D, F. 

This proposition was first published in 1 8 73 ,  at the 
Congress of Lyons, .A.ssoc�·at�·on Francaise pour l' avance­
rnent des Sc�'ence8 , by M. Lemoine, who may be re­
garded as the founder of the modern Geometry of the 
triangle . It was rec1iscovered in 1 8 83  by Mr. Tucker, 
Quarterly Journal of Pure anct A.pph·ect lI£athernat�'cs, 
p.  340 .  

I proved, in January, 1 8 86 (Proceedings of the Royal 
Irish Academy),  that polygons of any number of sides 
called harmonic polygons, can be constructed, for 'which 
a corresponding proposition is true. [See Section -VI. ] 

DEF.- We shall call the circle through the ' s�'x po�'nt8 
F, E', E, D', D, F' Lemo�'ne' s circle, and the hexagon of 
wh�'ch they are the angular po�'nts Lemo�'ne' s hexagon. 

COR. 1 .--The s£des of the tr�'angle ABC are div�'ded 
synunetr£caUy oy Lemo�'ne' s c�·rcle. 

For it is easy to see that 

A.F : FF' : : F'B : 02 : c2 : aZ ; 
BD : DD' : : D'C : c2 : a2 : 02 ; 
CE : EE' : : E' A : a2 : 02 : 02• 

COR. 2.-The �'ntercepts DD', EE', FF' are proporr .. 
t�'onal to a3, 03, 03• 

Dem.--Let fall the perpendicular AL ; then, since 
the triangles DICD', B.A.O are similar, 

DD' : x : : BC : AL : : aZ : 2�. 
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Hence 

In like manner, 

EE' = h3 , FF' = 03 • 
a2 + h2 + 02 a2 + b2 + 02 

On account of this property, lfr. Tucker called the 
Lemoine circle " 'fhe Triplicate Ratio " circle. 

COR. 3.--The 8ix triangle8 into whioh the Lemoine 
hexagon is divided by lines from K to �'ts angular point� 
are ea oh similar to the triangle AB O.  

COR. 4.-If h'nes drawn front the ang le8 of a triangle 
A.BC, throztgh a Brooard point, meet the o�'roumo�'role aga�'n 
�'n A', B', C', the figure AB'CA'BO' '/;'s a Lemoine hexagon. 

Prop . 2.-The rad�'oal axis of Lemoine' 8 oirole and the 
cir()u'mo�'role i8 the Pa80al' 8 h'ne of the Lemm:ne hexagon. 

Dem.-Let FE ' produced meet BC in X.  Then 
since FE' is antiparallel to BC, the points BFE'C are 
concyclic. .  Hence the rectangle EX . CX = FX . E'X. 
Therefore the radical axis of the Lemoine circle and 
the circumcircle passes through X. Hence the pro- ·  
position is proved. 

COR. 1 .--The polar of the 8ymmedian point, with 
respeot to the Lemoine ()�'role, i8 the Pa80al's h'ne of 
the Lemoine hexagon. 

For since DFE'D' is a quadrilateral inscribed in the 
Lemoine circle, the polar of K passes through X. In 
like manner, it passes through each pair of intersec­
tions of opposite sides. 

COR. 2 .-1f the ohord8 DE, D'E' inter8eot in p, EF, 
E'F' �'n q, and FD, F'D' �'n r, the tr�'angle pqr �'8 in per-
8peotive with ABO .  

Dem.--Join Aq, Op, and let them meet in T ;  then 
denoting the perpendiculars from T on the sides vi 
ABO by a, /3, "/' respectively, we have a : /3 : : per­
pendicular from p on 13C : perpendicular from p on 

o 
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CA-that is, : : DD' : EE', or  : : a3 : b3• In like man­
ner, f3 : y : : b3 : (;3.  Hence a : y : : a3 : 03 : : perpen­
dicular from r on BC : perpendicular from r on AB . 
Hence the line Br passes through T. 

COR. 3 .-The perpendiculars from the centre of per­
spective of ABO, pqr, on the sides of ABO are propor­
t�'onal to a3 , b3 , c3• 

COR . 4.-Tlle �'ntersect�'ons of tl�e ant�parallel chords 
D'E, E'F, F'D with Lemoine' s parallels DE', EF' , FD', 
respectively, are collinear, the line of collinearity being 
the polar of T with respect to Lemoine's circle . 

Dem.-Let the points of intersection be P, Q, R ;  
then OpP torms a self-conjugate triangle with respect 
to Lemoine' s circle . Hence P is the pole ot Cp. 
Similarly Q is the pole of Aq, and R the pole of Br ; 
but Aq, Op , Br are concurrent. Hence P, Q, R are 
collinear. 

Prop . 3.-If a tr�'angle a/3y he homothetic with ABC, 
the hOlnothetic centre being the symmedian point of ABO ; 
and �f the sides of a{3y produced, if, necessary, meet those 
of ABO �'n the points D, E' ; E, F' ; F, D' ; these six 
points are concyclic. 

Dem.-Let K be the symmedian point. From the 
hypothesis it is evident that the lines A.K, BR, OR are 
the medians or FE', DF', ED'. Hence these lines are 
antiparallel to the sides ot the triangle ABO, and 
therefore, as in Prop . 1 ,  the six points are concyclic . 

COR. I .-The C1�rcumcentre of the hexagon DD/EE'FF' 
bisects the d'l:stance between the c�'rcumcentres of tIle tr�'­
angles ABO, a{3y. 

COR. 2 .-If the triangle a{3y vary, the locus of the cir­
()umcentre of the hexagon �'s the l�'ne OK . .  

The circumcircles of the hexagon, when the triangle 
a{3y varies, were first studied by M. IJEMOINE at the 
Uongress of Lyons , 1873 .  Afterwards by NEUBERG 
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see Mathesis, vol .  i . ,  1 88 1 ,  pp. 1 85- 1 90 ; by M'CAY, 
Educat'l:onal T'/;'mes, 1 883, Question 755 1  ; by TUCKER, 
Quarterly Journal of Pure and .Apph'ed Mathematz'cs, 
vol . xx, , 1 8 85, pp. 57-59.  Neuberg has called them 
TUCKER'S CIRCLES. 

COR. 3 .-If the tr'/;'angle a{3y reduce to lIte poz'nt K, the 
TUCKER'S CIRCLE, whose centre '/;'s the m�'ddZe po�'nt of OK, 
t"s LEMOINE'S CIRCLES. 

A 

.... - .. ... .... .... 

- - ... .... ...... -

Br-------�----------------------��--� 

COR. 4.-If parallels to the s'/;'des af the orthocentre tr'i­
angle pass through K, the · centre of the TUCKER' S c'/;'rcle 
w'/;'ll be K, the '/;'nscribed tr2'angles w'/;'U have the'/;'r sz'des 
perpendicular to those of ABO, and the intercepts which 
the circle makes on the s'/;'des of ABO w£U be propo1"t£onal 
to the cosines of its ang leB . This '/;'s called the COSINE CIRCLE. 

0 2  
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COR. 5 .-The centre of perspective of ABC, and the 
tr�·angle formed by the points F, D ,  E, �·s the Brocard 
point 0, and of ABC and E'F'D' �·s 0' . 

COR. 6 .-If 01 be the centre of a Tucker's circle, and 
Rl its rad�·us, 00 : 0 10 : : R : Rl : : 00' : 010'. 

Prop . 4 .-1£ A', B', C' be the vert�·ces of the ortho­
centr�·c tr�·angle of ABC, and K, N ;  K', N' ; K", Nil 
their projections on the sides, these J?roJect�·ons are con­
cych·c. 

A 

B�----------------��--------��--��� C 
Dem.--Let H be the orthocentre . Then the figures 

AICA'N, Aa'HB' are homothetic, A being the homo­
thetic centre. Hence KN is parallel to a'B', and 
evidently K'K" is antiparallel to a'B' ; . . . K'K" is 
antiparallel to RN. Hence the points KK'K"N are 
concyclic . Similarly K'K"KN' are concyclic. Hence 
the proposition is proved. 

This circle was first discussed in England by H. M. 
Taylor in a Paper published in the Pro(}. of the London 
Mathematical Society, vo!. xv., p. 1 22. It is called 
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the Taylor circle of the triangle. I shall denote it by 
the letter T, and the Taylor circles of the triangles 
BHC, CRA, ARB, respectively, by T1, Tz, T3 • 

Prop . 5.-The choras KN, I{'N', KI/N" of T meet the 
sides of the triangles BHC, CHA, ARB, respectively, in 
their points of �'ntersection with the Taylor' s circles of 
these triangles. 

Dem .-Let KN meet BH in L, and HC in M. Now 
it is evident that the point A' is common to the circuDl­
circles of the four triangles formed by the lines AB, 
AC,  BB', CC'. Hence [Book Ill . ,  Prop. 12 ,  Oor. 2J 
the proj ections of A on these lines are collinear ; there .. 
fore the points L, M are the projections of A' on BH, 
HC, respectively . Similarly )\{' is the proj ection of 
]3' on HC, and M" of C' on BH. Therefore the circle 
Tl passes through the points L, }f ;  M', N' ; }I", Nil ; 
that is, through the points of intersecti on of KN, K'N', 
KilN", with the sides of the triangle BHC. Hence the 
proposition is proved. 

Prop. 6 .-The centres of T , T1, Tz, Ta co in ciite respectively 
with the incentre and the excentres of the triangle formea 
by ioin�'ng the middle points of the 8ide8 of the orthocentric 
triangle of ABC. 

Dem.-The line KN is evidently the Simson's line 
of the point A' with respect to the triangle BHC', and 
C' is the orthocentre of BHC'. Hence A'C' is bisected 
by KN [Book Ill . ,  Prop . 1 4J .  Similarly, KN bisects 
A'B', therefore it bisects two of the sides of the triangle 
A/B'C', and similar properties hold for K'N', and KilN. 
Hence, if a, /3, y be the middle points of the sides or 
A'B/C', each of the lines KN, K'N', KI/NI/passes through 
two of these points. Again, since B'C' is bisected in 
a ,  the triangle aN'NI/ is isosceles, and the bisector or 
the angle a bisects N'N" perpendicularly, and therefore 
passes through the centre or T. Similarly, the hisectors 
of the other angl es or the tria.ngle a(3y pass through the 
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centre of T. Therefore the centre of T is the incentre 
of the triangle a(3y. Similarly, the excentres of a(3y 
are the centres of T 1, T2, T3 • 

COR. 1 .-Taylor' 8 circle T is one of the 1'uclcer 8y8ten� 
of the triangle .£�B C .  

For, if "re consider the triangle KK"N' inscribed in 
ABO, the angle KK"N' is equal to KK'N', since the 
points K, I{', I{" ,  N are concyclic ; but KK'N' is equal 
to C,  since K'N' is antiparallel to AC. Hence KK"N 
is equal to C .  Again, N'KK" is equal to N'I{'K", 
which, since I{'K" is parall el to BC, is equal to K'N'B , 
and therefore equal to A. Therefore KK"N' is similar 
to ABC. Hence its circumcircle T is one of the 
Tucker system of the triangle ABC .  

COR. 2 .-The radical axes of the circles T, T] ,  T2, Ta 
talcen in pairs are tlM s�·des and the altitudes of the tri­
angle ABC. 

COR. 3 .-The figure formed by the centres of T, T1 ,  Tz, 
T3 is similar to, and in perspective toith, that formed by 
the points H, A, B,  C .  

For, H, A, B,  C aTe the incentre and the excentres 
of the triangle A'B ' 0', which is similar to, and in per­
spective with, a(3y. 

Prop . 7.-Taylor's circle T cuts orthogonaUy the 
three escribed circles of the orthocentric triangle of A.BC, 
and each of the circles T1 ,  T2 , T3 cuts ortlwgonaUy the 
inscribed and two of the escribed circles of the same tri­
angle. 

Dem.-Let the perpendiculars from A, B, C on the 
lines B'O ', C' A.', A'B ' , respectively, be 71"1) 71"2, 71"3 , re­
spectively ; then 71"1 , 71"2 , 71"3 are the radii of the escribed 
circles of A'B/C'. Now, since the triangles AB'C', 
ABC are similar, 71"? : AA'2 : : AC/2 : AC2 ; that is, 71"12 : 
AN . AC : : AC . AI{" : AC2 ; . . . 71"12 = AN . AK"; but 
AN . AK" is equal to the square of the tangent from 
A to T. Hence the circle whose centre is A, and radius 
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?'rI , cuts the circle � _, orthogonally, and similarly the 
circles whose centr��13, C, and radii 71"2, ?'r3 cut T ortho­
gonally. Hence the proposition is proved. 

Prop. B.-If (]" be the semiper�'meter of the triangle a{3y: 
and p, PI, P2, P3 the rad�'i of its �·nc�·rcle and circumcircles ; 
then the squares of the radi�' of Taylor' s c�·rcle are, re­
spectively, p2 + (]"I2, PI2 + ((]"_ a)2 , PZ2+ ((]"_[3)2, pl+ ((]" - 1)2. 

Dem.-Since the triangle A'N"C' is right-angled at 
N", and A'C' is bisected in [3, N"[3 is equal to A'[3 ; 
that is [Euc. I .  XXXIV .] ,  equal to ay. In like manner, 
aK" is equal to (31. Hence N"R" = 2(]" ; and since the 
circle T passes through the points N", K", and is con­
centric with the incircle of a{3y, we have the square of 
the radius of T = p2 + tN"KI/2 = p2 + (]"2. 

Again, if 1\{"C' be j oined, the figure C'}\l"B'K" is a 
rectangle. Hence :NI"R" = 2aB' = 2{3y = 2a, but N"R" 
= 2(]" ; . ' . N"M" = 2 ((]" - a) , and, as before, the square or 
the radius of T 1 = P12 + ((]" - a? Hence the proposition 
is proved. 

COR.-The 8un� of the squares of the rach't' of Taylor' 8 
circles �'s equal to the square of the diameter of the circun�­
circle. 

For it is easy to see that the squares of the radii of 
the four circles are, respectively, equal to, 

4R2 (sin2A sin2B sin2C + cos2A cos2B cos2C), 
4R2 ( cos2A sin2B sin2C + sin2 A cos2B cos2C),  
4R2 ( sin2A cos2B sin2C + cos2A sin2B cos2C) ,  
4R2 (sin2A sin2B cos2C + cos2A cos2B sin2C), 

and the sum of these is 4R2. 

Exe rc ises. 

1 .  The chords DE, EF, FD of Lemoine's hexagon meet the 
chords F'D', D 'E',  E'F', respectively in three points forming a 
triangle homothetic with ABO. 

2 ,  The trian gle formed by the three alternate sides DF', FE', 
ED' , produced, is homothetic ·with the orthocentric triangle, and 
their ratio of similitude is 1 : 4 cos A cos B cos o. 
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3. Th e system of circles which are circles of similitude of the 

circumcircle and Tucker' s circles, respectively, are coaxal. 

4.  The perpendiculars from K on the sides of the triangle 
Ex. 2 are proportional to a2, bZ, cZ • 

a3 + b3 + c3 + 3abc 
5 .  The perimeter of Lemoine' s hexagon is Z b2 2 ' a + + c 

• A (a4 + b4 + c4 + a2b2 + bZcz + c2(2 ) 
and Its area ( 2 bZ ? ' Z  • a + + c", 

6.  If t.he cosine circle intersect the sides of  ABO in the points 
D ,  D' , E', E', F, F' ,  the figures DD'E'F, EE'F'D, F F 'D 'E are 
rectangles ; and their areas are proportional to sin 2A, sin 2 13, 
sin 20.  

7. In the same case, the diagonal of each rectangle passes 
through the synlmedian point . This affords a proof of the 
theorem, that the middle point of any side, the middle point of  
its corresponding perpendicular, and the symmedian point, are 
collinear . 

8 .  If the sides of the tdangle o./3')' (fig. ,  Prop . 3) produced, 
if necessary, meet the tangents at A, B, 0 to the circumcircle , six 
of the points of intersection are concyclic, and three are collinear. 

9 .  If the distance OK between the circumcentre and syrome .. 
dian point be divided in the ratio l : m by the centre of one of 
Tucker' s circ�es, and if R, R' be the radii of the circumcircle and 

. / Z')R'2 2R2 
h . 

. 1 h d' f T k '  . 1 . V � 
+ m 

t e COSIne clrc e, t e ra IUS 0 uc er s 011'C e IS l . 
+ n� 

10 .  The square of the diameter of Lemoine' s circle is R2 + R'2 . 
1 1 .  If a variable triangle o.l3/' of given speci es be inscribed in 

a fixed triangle AB O, and if the vertices of o.f3/' move along the 
sides of ABO,  the centre of similitude F of o.f3/', in any two of its 
positions, is a fixed point . (TOWNSEND. )  

12 .  In the same case, if the circumcil'cle of o.f37 meet the sides 
of ABO in the th ree additional points a' , f3', /,' ; the triangle a' {3'/,' 
is given in species, and the cent.re of similitude F' of it, in any 
two of its positions, is a fixed point. (TAYLOR. ) 

1 3 .  Also F, F' are isogonal conjugates with respect to the 
triangle. 

14.  The locus of the centre of the circle a./3/, is a right line . 

1 5. If through the Brocard points and the centre of any of 
Tucker' s circles a circle be descrihed, cutting Tucker's circle in 
X, Y ;  prove nX + .11' X = n Y + n'Y = constant. 
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1 6 .  The locus of the inverse of either Brocard point with respect 
to a Tucker circle is a right line . 

1 7 .  If the middle points of the lines AH, BH, CH be A", B", 
C", respectively, and the middle points of the sides BC, CA, AB 
be A"', B'' ' ,  C" ' ; then the Simson' s line of any of these six 
points, with respect to the triangle A'B'C', passes through the 
centres of two of Taylor' s 'circles . 

1 8. If the orthocentres of the triangles AB' C' , HB'C'  be P, Q, 
respectively, the lines A'P, A'Q are bisected by the centres of two 
of Taylor' s circles . 

1 9 .  The Simson ' s lines of any vertex of the triangle A/ B 'O',  
with respect to the four triangles A"B"C"', B"C" A' ' ' ,  C" A"B"', 
A"'B" ' C '" pass respectively through the centres of Taylor' s  
circles. 

20.  Prove that the i ntercept which the loci in E x .  1 6  make on 
any side' of the triangle subtends a right angle at either Brocard 
point. 

SECTION IV. 
GENERA.L THEORY OF A SYSTEM OF THREE SIMILAR 

FIGURES. 
Notation.-Let Fh F2, Fa be three figures directly 

similar ; aI ,  a2, aa three corresponding lengths ; at the 
constant angle of intersection of two corresponding 
lines of Fz and F3 ; az, a3 the angles of two correspond­
ing lines of F3 and Fl , of FI and Fz, respectively ; Sl 
the double point of F2 and F3 ; ,  S2 that of F3 and Fl ; 
S3 that of Fl and F2• We shall denote also by (0, AB) 
the distance from the point ° to the line AB. 

DEF. I . -The tr£angle formed by the three double po�'nts 
SI ' S2 ' S3 is called the triangle of si1nilitude ofF} , F 2, F3 ; 
and �'t8 circumcz"rcle the�'r c�'rcle of 8£n�ilitude. 

Prop . I .-In every 8y8ten� of three figures il�'rectly 
8imilar, the tr�'angle formed by three homologou8 h'ne8 �'s 
in per8pective with the tr�'angle of similz'tude, and the 
locu8 of the centre of per8pect�'ve �·8 their circle oJ 8�'n�ih' .. 
tud@. 
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Dem.-Let db dz, a3 .be three homologous lines 
forming the triangle DIDzD3 ; we have, by hypothesis, 

Hence it follows that the lines 81Dl ,  SzDz, 83D3 co­
intersect in a point K, 'v hose distances from the lines 
aI , d2, a3 are proportional to aI, a2 , a3 " The triangle DIDzD3 
being given in species, its angles are the supplements 
of aI, az, a3 ' Hence the angles D1KDz, DzKD3' D3KDl' 

are constants ; that is, the angles 811(S2' S2KS3' 83K81 
are constants . Hence the point K moves on three 
circles passing through SI and 82, Sz and S3' S3 and SI ; 
that is, it moves on the circumcircle of the triangle 
8lS283• 
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DEF. 2.-The po�'nt K �'8 (Jalled the per8pect�'ve centre 
of the trt"angle D1D2D3. 

Prop . 2 .-In every 8y8tem of three 8imilar figure8 
there �'8 an infinite nUlnber of tr�'ad8 of concurrent h01no­
logou8 line 8 • The8e It'ne8 turn ro'und three fixed po�'nts 
P b P z, P 3 �f the circle of 8�'n't ilitude, and the�'r po't'nt of 
concurrence �'s on the san'te circle. 

Dem.-Let K be the perspective centre or a tri­
angle Dl DZ D3 formed by three homologous lines . 
Through K draw three parallels, lCP1, KPz, KP3 to the 
sides of DIDzD3 ' These are three homologous lines . 

For 
( SI ' RP 2) 

= 
(S  1 ,  cl2) = 

a2
, 

& c. 

(SI '  I{P 3) (SI' d3) a3 

The point PI is fixed ; ror the angle SIICP 1 is equal to 
the inclination KDl to DZD3' which is constant. Hence 
the arc SP1 and, therefore, the point PI is given 
Similarly the points P2 , P3 are fixed. 

DEF. 3 .-The po�'nt8 PI, Pz, P3 are called the �'nvar�'able 
points, and the triangle P1P2P3 the invart'able triangle. 

COR. I .-The invariable triangle �'s inversely 8im,ilar 
to the triangle formed by three h01nologo�ls line8 . 

For the angle PZP3Pl = PZKP1 = angle DID3DZ' and 
similarly ror the other angles .  

COR. 2 . -The invariab le point8 for1n a 8ysten� of three 
correspond�'ng po�·nts. 

F or the angle 
S1P2 (SI '  I{P2) ([2 

P2S1P3 = aI , and 
S1P3 

= 
(S} ,  KP3) = a3• 

COR. 3 .-The lines of connex�'on of the �'nvarz'able po�'nts 
PI ' Pz, P3, to any point what(1)er (K) of the circle of sz'n'tz'­
lit�lde, are three (Jorrespond�'ng lines of the figures Ft, 
Fz, F3 • 
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In fact these lines pass through three homologous 

points, Pt, Pz, P3, and make with each other, two by 
two, angles equal to ab az , as · 

Prop. 3.-- Tlte triangle forrned by any three correspond­
ing points is �'n perspective with the invariable triang le, 
and the locus of their centre of perspective �'s the circle of 
8imilitude. 

Dem.-Let BI, Bz, B3 be three corresponding points ; 
then PIB}, PZB2, P3B3 are three corresponding lines ; 
and since they pass through the invariable points they 
are concurrent, and their point of concurrence is on 
the circle of similitude. Hence the proposition is 
proved. 

Prop. 4.--The �'nvariable triangle and the triangle of 
similitude are in perspectz've, and the distances of their 
centre of perspective from the sides of the �'nvariable tr�'­
angle are inversely proportional to aI , a2, a3 • 

Dem.--W e have 

az S}P2 (S} ,  PIP2) a3 (S2' P2P3) al (S3, P3PI ) 
a3 = SlP3 = (SI '  PlP3)

; 
al = (S2' P2P1)

; 
a2 = (S3' P3P2) · 

Hence the lines SlPb S2Pz, S3P3 are concurrent. 

DEF. 4.-The centre of perspect'l've of the invariable 
triangle , and the tr�'angle of s�'nn'litude, is called the 
director point of the three similar figures F 1 , F 2, F 3 ' 

Prop. 5.--

Let S/ be the point of F}, which �'s hontologous to SI' 
considered 't'n Fz and F3• 

Let Sz' be the point of F 2 ,  which 'l's l� omolo[Jous to S2' 
considered in F3 and Fl� 

Let S/ be the pot"nt of F 3, which �'8 hontolofJou8 to S3' 
oons�'dercd in Fl and F�. 
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The tr1:angle 8/S2'S3' is in perspeoti1)e both w�:th the 

invartOable triangle and w�·th the tr�Oangle of s'l·militude ; 
and the three tr1:angles have a oommon centre of perspeo­
t�·ve. 

Demo--By hypothesis, the three points S/, SH SI 
are homologous points of �he figures F1, F2, F3. Hence 
the lines Sl'P 1, SIP z, SIP 3 are concurrent . Hence the 
points SI', PI, SI are collinear. Similarly S2' , P2, S2 
are collinear, and S3', P 3, S3 are collinear. Henoe the 
proposit1;on is proved. 

DEF. 5 .--The p01:nts S/, S/, S3' are oalled the ail/oint 
points of the figure8. 

Prop . 60--In three figures, F1, F2, F3, direotly similar, 
there exists an infin1:te number of systems of three corre­
sponding points which are colh·near. Their loci are three 
e'l·roles, eaoh passing thro'llg h two double points and 
through E, the oentre of perspeot�·ve of the trt·angle of 
similitude, and the invar'l:able triangle. .Also the line 
of oolh·near'l°ty of eaoh trt·ad of oorrespond'l°ng pO'l°nts passes 
through E. 

Dem.-Let Ou O2, . 03 be three homologous collinear 
points. Since S2 is the double point of the figures F3, 
F 1 ;  the triangles SZ0301, SzP 3P 1 are similar ; therefore 

. the angle S20301 is equal to the angle S2P3Ph and 
therefore [Buo. 111 o ,  XXI . ] equal to the angle S281E. 
In like manner, the angle 020381 is equal to SlSZE ; 
therefore the angle 820381 is equal to 8zE81• Hence 
the locus of 03 is the circumcircle of the triangle SlES2' 

Again, since 8203ES1 is a cyclic quadrilateral, the 
angles S2SlE, E03S2 are supplemental. Hence the 
angles 820301, E0382 are supplemental ; therefore the 
points Cl' 03, E are collinear, and the proposition is 
proved. 

COR. 1 .--The oiroumoirole of the triangle SlE82 pas8es 
through 83'. For S3' is a particular position of Oa. 
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COR. 2 .--.The l£nes· C1Pl , CzPz, C3P3 are con mt'rren t, and 

the locus of the�'r point of concurrence is the c£rcle of si'YJ�£­
l£tude . 

The substance of this 8ection is taken from Mathes-is, vol. ii " 
page 73. Propositions 1-5 are due to M .  G. TARRY, and Pro­
position 6 to NEUBEH.G. 

Exe rc i ses,  

1 .  If in the invariable triangle be inscribed triangles equian­
gular to the triangle Ol similitude, so that the vertex correspond­
ing to 8 1  will be on the side P2P3, &c , �  the centre of similitude 
of the inscribed triangles is the director point, 

2. If V!, V2 , V3 be the centres of the circles which are the 
loci of the points 01,  O 2, 03 ; then the sum of the angles PI ,  SI , VI 
is equal to the sum of P 2 , 82, V 2, equal to the sum of P 3, 83, Vs, 
eq ua 1 to two right angles. 

�. The system of multiples for which the director point is th e 
mean centre of the invariable points is a1 cosec C q ,  a2 cosec a2, 
03 cosec a3. 

4 .  The director point, and either the triangle of similitude or 
the invariable triangle suffice to determine the figures F1 , F2, F3,  

5. Prove that the triangles 81 8283', 828381' ,  838182' are similar. 

6 .  If 8 1'82 , 82'81 meet in 83", prove that the triangle 81 8283", 
and the two other analogous triangles 828381", 838182", are similar. 

SECTION V. 

SPECIAL ApPLICATION OF THE THEORY OF FIGURES. 
DIRECTLY SIMILAR. 

10 .  The Brocard circle. 

DEF. I .-If 0 he the c£rcun'tcentre, and K the symme­
il£an po£nt of the triangle ABC , the m:rcle on OK as 
dt'ameter �'s called the Brocarcl c£rcle of the triangle. 

DEF. 2 .-Iffrom 0 perpend£culars he drawn to the sides 
of the tr}:angle ABC, these meet the Brocard m:rcle �'n three 
other po£nts A', B', C', formtt'ng a tr£angle, which we 8hall 
call Brocard's F£rst Trz'angle. 
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The Brocal'd circle is called after M .  H.  BROCARD, Chef de 
B ataiUon, who first studied its properties in the Nouvelle Oor­
respondance: Mathematique, tomes Ill . ,  IV . ,  v. , VI. ( 1 876,  ' 77 ,  ' 78 , 
' 79) ; and subsequently in two Papers read before the Association 
Franc;aise pour l'avancement des Sciences, Congres d' Alger, 1 88 1 ,  
and Congres de Rouen, 1 883 .  Several Geometers have sin ce 
studied its properties, especially Neuberg, M'Cay, and Tucker. 

Prop . 1 .-Brocara's first tr�'angle �'s inversely s�'rnilar 
to ABC . 

Dem.-Since OA' is perpendicular to BC, and OB' 
to A.C, the angle A.'OB' is equal to ACB ; but [Euc .. Ill. 
XXI. ] A'OB' is equal to A'C'B'. Hence A'e'B' is equal 
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to ACB . In like manner, the other angles of these 
triangles are equal ; and since they have different 
aspects, they are inversely similar. 

COR.-The three lines A'K, B'K, C /K, produced, coin­
cide with Lemoine's  parallels . For since the angle 0' AK 
is r1:ght, A'K 1:S parallel to B C. 

Prop 2.-The three lines A'B, B'C, C'A are concur­
rent, and meet on the Brocard circle, in one of the Bro­
card points. 

Dem.-Produce BA' , CB' to meet in o. Then since 
the perpendiculars from K, on the sides of ABC, are 
proportional to the sides, and these perpendiculars are 
equal, respectively, to A'X,B'Y, C'Z, the triangles BA'X, 
CB'Y, A'CZ are equiangular ; . . . the angle BA'Xis equal 
to CB'Y, or [Euc. I. xv. ] equal to OB'O . Hence the 
points A', 0, B', 0 are concyclic, and . · .  BA', CB' meet 
on the Brocard circle . In like manner, BA', AC' meet 
on the Brocard circle . Hence the lines A'B, B'C, C' A 
are concurrent, and evidently (Section 11. ,  Prop. 5 )  the 
point of concurrence is a Brocard point. In the same 
manner it may be proved that the three lines AB', BC', 
C' A meet on the Brocard circle in the other Brocard 
point. 

Prop. S.-The h·nes AA', BB', CC' are concurrent. 

Dem.-Since Lemoine' s circle, which passes through 
F' and E, and Brocard' s circle, which passes through 
A' and 1(, are concentric, the intercept F'A' is equal to 
KE. Hence the lines AA', AK are isotomic conjugates 
with respect to the angle A. In like manner, BB', BK 
are isotomic conjugates with respect to the angle B, 
and CC' and CK with respect to C. Therefore the 
three lines AA', BB', CC', are concurrent : their point 
of concurrence is the isotomic conjugate of K with re­
spect to the triangle ABC.  

COR. I .-The Brocard points are on the Brocard c£rclc. 

COR. 2 .-The aides of the triangle FDE are para1l6l to 
the linea AO, BO, CO, re8pect£vely. 
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Dem.--Join DF. Then since AF = KE' ; but KE' 
= DC' ; . ' .  AF = DC'. Hence [Euo. I. XXXIV. ] DF is 
parallel to AC'-that is, to AD, &c. 

In the same manner it may be proved that the sides 
or D'E'F are parallel to An', Bn', cn', respectively. 

COR. 3.-The s£x s£des of Lemo£ne's hexagon, taken in 
o1oder, are proport£onal to sin (A - w) , sin w, sin (B - w),  
sin w, sin (C - w) , sin w .  

COR. 4.-0 and K are the Brocard po�'nts of the tr�'­
angle DEF, and 0' ana K of D'E'F'. 

COR. 5 .-The lines ,AA', 13B', CC' are �'sogonal con­
iugates of the lines Ap, 13q, Cr (SECTION 11. , PROP. 2, 
Cor. 2)  with respect to the triangle ABC. 

DEF.-..lf the Brooara cirole of the triangle ABC meet 
its symmed�'an lines in the points A", 13", C", re8peot�'vely, 
A"B"C" is called Brocara's seoond tr£angle. 

Prop. 4.-Brocara's second triangle is the triangle of 
s·imilitude of three figures, d�'rectly s�'milar, described on 
the tlzree 8£des of the triangle ABC. 

Dem.-Since OK (fig. , Prop _ 5)  is the diameter or the 
13rocard circle, the angle OA"K is right. Hence A" 
is the middle point of the symmedian chord AT, and is 
thererore [Section I!. ,  Prop. 4, Gors. 1 ,  5J the double 
point or figures directly similar, described on the lines 
EA, AC. Hence [Section IV. , Def. 1 ]  the proposition 
is proved. 

Prop. 5 .-If figures directly similar be described on the 
sides of the triangle ABC, the synzmedian l£nes of the tri­
angle formed by three corresponding l£nes pass through 
the vert£oes of Brocard' 8 second tr�·angle. 

Dem.-Let bac be a triangle formed by three corre­
sponding lines, then bac is equiangular to BAC ; and 
since A" is the double point of figures described on BA, 
AC, and ba, ac are corresponding lines in these figures, 
the line Alia divides the angle bac into parts respec-

p 
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tively equal to those into which AliA divides the angle 
l3AO. Rence Alia is a symmedian line or bac ,  and 
similarly B"b, Oil c are symmedian lines of the same tri­
anglew 

COR. 1 .-The syrnmed1:an point of the triangle bac is 
on the Brocard circle of BAC. 

a 

Dem.-Because the triangle bac is formed by three 
homologous lines, and A"B"C" is the triangle of simili­
tude, and [Section IV . ,  Prop . 1 ]  these are in perspec­
tive ; therefore their centre of perspective, K', is a 
point on the circle of similitude, that is, on the Brocard 
circle. 
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COR. 2 .-The vertices A', B', C' of Brocard's first trl­

angle are the invariable pO'l:nts of the three figures directly 
,�'milar, described on the s�'des of BAC. 

For the angle KA'K' is equal to KA"K', and that is 
evidently equal to CLc from the properties of the simi­
litude of °BAC, bac ; but A'R is parallel to LC. Hence 
A'K' is parallel to bc. In like manner, B/K' , C'K' are 
parallel to ac, ab, respectively. Hence A'K', B'K', 
C'K', form a system of three corresponding lines, and 
A', B', C' are the invariable points . 

COR. 3 .-The centre of simil�'tucle of the trt'angles bac, 
:BAC �'s a point on the Brocarod c�'rcle. 

For since the figures R'bac, KBAC are similar, and 
K'a, RA are corresponding lines of these figures inter­
secting in A", the centre of similitude [Section Ir. , 
Prop. 4] is the point of intersection of the circum­
circles of the triangles A" aA, A"KK' ; but one of 
these is the :Brocard circle. Hence, &c. 

COR. 4.-In like manner, �'t may be shown that the 
centre of simt'lt'tude of two figures, whose sides are two 
triads of corresponding lines of any three figures directly 
a imilar , is a point on the circle of similitude of the three 
fioures. 

COR. 5 .-If three correspond�'ng lines be concurrent, 
the locus of the�'r point of concurrence �'s the BROCARD 
CIRCLE. 

This theorem, due to M. BROCARD, is a particular 
case of the theorem Section IV" Prop . 2, or of Cor. 1 ,  
due to M'CAY, or of either of my theorems, COl's . 3, 4. 

2°.  The Nine-points Circle .  

6.  Let ABC be a triangle, whose altitudes are AA', 
EB', CC' ; the triangles AB'C', A'BC', A'.B'C are in­

versely similar to ABC. Then if we consider these 
triangles as portions of three figures, directly similar, 

p 2  
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F h F 2, F 3, we have three triads or homologous points, 

Fh F2, F3• 

First triad, 

Second " 

A, A', A' ; 

E' E , , E' . , 
Third C' C' C " " . 

The double points A', E', C' are the feet of the per­
pendiculars. The three homologous lines, AB', A'B, 
A'B', equal to AB cos A, AB cos B, AB cos C.  Hence 
the three homologous lines are proportional to cos A, 
cos E, cos C.  

B�--��----���------------� C 

The three angles aI, az, a3 are 7r - A, 7r - B, 7r - C.  
First triad of corresponding lines ; perpendiculars at 

the middle points or the corresponding lines AB', 
A'B, A'E'. 

. 

Second triad of corresponding lines ; perpendiculars 
at the middle points or the corresponding lines 13'0', 
BC', 13'C. 
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Third triad or corresponding lines ; perpendiculars 
at the middle points of the corresponding lines C' A, 
C'A', CA/. 
. The point of concurrence of these triads are the 

middle points A"', B"', C"' of the sides of ABC. 
The point of concurrence of the lines of F 1 or these 

triads is the middle A" or AH ; the point of concur­
rence of the lines or F 2 is the middle B" or BH ; and 
of the lines of F 3 the middle C" of OH. 

The points A", B", C" are the invariable points. 
Hence the nine points, viz . , A', B', C' (centres or simi­
litude) ; A", B", C" (invariable points) ; A"', B''', CIf' 
(points of concurrence of triads of corresponding lines), 
are on the circle or similitude . Hence the circle of 
similitude is the nine-points circle of the triangle. 

Hence we have the following theorems :-
1 °. Three homologous l1:nes of the . tr�'angles AB'C', 

A'BC', A'B'C form a tf�'angle a{3y �'n perspective un'th 
A'B'C/ ;  the centre of perspect�'ve, N, �'s on the nine­
points circle of ABC, and it �'s the circumcentre of a{3y. 
For its distances to the sides of a{3y are : : cos A : cos B 
: cos C, For example, the BrocaI'd lines or the three 
triangles possess this property. 

2°. Lines joining the points A" , B" , C" to three h01no­
logous points F h F 2, F 3 are concurrent, and meet on the 
nine-points circle of ABC. 

3°. If P, Ph P 2, P 3 oe correspond�'ng po�'nt8 of the tr�'- . 
angles ABC, AB/C /, A'BC/, A'B'C, the lines A"Pr, 
B"P2, C"P3 meet the lu:ne-points circle of ABC �'n the 
pOIt"nt which is the isogonal conJugate with respect to the 
tr�'angle A"B" Oil of the point of infinity on the 17:ne 

joining P to the c�'rcumcentre of ABO. 

4°. Every line passing through the orthocentre H meets 
the circumcircles of the triangles AB'C', A/BC', A/B/C �'n 
corresponding points. 

5°. The lines jO't'ning the points A", ]3", C" to the 
centres oJ the inscribed ()�'rcles oJ the triangles AB'C', 
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A'BC', A'B'O, pass through the point of contact of the 
nine-points circle of ABO 'with its �'nscrihed circle. 

Dem.-Let 0 be the circumcentre. Join OA, and 
draw A."E parallel to OA, meeting OH in E ;  then EA' 
is a radius of the nine-points circle. Let AD be the 
bisector of the angle BA.C ; then the incentres of the 

triangles ABO, ABO' are in the line AD. Let these 
be I, I'. Join I'A". It is required to prove that I'A" 
passes through the point of contact of the nine-points 
circle with the incircle of ABC. From I let fall the 
perpendicular IL on AB . Join LI'. It is easy to see 
that the triangle ILl' is isosceles ;-in fact IL is equal 
to LI'. Hence if r be the inradius of the triangle ABC , 
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R the circumradius, we have 2r2 = .AI . 11', and 
21{,r = AI . ID. Hence r : R : : 11' : DI. 

Again, through I draw IF parallel to EA" . Now, 
since the points I', A", in the triangle AB'C', corre­
spond to I and ° in ABC, the angle AI' A" = AIO. 
Hence the angle II'F is equal to DIO, and the angle 
I'IF is equal to IDO, because each is equal to DAO. 
Hence the triangles II'F and DIO are equiangular. 
Therefore 11' : DI : : IF : DO.  Hence IF : DO : : r :  R. 
Therefore IF = r. Now since EA" and IF are pa­
rallel, and are radii respectively of the nine-points 
circle, and in circle of ABC, the line FA" passes through 
their centre or similitude. Henoe the proposition is 
proved. 

Similarly, if J' be the centre of any of the esoribed 
ciroles of the triangle AB'C', the line A"J' passes through 
the point of contaot of the nt'ne-points oirole of ABC with 
the oorresponding esoribed oirole. 

Exe rc ises . 
1 .  If Ab Bl, C l  be the reflexions of the angular points A, B, C 

of the triangle ABC, with respect to the opposite sides, then the 
triangles AIBC,  ABl C, ABC!, being considered as portions of 
three figures directly similar, 

Prove that-

(1°) A, B,  C are the double points .  

(2°) The orthocentres of AlBa, AB l a ,  ABOl, are the invari -
able points. 

(3°) AI, Bl, Cl  are the adjoint points. 

(4°) The orthocentre of ABC is the director point. 

(5°) The incentre of the triangle formed by three homologous 
lines is its perspective centre . 

(6°) The triangle formed by any three homologous lines is 
similar to the orthocentric triangle of ABC. 

(7°) The lines joining the ol'thocentres of AlBC,  ABl C, ABCl 
to their incentres are concurrent. 
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2 .  If through the orthocentre of a triangle be drawn any line 
L meeting the sides in A', B ', C', the lines through A', B', 0', 
which are the reflections of L, with respect to the sides of the 
triangle, are concurrent. 

3 .  If upon the sides of a triangle, ABC, be constructed three 
triangles, BCAl , CAB! ,  ABCh such that A is an excentre of BOAl, 
B an excentre of CABI, C an excentre of ABCI, 

Prove that-

(1°) The triangles BCAl, CABl, ABCI, are directly similar. 

(2°) A, B ,  C are the double points . 

(3°) The ineentre3 of AIBC, B I  CA, C IAB are the invariable 
points. 

(4°) AI, BI , Cl are the adj oint points. 

(5°) The circumcentre of ABC is the director point . 

(6) The perspective centre of the triangle formed by three 
homologous lines is the orthocentre of that triangle . 

(7°) Three homologous lines form a triangle inversely similar 
to ABC.  

(8°) The lines joining the incentre of AIBC, ABIC ,  ABC! )  are 
concurrent. 

4 .  Prove that the triangles, AE/F, DBF', D 'EC, fig. , p .  183, 
are directly sim ilar, and that-

(1°) The invariable points are the centroids of these triangles. 
(2°) The double points are the intersections of the symmedians 

of the triangle ABC with the circle through� the invariable 
points . 

(3°) The director point is the symmedian point of ABC .  

(4°) The perspective centre of  the triangle formed b y  any 
three homologous lines is the centroid of that triangle .  

The application of Tarry' s theory of similar figures contained 
in this sub-section , with the exception of the theorems 3° and 5°, 
and the Exercises 2 and 4, are due to N euberg. The demonstra­
tion of 5°, given in the text, is nearly the same as one given by 
Mr. M'Cay shortly after I communicated the theorem to him. 
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SECTION VI. 

THEORY OF HARMONIC POLYGONS. 

DEF. 1. -. ..A. cyclic polygon of any number of sides, hav­
ing a point K in its plane, such that perpendiculars from 
it on the sides are proport�·onal to the 8�·des, is called a 
harmonic polygon. 

DEF. lI.-The point l{ is called the symmedian po�·nt 
of the polygon. 

DEF. lIr.-The lines drawn from K to the angular 
points of the polygon are called its sYllunedian lines. 

DEF. lv.-Two figures having the same symmedian 
lines are called co-symmedian figures. 

DEF. v.-If 0 be the c�·rcumcentre of the polygon, the 
circle on OK, as d�·ameter, �·s called its Brocard circle. 

DEF. vr.-If the sides of the polygon be denoted by 
a, b ,  c, d, . . . and the perpend�·culars on them from K 
by x, y, z, u, . . . then the angle w, determ�·ned by any 
of the equations x = � .a tan w, y = � b tan �, &c. , is called 
the Brocard angle of the polygon. 

Prop. I .-The �·n'verses of the angular points of a 
regular polygon of any number of s�·des, wt'th respect to 
any arbitrary point, form the angular points of a har­
mon�·c polygon of the same number of sides. 

Dem.-Let A, 13, C e • •  be the angular points of the 
regular polygon ; A', B', C' . . . the points diametrically 
opposite to them. Now, inverting from any arbitrary 
point, the circumcircle of the regular polygon will 
invert into a circle X, and its diameters AA', BB', 
CC' . . .  into a coaxal systenl Y, Y1 , Yz, &c ; then 
[VI. ,  Section v. , Prop . 4] the radical axes or the pairs 
of circles X, Y ;  X, Y1 ; X, Yz, &c. ,  are concurrent. 
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Hence, if the in verses of the systems of points A., 13, 0 
. . . A', E', C' . . .  be the systems a(3y, . · . al(3ly' . . .  , 
the lines aa', (3(3', yy' . . . are concurrent. Let their 
common point be K ;  and since, evidently, the points 
A., B, C, B' form a harmonic system, their inverses, the 
points a, (3, y, (3', form a harmonic system ; but the 
line (3(3' passes through K. Therefore the perpendi­
culars from K on the lines a(3, (3r are proportional to 
these lines. Hence the proposition is proved. 

OOR. l .-If the vertices of a harmon�'c polygon of n 
8�'des be 1 ,  2 ,  3 . . .  n, and K its 8ymmed�'an pot'nt, the - -- -
re-entrant polygon formed by the chords 1 3, 24, 35 , &c. , 
is a harmonic polygon, and K is its symmedz'an point. 

This is proved by showing that the perpendiculars 
from K on these chords are proportional to the chords . 

Thus, let A, 13,  C be any three consecutive vertices ; 
p, p' perpendiculars from K on the lines AB, AC ; and 
let AK produced meet the circumcircle again in A ;  

, 
then it is easy to see that the ratio IB : fe is equal to 

the anharmonic ratio ( A.BCA.'), which is constant, be­
cause [Book VI. ,  Section IV. ,  Prop. 9J it is equal to 
the corresponding anharmonic ratio in a regular polygon, 

I 
and l

B 
is constant. Hence fe is constant. 

COR. 2.-In the same manner the .polygon formed by 
the chords 14, 25 ,  36 z's a harmonic polygon, and K z's its 
8ymmed�'an pot'nt, &c. 

COR. 3 .-The vertices of any triangle may he 60nsidered 
as the inverses of the angular points of an equilateral tri­
angle. 

COR. 4 .-A har'flwnic quadrilateral is the z'nverse of a 
square ; and its syrnmedzoan pot'nt is the intersection of its 
d'l°agonals. 
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COR. 5.-A harmonio quadrilateral is the figure whose 
vertices are four harmonic points on a oircle [Book VI.,  
Sect . 111. , Prop.  9, Cor. 2J .  Hence, tlM rectangle contained 
'by one pa�'r of opposite s�·des �·s equal to the reotangle con­
ta·ined by the other pair. J 

COR. 6.  If 1 ,  2, 3 . . . 2n be the vertioes of a har-
1nonic polygon of an even number of sides, the polygon 
formed by the alternate vert�·ce8 1 ,  3, 5 . . . 2n - 1 is a 
harmon�'o polygon, and 80 �'8 the polygon formed by the 
vertices 2,  4,  6 ,  . . . 2n, and these three polygons have a 
common 8ymmedian point. 

Prop 2.-To �·nvert a harmonic polygon �·nto a regular 
polygon. 

So1.-Let .AB be a side of the harmonic polygon, Z 
its circumcircle, 0 the circnmcentre, and K the sym-

��---l R 
�--I L 

o r  '�--------��--------��----�����r�----� S 

.Pi' 
median point . Upon OK as diamet�r describe a circle 
OKX ; and let S, S' be the limiting points of Z and 
OKX ; j oin S.A, SB, and produce , if necessary, to meet Z 
again in A', B' . Then A/B' is the side of a regular polygon. 
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Dem.-Let AB, A'B', produced, intersect in P, 
and meet the line OK in C, C' . Now the polar of 8 
will pass through P and through 8' ; then the pencil 
P(SCS'C ') is harmonic . 

. . . 2 /88' = l /SC + l /SC' = 1 /8K + 1 / 80 . 

Hence (BK - SC) / (SK . SC)  = (SC' - SO) / (SC' . SO) ; 

. . . KC/SC : OC'ISC : : SK : SO ; 

or, eK, AB ) I (S, AB ) : (O, A'B') I (S , A'E') : : SK : SO. 

But (S, AB ) : (S, A'B') : : AB : A'B'. [Book VI. ,  
Sect. IV. , Prop. 6 .  ] 

Hence (K, AB ) / AB : (0,  A'B') / A'B' : : 8K : SO. 

Now, since AB is a side of a harmonic polygon 
whose symm edian point is K, the ratio (R, AB) / AB is 
constant ; and since S, K, ° are given points, the ratio 
SK : SO is given ; hence the ratio (0, A'B') / A'B' is 
constant ; . . . A'B' is constant . Hence the proposition 
is proved . 

Cor.  I .-If we Join the po�'nts A, B to 8', and produce 
to meet Z aga�'n �'n A" , B", the po�'nts A", B" are the 
reflexions of A, B, with respect to the diameter DD' of 
z.  

DEF. vrr.-The poz'nts S, S' are called the centres of 
inversion of the harmonz'o polygon . 

. COR, 2 .- The centres of �'nvers�'on of a harl1'ton�'c polygon 
are harmon�'o oon;jugatos w�'th respeot to its o�'roumoentre 
and symmedz'an poz'nt. 

Observation .-It is evident that this proposition 
gives a new demonstration or Prop . 1. It is also plain, 
ir, instead of 0, we take a point l{' collinear with 
° and K, and repeat the foregoing construction, only 
using K' instead of 0, that we shall have the harmonic 
polygon, whose symmedian point is K, inverted into 
another whose symmedian point is le'. 
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Prop. 3 .-If S be the dz"stanoe of the symmei!ian poz"nt 
K from the oiroumoentre, ani! R the ciroumradius of the 
polygon, tan w = V(l - oyRZ) cot 7rln. 

Dem.-We have Def. VI . (K, AB) I AB = 2 tan w ; 
and since the polygon whose side is AIBI is regular, and 
has n sides (0,  A.IB')/ A/B' = 2 cot 7rln. Hence tan w : 
cot 7rln : : SK : SO. Again, since th e points 0, K 
are harmonic conjugates to S,  S', and S, S' are inverse 
points with respect to Z, it is easy to see that 

Hence, tan w = ./( 1 - oYBJz) cot 7r/n . 

COR. 1 .-02 = R2 ( 1  - tan2 w tan2 7r/ n) . 

COR. 2 .-If two harmonio polygons of m ani! n sides 
respeotively have a common cz"rcu'incircle and symmedian 
point, the tangents of their Brooari! angles are : : cot 7r I m 
: cot 7r In. 

COR. 3.-Since the side A'B' of a regular polygon of n 
sides may have any arbitrary position as a chord in the 
circle, it follows that an indefinite number of harmonio 
polygons of n sides, and having a common 8ymmei!ian 
point, oan be insor�'bei! in the oircle. 

COR. 4.-The anharmonio ratio of any four consecutive 
vert�'ces of a harmonic polygon is constant. 

Prop. 4�-I£ Ao, Ai . . . An-1 be the vertices of a 
harmonic polygon of n sides, the chords A1An-h AzA"-2) are concurrent. 

Dem.-Let K be the symmedian point. Join AoK, 
and produce to meet the circumcircle again in Ao'. 
Then the points Ao, Ao' are harmonic conj ugates with 
respect to the points AI, A,,-l (Demonstration of Prop. 1 ) .  
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Hence the line A1A1£-1 passes through a, the pole of 
AoAo'. Similarly, A2A"-2 passes through a, &c. Hence 
the proposition is proved. 

COR.-The vertt,'ces A1A n-1 , AzAn-z , 9'-c. , form a system 
of po£nts t,'n t,'nvolut2'on, and points Ao, Ao' are the double 
p02'nts .  Hence tJie vertices of a harmont,'c polygon form 
as many systetns in �'nvolution as it has symmedt,'an l2'nes. 

Prop . 50-If a transversal through the symmed2°an 
po£nt K cuts the sides of the polygon in the points RI' R2 
. . . Rm and if a point P be talcen on £t so that 1 jKRI + 
1 jKR2 . . . = njKP, the locu8 olP is the polar of K w2°th 
respect to the c�·rcumc£rcle. 

Aa 
Dem.-Let a be the pole of the symmedian chord 

AoAo'. Join Ka. It is easy to see that a is one position 
of P. For if n be even, the sides ma.y be distributed 
in pairs, so that the points K, a are harmonic conjugates 
to the points in which each pair of sides may be cut by 
the line Ka. Hence, 

I JKR1 + IjKRll = 2jKa, 
I jKRz + I jKRn_1 = 2jKa, &0. 
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If n be odd, the intercept made by one of the sides 
on Ka is equal to Ra. . Hence, in each case, the sum 
of the reciprocals of the intercepts made by all the sides 
on Ka is equal to n/Ka. Therefore a is a point on the 
locus of P. Similarly, the pole of each symmedian 
line is a point on the locus. Hence the locus passes 
through the poles of all the symmedian lines ; and since 
it must be a right line [Ex. 62, page 1 55] ,  it is the 
right line through these points . .  Hence the proposition 
is proved. 

COR. I .-The pD1:nt K and its polar, w't·th respect to the 
circumcircle, are harrnonic pole and polar with respect to 
the polygon. (See Salmon's Higher Otttrves, Third 
Edition, p .  1 1 5 . )  

The harmonic pole and polar are called by French 
geometers The Lemoine point and hOne of the polygon. 

COR. 2.-If a harmonic polygon be reciprocated with 
re8pect to 'tOts Lemoine point, the pole of ,its Lemo't°ne line 
't°s the mean centre of the vert't°ce8 of the rec£procal polygon. 

This follows from Prop . 5 by reciprocation. 

Prop. B .-If the lengths of the sides of a harmonic poly­
gon he a, h, c, �c., and the perpendiculars on them from 
any po't°nt P 'tOn the Lemo£ne hOne he a, (3, y, 9-"0. , then the 
sum a/a + (3/0 + y/o + 9"0. , = o.  

Dem.--Let KP intersect the sides in the points Rl, 
R2, &c. Then we have 

( 1  /KR1 -l /KP) + ( I /KRz-l /KP) + . . . ( l fKRn- l /KP) = O . 

Hence 
PR1/KR1 + PRz/KR2 + . · . PRn/KRn = o.  

Now, if the perpendiculars from K on the sides 
of the polygon be a', f3', y', &c. , PR1/I{R1 = a/a', 
PR2/K.Rz = (3/f3', &c. Hence a/a' + (3/f3' + y/y', &c. ,  
= 0 ; but a', f3', y', &c., are proportional to a ,  0 ,  c ,  &c. 
Hence the proposition is proved. 
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Prop. 7.-If the perpendioulars front the vertioes of a 
narmonl:o polygon on its Lemoine line be denoted by Jh, pz 
• . . Pm and the perpendiculars on it from the Lemoine 
point by 1r., then � ( lip) = n/1r . 

Dem.-Let LL' (fig. , Prop . 2) be the Lemoine line . 
Then, since the points 0, 8', K, 8 form a harmonic 
system R2/0S', R2/0IC', R2/0S are in AP [Book V I . ,  
Sect. Ill . ,  Gor.] ; that is, OS, OQ, OS  are in AP. 
Therefore S'S is bisected in Q .  Hence VS is bisected 
in V; and since the points A', A are harmonic conjugates 
to V, S, the lines UA, U V, UA' aTe in GP [Book VI. ,  
Sect. Ill . , Prop . 1 J .  Therefore AL , VR, A'L' are in 
GP. Hence AL . A'L' = VR2 = S'Q2 = OQ . KQ ; that 
is, PI . A'L' = 7r . OQ. Therefore A'L'j1r = OQ/PI '  Hence 
�(A'L/7r) = OQ �( 1 /p) .  But since A'  i s  the vertex of a 
regula.r polygon whose centre is 0, �(A'L') = nOQ. 
Hence n/7r = �( l/p ) . 

Prop. S.-If a transversal thr01�gh the symmedian point 
(R) ?neet the s't'des of a harmonic polygon of n sides 1:n the 
points RI ' R2, • • • RM and meet the o't'roumoirole in P ; 
then l /RIP + 1 /R2P . . . l /RnP = n/KP. 

Dem.-Let a, b, 0, &c. ,  be the lengths of the sides ; 
a, f3, 'Y, &c. ,  the perpendiculars on them from the point 
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P ;  and a', (3', ,,/', &c. , the perpendiculars from K. 
Then [Book VI. ,  Sect. IV . ,  Prop . 7J a/a + b/f3 + c/y + 
&c. , = 0 ;  but since le is the symmedian point, a', (3', 
,,/', &c., are proportional to a, b ,  c, &c. Hence 0..'/0.. + 
(3'/f3 + "/' /y, &c . ,  = O .  Now, 0..'/0.. = RIK/RIP = 1 -
KP /RIP, with similar values for (3'/(3, &c. Hence, 

n - KP/RIP - KPjRzP . . .  - KPjR1�P = 0 ; 
therefore 

1 /R1P + l /RzP . . . l /RnP = njKP. 

Prop. 9 .-If through the syrn1nerlian point of a har-
1nonic polygon a parallel be drawn to the tangent at any 
of its vertices, the intercept on the parallel between the 
sY1ntnedian point and the point where it meets either of the 
sides of the polygon passing through. that vertex is con­
stant. 

Dem.-Let AB be a side of the harmonic polygon, 
AT the tangent, KU the parallel. Produce AK to meet 
the circle in A'. Join A'B, and let KX be the per-

pendicular from K on AB ; then KX -:- RU = sin AUK 
= sin UAT = sin AA'B = � AB -;- R. Hence RU -;- R 
= KX -;. � AB = tan w (if w be the Brocard angle of the 
polygon) .  Hence RU = R tan w .  

Q, 
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Cor. I .-If the polygon consist of n sides there will be 
2n point8 corre8ponding to U, and the8e point8 are con­
cyclic . 

COR. 2.-1f w' be the Brocard angle of the harmonic 

polygon of which A'B is a side, tan w • tan w
' = AKi�A'

. 

For, draw RV parallel to A/T.  It is easy to see 
that t.he triangles AKU, VKA' are equiangular. Hence 
KU . KV = AK . KA'-that is, R2 tan w • tan w' = A.K . 
KA/. 

Prop . lO .-If all th,e syrnrnedian h'ne8, RA, R]3, &c. , 
of a harmon�·o polygon be div�·ileil �·n the po�'nt8 A ", ]3", 
&c . ,  in a given ratio, and through these points parallel8 

A 

be drawn to the tangents at t7�e v ertt'oes , eaoJb pal'alleZ 
meeting the two sides passing through the correspondt·ng 
vertex, all the points of interseot�·on are ooncyclio, and, 
taken alternately, they form the vert�'ces of two harmon�·c 
polygons. 
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Dem.-Let RA. he divided in A" in the ratio l : m .  
Join AO, OK, and draw A"O' parallel to AO, and let 
At/U be parallel to the tangent AT. Then we have 

O'U2 = 0' A"2 + A"U2 . but 0' A" = 
lR 

and A"U = . ' l + m' 
m n� 

RU -= R tan w 
l 

. Hence (l + m)2 0'U2 = R2 
l + m  + 1n 

( l2 + m2 tan2w) . Hence O'U is constant. 

Again, if BI/V be parallel to the tangent at 13,  the 
triangle O'B"V is in every respect equal to O'A"U. 
Hence the angle UO'V is equal to A013. Therefore 
the points U, V . . . are the angular points of a polygon 
similar to that formed by the points A, ]3 • • •  Hence 
they form a harmonic polygon. It is evident, by pro­
ceeding in the opposite direction from A, that we get 
another harmonic polygon. Hence the proposition is 
proved. 

COR. I .-The interoept whiolb the oirole 0' makes on tlbe 
side AB is 2R ( l  82'n A - m oos A tan w )/( l + m.) ,  where A 
denotes the angle of interseot2'on of tlbe side AB with the 
oiroumoirole. 

For the perpendiculars from. 0 and I{ on AB are, re­
spectively, 

R cos A, R sin A tan w, 

and OK is divided in 0' in the . ratio m : l. 
perpendicular from 0' on AB is 

R ( l oos A + m sin A tan w) / (l + 1n) ; 

Hence the 

and subt.racting the square of this from the square of 
the radius of 0' we get 

R2 (l s�'n a - 1n  oos A. tan w)2/(l + m)2. 

Hence intercept = 2R (l sin A - m cos A tan w)/(l + nt) . 

COR. 2 .-By giving speoial values to tlbe ratio l : m, 
we get 80me interesting results . Thus-

I o. If l = 0 we get intercepts proportional to cos A, 
Q 2  
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cos 13, cos C, &c. The circle �'n th�'8 case �'8 that of 
Prop. 9,  and i8 called the COSINE CIRCLE of the polygon. 

2°. If 1 = m, the line 0 le will be bisected in 0', and 
the circle will be  concentric with the Brocard circle . 
This �'s, by Cf,nalogy, falled the LEMOINE CIRCLE of the 
polygon : its ratfitu":s)'i'-J�qllal to R sec w, and the intercept' 
'loh£ch it n�akes on the s£des are proportional to sin (A - w), 
sin (B - w), 9'-c. 

3°. If 1 = m tan w, the �'ntercept8 are proportt'onal to 
sin (A - 7T'/4), sin (B - 7T'/4), �c. , and the rad�'u8 �'8 equal 
R sin w cosec (w + 7r/4) . 

4 ° . If 1 = m tan 2 w. The centre of the circle is tlM 
'lniddle pot'nt of the lz'ne nn', its radiu8 �'s equal to Rsin w, 
and the �'ntercept8 are proport�'onal to cos (A+ w), cos (B +w) ,  
9'-c. These will he the proJeotions of on' on the sides of the 
polygon. 

5°. If the polygon reduce to a triangle, and the ratio 
of l : �n be 

- cos A cos B cos 0 : 1 + cos A cos B cos C, 

the intercepts are, respectively, equal to 
R sin 2A cos (B - 0),  
R sin 2B cos (0  - A), 
R sin 20 cos (A - B) .  

The perpendicular8 from the centre ·· on the s�'des will oe 
proport'';onal to cos2 A, cos2 B, C082 C. This �'s the ca8e of 
Taylor' 8 Gz'rcle. The ratio 1 : m expressed in terms of 
w is sin (A - w) - s�·n3A. : sin3 A. 

6°. Any Tucker's circle of the triangle ABC i8 a Taylor's 
circle of some other triangle having the same circumcircle 
and symmed�'an po�'nt. 

For the Tucker's circle of the triangle ABO being 
given, the ratio 1 : m is given, and from the proportion 
sin (A - w) - sin3 A : sin3A : : 1 : m, we get, putting cot 
A = x, the equation 

x3 - cot w . x2 + X + ( 1  + l/m) cosec w - cot w = 0 ;  

the three roots of which are the cotangents of the three 
angles of the required triangle . 
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1 1 .  If A.BC . . . , A'B'C', . . . be two homothetio harmonic 
polygons of any number of s�·des ; K their homothetio oentre ; 
and if conseout1:ve pairs of the sides of A'B'C' . . . pro­
duoed, if neoessary, interseot the oorresjJondiny pair8 of 
ABC . . • �·n the pa��rs of po�·nt8 aa', f3f3, 11, &c. ,  the 
p01:nts aa, f3f3', 1Y', &c. ,  are oonoyolio. 

For, since the figure f3Bf3'B' is a parallelogram, BB' 
is bisected by f3f3' in 13" ; and since the ratio of KB : 
KB' is given, the ratio of KB : KB" is given, and f3f3', 
through B", is parallel to the tangent at B .  Hence, &c. 

COR. I .-If the harmon�·(} polygons of Cor. 2, be qua­
drilaterals, their ciroumoiroles and that of tlw ootagon 
aa' f3f3'yy'oo' are ooaxal . 

For it is easy to see that the squares ot the tangents 
from B to the circumcircles of aa'(3(3'yy'oo ', and A'B'C'D' 
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are in the ratio 1 : 2 ;  and the squares or tangents from 
C, D, A. to the same circles are in the same ratio.  

COR. 2.-1f the two harmonic polygons of Oor.  2 ha've 
an even number of s�'des, the n po�'nts of intersect�'on of the 
sides of the first wz'th the correspond�'ng oppos�'te s£des of 
the second, respect�'vely, are colh'near. 

Dem.-For simplicity, suppose the figures are qua­
drilaterals, but the proof is general . Let P be the point 
of intersection ; then the angle ABE = ACID'. Hence 
ABC/D' is a cyclic quadrilateral. Therefore P is a 
point on the radical axis of the circumcircles . Hence 
the proposition is proved. 

COR. 3 .-In the general case the lines aa' , {3{3', yy' are 
the sides of a polygon, lwtnothetic w�'th that for1ned by the 
tangents at the angular points A, 13,  C, &c. Hence it 
follows, if the harmon�'c polygon AEC . . . be of an even 
number of sides, that the intersections of the lines aa' , 
f3f3', yy', taken in opposite pairs, are collinear . 

Prop. 12.-The perpend�'culars from the (J�'rcumcentre 
of a harmonic polygon, of any number of sides n on the s�'des, 
'Jneet �'ts Brooard oircle in n po�'nts, whioh oonneot oon­
currently in two ways with the vert�'oes of the polygon. 

This general proposition may be proved exactly in 
the same way as Prop . 2,  page 1 96 . 

DEF.-If the po�·nts of ooncurrence of the h·ne8 �·n th�'s 
proposit�'on be 0, 0/, these are oalled the BROCARD POINTS 
of the polygon ,. and the n po�'nts L, M, N, &c. , �·n wh�'ch 
the perpendiculars meet the Brocard c�'rcle, for the same 
reasons as in Oor. 2, p.  1 94, are oalled its INVARIABLE 
POINTS. .A.lso the jJo�'nts of b�'8ect�'on of the symmed�'an 
choras AK, BK, CI{, &c. , will be its DOUBLE POINTS . 

COR. I .-The n linesJoining respect�'vely the invariable 
points L, M, N . . . to n correspondl,'ng points of figure 8 
directly similar described on the sides of the har1non�'() 
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polygon are concurrent ,.  the locu8 of the�'r point of concur­
rence �'8 the Brocaril circle of the polygon. 

Prop. IS.-The centres of 8im�'litude of the pa�'rll of 
consecut�'ve 8£iles of a harmon�'c polygon form the vert�'ces of 
a harmon�'c polygon .-(TARRY.)  

Dem.-Let A be a vertex of the harmoni c polygon, 
K its harmonic pole . Join AK, and produce to meet the 
Brocard circle in M. Join MS, cutting the Brocard 
circle in N, and AS, cu tting the circumcircle in A' . 
Join ON. Now the polar PQ of S passes through the 

intersection of MK and ON ; and since the points P, S 
are harmonic conjugates to A, A', and 8/, 8 to K, 0, 
the pencils Q(SI(S'O) ,  Q(SAP A') ,  are equal, and they 
have three common rays, viz . QS, QA, QP. Hence 
their fourth rays, QO, QA', coineide ; therefore the 
points Q, 0, A' are collinear. Again, AI, being the 
inverse of A with respect to Z, is a vertex of a regular 
polygon inscribed in Z.  Hence N is the vertex of a 
regular polygon inscribed in the 13rocard circle ; and 

• 
I �' 
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therefore M, which is its inverse, is a vertex of a har­
monic polygon ; but M is evidently the middle point of 
the sYlumedian chord passing through A. Hence it is 
the centre of similitude of the two consecutive sides 
passing through A. Hence the proposition is proved . 

Prop . 14.-1f figure8 directly 8im.ilar be aesor£bea on 
the s£des of a harmon�'o polygon of any number of sides, 
the symmedian lines of the harrnonio polygon formed by 
oorresponding lines ojthese figures paS8 through the middle 
po�'nts of the syn�med�'an chords of the or�g�·nal.ftgure8. 

This is an extension of Prop. 5, page 1 97, and may 
be proved exactly in the same way. 

COR. I .-The sY1nmed'ian point of the harmonio polygon, 
formed by corresponding l1:nes of figures direotly similar, 
is a point on the Brooard circle of the or�ginal polygon. 

COR. 2 .-The invariable points of the original polygon 
are correspond�'ng points of .ftg�tres directly sin�ilar de­
soribed on its sides. 

COR. 3 .-The centre of 8im�·litude of the original poly­
gon, and that formed by any system of corresponding lines, 
is a po�'nt on the Brocara circle of the or�ginal polygon. 

COR. 4.-The oentre of sim�·litude of any t�oo harmon�'o 
jJolygons, whose s�'des resjJeot�'vely are two sets of corre­
sponding lines of figures directly sirnilar, desoribed on the 
sides of the original polygon, �·s a point on the Brocard 
circle of the original. 

Exerc ises . 
1 .  If the symmedian lines through the vertices A, 13, C of a 

triangle meet its circumcircle in the points A', B', C', the triangles 
ABO, A'B' 0' are cosymmedian . 

. 

For since the lines AA', BB', CC' are concurrent, the six 
points in which they meet the circle are in involution. Hence 
the anharmonic ratio (BACA') = (B 'A'C' A) ; but the first ratio is 
harnl0nic, therefore the second is harmonic. lIence A' A is a 
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symmedian of the triangle A/B/C'. Similarly, B'B, c'e are 
symmedians . 

2. The centres of inversion of a harmonic polygon are the 
limiting points of its circumcircle and Brocard circle, and the 
Lemoine line is their radical axis . 

3.  The product of any two alternate sides of a harmonic poly­
gon is proportional to the product of the sines of their inclinations 
to their included side . 

For if A, B, 0,  D be lour consecutive vertices, A' ,  B', C', D' the 
corresponding vertices of a regular polygon, the anharmonic 
ratio (ABOD) = (A'B/C/D') . Hence (AB . OD)  I (AO . BD) = 
(A'B' . C'D' )  I (A'O' . B'D' )  = (sec2 7rjn) I 4 ;  but AC = 2 R sin 
ABO, BD = 2 R  sin BOD. 

Hence (AB . OD) /sin ABO . sin BOD = R2 sec2 7r/n. 

4. If we invert the sides A'B' (see fig. p .  207) of a regular 
polygon with respect to S, we get a circle passing through AB 
and S. Hence, if through the extremities of each side of a 
harmonic polygon circles be described passing through either of 
the centres of inversion, these circles cut the circumcircle at a 
constant angle 7r /11, . 

5 .  In the same case they all touch another circle, and the 
points of contact are the vertices oI a harmonic polygon . 

6 .  If through the symmedian point, and any two adjacent 
vertices of a harmonic polygon, a circle be described, it cuts the 
circumcircle at a constant angle. 

7 .  A system of circles passing through the two centres of 
inversion of a harmonic polygon, and passing respectively 
through its vertices, cut each other at equal angles, and cut its 
circumcircle and Brocard circle orthogonally . 

8 .  In the same case the points of intersection on the Brocard 
circle are th e vertices of a harmonic polygon. 

9 .  Prove that the centre of similitude of the hvo polygons 
formed by the alternate vertices in Prop . 9 is the symmedian 
point of the original polygon, and that the centre of similitude of 
either, and the original polygon, is a Brocard point of the 
original polygon. 

1 0 .  Prove that the circles in Ex. 5, described through the sym­
median point, and through adjacent vertices of a harmonic poly . , 
gon , all touch a circle coaxal with the Brocard circle and the 
circumcircle, and that the points of contact are the vertices of a 
h�rmonic polrgon, 
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1 1 .  If A, B, C be any three consecutive vertices of a harmonic 
polygon, whose symmedian point is K, prove, if R' be the sym­
median point of the triangle ABO, and B' the point where KK' 
intersects AC, that the anharmonic ratio (KB/K/B) is constant. 

1 2. If through the vertices A, 13, C, &c . ,  of a harmonic poly­
gon F, be drawn lines making the same ang-le et> with the sides 
AB, BC, &c. , and in the same direction of rotation, prove that 
the polygon Fz formed by these lines is a harmonic polygon, and 
similar to the original . 

1 3 .  If a polygon F3 be formed by lines which are the isogonal 
conjugates ot Fz, with respect to the angles of FI ,  prove that F3 
is equal to Fz in every respect. 

1 4 .  If Fl; F2, F3 be considered as three directly similar figures, 
prove that their symmedian points are the invariable points, and 
that the double points are the circumcentre of F, and its Brocard 
points. 

1 5 .  The symmedian point of a harmonic polygon is the mean 
centre of the feet of isogonal lines drawn from it to the sides of 
the polygon. 

This follows from the fact that the isogonal lines make 
equal angles with, and are proportional to, the sides of a closed 
polygon. 

1 6 .  The square of any side of a harmonic polygon is propor­
tional to the rectangle contained by the perpendiculars from its 
extremities on the harmonic polar. 

1 7 .  If from the angular points of a harmonic polygon tangents 
t1 , tz, . . . tn be drawn to its Brocard circle, prove that 

"l{lft2) = nf (RZ - 02) .  
1 8  If ABeD, &c. ,  be a harmonic polygon, n one of its 

Erocard points, prove that the lines An, Bn, &c . ,  meet the circum­
circle again in points which form the vertices of a harmonic 
polygon equal in every respect, and that .n. will pe one of its 
Brocard points . 

The extension of recent Geometry to a harmonic quadrilateral 
was made by Mr. Tucker in a Paper read before the Mathema­
tical Society of London, February 1 2, 1 885 .  His researches were 
continued by N euberg in Mathesis, vol. v. ,  Sept . , Oct. , Nov. , 
Dec . ,  1 88 5 .  The next generalization was made by me in a Paper 
read before the Royal Irish Academy, January 26, 1 8 86, " On 
the Harmonic Hexagon of a Triangle. "  Both extensions are 
specfal - cases of the theory contained in this section, the whole 
of which I discovered since the date of the latter Paper, and 
'which M� Brocard remarks, " varait etre le couronnement de ces 
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nouvelles etudes de geometrie d u  triangle ." The following 
passage, in a note by Mr. M'Cay in Tucker's Paper, shows the 
idea of extension had occurred to that geometer :-" I believe 
all these results would hold for a polygon in a circle, if the side 
"rere so related that there existed a point whose distances from 
the sides were proportional to the sides. "-1Ifarch, 1 8 86 .  

Since the date of the foregoing note, which appeared in the 4th 
Edition of the " Seq nel, " two Papers on the Harmonic Polygon 
have been published ; one by MM. NEUBERG and TARRY­
Congress of N ancy, 1 8 86 ,  Association Fran9aise pour l '  avance­
ment  des Sciences )· the other by the REV. T. C .  SIMMoN s-Pro­
ceedings of the London Mathematical Society, April, 1 8 8 7 .  I am 
indebted to the former of these for the demonstration of Prop . 2, 
and to the latter for the enunciation of Prop. 7 .  \Vith these 
exceptions, and Prop . 1 3 , all that is contained in this Section is 
original. 

SECTION VII. 

GENERAL THEORY OF ASSOCIATED FIGURES. 

DEF. I.-If any point X in the circurnference of a circle 
Z be j01:ned to n fixed points Ih 12, • • • Im on the same 
circumference, and port�·ons I1A} , IzA2 . . . InAn be 
taken on the joint'ng lines in fJ't·ven ratios dl ) d? . . .  dM 

x�------------------�----� 

and all measured �'n the same direction w�'th respect to 
X, a· system of figures d't'rectly s't°m't"lar, descr't·bed on 
I IAl) . IzAz • • • 1nAn) is called an associated system. 

DEF. II.-The points I} , 12 . . • In are called t�e in­
var't·able points of the s,//steJn� 
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Prop , l ,--The centres of similitude of an associated 
8ystem of figul}�e8 .are concyclt"c . 

Dem.-Let the figures be F 1 , F 2 ,  • • •  Fm and lp, Iq , any 
two invariable points, Ap, Aq the corresponding points 
or Fp, Fq taken on the lines Xlp, Xlq , Hence [Sup . 
Sect , II. , Prop. 4] the second intersection of the circle 
Z with the circumcircle or the triangle X ApAq is the 
centre or similitude or the figures Fp, Fq. Hence the 
centre or similitude or each pair or figures or the as ­
sociated system lies on Z, that is, on the circle through 
the invariable points. 

DEF, rrI,,-The m:rcle Z, tl�rough the It"nvariable p02'nts, 
is , on account of the property iust proved, called the c�'rcle 
of s2'nn'h'tude of the system. 

Prop. 2,-The figure formed by n homologou8 point8 is 
- in perspective w2'th that ,forn�ed by tlw 2'nvariable points. 

This follows from D ef . I. 

COR.-Every s'Ystern of n hornologous h'nes pa8s2'ng 
throug h the invar2'able p02'nts forrns a pencil of concurrent 
line8. 

Prop , a.-In an a880c2'ated sy8tem of n figure8 the 
p02'nts of 2'nter8ection of n homologous lines are 2'n per­
spect2've w2'th the centre8 of s£m£h'tude of the figure8. 

Dem ,-Let the homologous be L1, L2, • • • Lm and 
through the invariable points draw lines respectively 
parallel to them Then, since these parallels are cor­
responding lines or F h F 2, • • •  F tU they are concurrent. 
Let them meet in IC. Now, consider any two lines 
Lp, Lq : the perpendiculars on them Trom K are respec­
tively equal to their distances from the invariable 
points lp, Iq, and thererore proportional to the perpen­
diculars on them from the centre or similitude Spq or 
the figures Fp, F q' Hence the point of intersection or 
Lp, Lq, the point le, and Sp!!, are collinear, Hence it 
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follows that the lines joining the n(n + 1 )/2 intersec-
tions of Lr , L2, 0 • • Ln to K pass respectively through 
the n (n + 1 )/2 centres of similitude . . 

DEF. Iv.-I shall call It the perspective centre of tlw 
polygon forn�ed by the lines Lr, L2, • • •  Ln. 

Prop 4 .-In an assoc£ated system of n figures, the 
centre of similitude of any two polygons, G,  G', . each 
formed by a systmn of n homologous lines, �'8 a po�'nt on the 
circle of simil�·tud(J. 

Dem . -Let K, K' be the perspective centres of G, 
G' : thus K, K' are corresponding points of G, G'. Let 
I be any of the invariable points. Join IK, IK', and 
let the joining lines meet any two corresponding lines 
of G, G', in N, N' ; then KN, K'N' are corresponding 
lines of G, G'. Hence the centre of similitude is the 
second intersection of the circumcircle of the triangle 
INN' with the circle of similitude . Hence the pro­
position is proved. 

Prop . 5.-The s�x centres of s�'m�'h't�tde of an assoc�'ated 
system of four figures taken in pairs are in involution. 

Dem.-Let Lh L2, L3, L4 be four homologous lines 
of the figures, and K the perspective centre of the 
figure formed by these lines. Then the pencil from K 
to the six centres of perspective passes [Prop. 3J 
through the three pairs of opposite intersections of the 
sides of the quadrilateral Lt, L2, L3, L�" and therefore 
forms a pencil in involution. 

DEF. v. -If �'n an associated system of n figures F r , 
F 2 • • •  F n there exist n + 1 points AI, Az . • . An, AntI ' 
such that AIA2' A2A3, • • •  AnAntl are hom.ologous lines 
of the figures ,. then the broken l1;ne AIA2 . . .  AnAn+l �'s 
called a TARRY'S LINE ; and, if AntI co�'ncides with AI' a 
TARRY'S POLYGON. 

I have named the line of this definition after M. Gaston Tarry, 
" Receveur des contributions, a Alger, " to whom the theory of 
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associated figures is due. See Mathesis, Tome, VI . ,  pp . 9 7, 148,  
1 96, from which this Section, except propositions 4 and 5, is 
taken. 

Prop. 6 .-If AIAz . . . AnAn+I be a Tarry' 8 line, 
Ih Iz . . .  In the invariable points, then the angle IIAIAz 
= I2AzA3 • • •  = InAnAn+l '  and the angle IIA�Al = IzA3Az 
· · · 

= InAn+IAn. 

Dem.-By hypothesis the triangles II A IAz, IzA2A3 
. . .  InAnAntI form an associated system. Hence they 
are equiangular, and therefore the proposition is 
proved. 

DEF. vr.-The lines AlII, A2Iz • • • AnI .. being COY­
responding lt�nes passing the invariable point8 , rneet on the 
circle of similitude . In like mannet', A2I1, AaIz . . . 
AntI1n meet on the circle of similitude. The point8 of con­
currence are called the Brocard point8 of the systern, and 
denoted by 0, 0' . 

DEF. YII .-The base angle8 of the equiangular tr�'angle8 
IIAIA2' 12AzA3 • • • are called its Brocard angles, and 
denoted by w, w'

, viz. IIAIAz by w, and IIAzAI by w' . 

D.EF. VIIl.-Tlte perspective centre [De£. IV.] of a 
Tarry' 8 h'ne, being such that perpendicular8 from it on the 
several parts of that line are proportional to the parts, i8 
called the syrnmedian point of the l�·ne. 

Prop 7 .-Being given two con8ecutive sides AIAz, 
AZA3 of a Tarry's  line, and its Brocard angles, to con­
struct it. 

Sol.-Upon AIAz, AZA3 construct two triangles 
AIIIAz, AzIzA3, having their base angles equal to w, w', 
respectively, viz " AzAIII = A3Azlz = w, and AIAzI = 
AzA312 = w' . Then the vertices 11, 12 are in variable 
points. The lines AlII' AzIz will meet in one of the 
Brocard points 0 [Def. vr.] ,  and the lines AzII ' A3Iz in 
the other Brocard point 0'. Then the four points 11 , 
12, 0, 0' are concyclic, and the circle Z, through them, 
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is the circle of similitude . Join nAa. This will meet 
Z in la , which will be the invariable point correspond­
ing to the next side, A3A4' of the Tarry' s line. Join 
0'13, and produce to meet the line A3A4' making with 
OAa an angle equal to w in A4• We construct in the 

same manner A4A5 ' A5.AS' &c. Tarry's  line, it is ob ... 
vious, may be continued in the opposite sense, A3A2 A1 • 

OOR.-If one side qf a Tarry's line and its Brocarcl 
points be given, it may be constructed. 

Prop S.-If the Brocara angles w, w' of a Tarry's line 
be equal, the jJoints AI, A2 • • • An form the vertices of a 
harmonic jJolygon. 

Dem.-From the invariable points 11, 12 , &c. ,  let 
fall perpendiculars 1101, I202, &c. , on the lines AIA2' 
A2A.a, &c. Then, since these perpendiculars are homo­
logous lines of }\, F 2, they meet on Z.  Let 0 be their 
point of intersection. Now, since w = w'

, the triangle 
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IlAlAz is isosceles. Hence AIAz is bisected in C l ' and 
OAI = OAz •  Similarly OA2 = OA3 ,  &c. Hence the 
points AI , A2 . . . are concyclic ; and since the polygon 
formed by them has a symmedian point K, it is a har­
monic polygon. 

Prop . 9.-If the Brocarcl angles w, w' of a Tarry' 8 
line be unequal, it cannot be a closed polygon. 

Dem.-If w' be > w ,  AICI is > ClA2 • Hence OAI 
> OAz• Similarly OA2 > OAg . Hence the points AI, Aa 
. . . are continually approaching O. Hence the propo .. 
sition is evident. 

COR.- When Tarry' s l�·ne has equal Brocarcl angles", 
'l·ts 8ymmecl�'an point is d�·ametrically opposite to 0 on 
the circle of sinn·lituile. 

For the parallels to AlAz, AZA3' &c . ,  through the in­
variable points, meet in K. Now, since IlK, 110 are 
respectively parallel and perpendicular to AlAz, the 
angle OI1K is right. Hence OK is the diameter of Z. 

Exerc ises . 

1 .  If an associated system of figures have a common centre of 
similitude, the figures formed by inverting them from that point 
form an associated system. 

2.  In the same case, the figures formed by reciprocating them 
from the centre of similitude form an associated system. 

3 .  If a series of directly similar triangles be inscribed in a 
given triangle, they have a common centre of similitude. 

4. If  a series of directly similar triangles be  circumscribed to 
a given triangle, they have a common centre of similitude. 

5 .  In an associated system of four directly similar figures 
there exists one system of four homologous points which are 
collinear. 

6 . In the same case the four director points of the four triads 
which are obtained from them are collinear. 
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7.  In three directly similar figures there exists an infinite 

number of triads of corresponding circles 'which have the same 
radical axis . 

8.  In the same case four systems of three homologous circles 
can be described to touch a given line. 

9.  Through any point can be described three homologous circles 
of the system. 

10. Eight systems of three homologous circles can be described 
to touch a given circle. 

1 1 .  Every cyclic polygon which has a Brocard point is a har­
monic polygon. 

1 2 .  Every polygonal line which has a sy.mme.dian point and a 
Brocard point, or which has two Brocard points, is a Tarry's  line . 

1 3. In every system of three similar figures, F1, F2, Fa, there 
exists an infinite number of three homologous segments, AA', 
BB', CC', whose extremities are concyclic, and the locus of the 
centre of the circle X through their extremities is the circle of 
similitude of F1, F2, Fa. 

14. The Brianchon's point of the hexagon, formed by the 
tangent to X at the points A, B, C, A', B', C' is the symmedian of 
the segments. 

1 5. The projections of the centre 0 of the circle X on the 
diagonals of Brianchon's  hexagon are the double points of the 
figures F1, F2, Fa. 

1 6 .  If K be the symmedian "point of the segments, and 0 the 
centre of X ;  and if perpendiculars from K on the radii OA, 
OA' meet the segment AA' in the points (a, a' ) ; and if (b, h') , 
(c, c') be similarly determined on BB', CO', the six points are con­
cyclic. 

1 7. The symmedian point of the three segments, aa', bb', cc', is 
the centre of X. 

1 8. If the lines KA, KA' be divided in a given ratio, and through 
the points of division lines be drawn respectively perpendicular 
to OA, OA', meeting AA' in the points (a, a') , the points (a, a') , 
and the points similarly determined on BB', C O ', are concyclic. 

1 9 .  If A, A' be opposite vertices of a cyclic hexagon ; P the· 
pole of the chord AA' ; L, L' the points of intersection of the radii 
OA, OA' with the Pascal' sl ine of the hexagon ; a, et ' the proj ee-

B 
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tions of ,the centre 0 on the lines PL, P L' ; then ( a, a') , and the 
two other pairs of points similarly determined, are concyclic. 

20. Let M, M' be points of the radii OA, OA', such that the 
anharmonic ratios ( OAML) , (OA'M/L/ ) are equal . The projec ­
tions of 0 on the lines PM, P'M', and the other pairs of points 
d.etermined in the same manner from the chords BB' , C C', are 
concyclic . 

21 . The circle of similitude of the three directly sinlilar tri­
angles ABC ,  FDE, E'F'D' (fig. , p .  1 77) passes through the 
BrocaI'd points and BrocaI'd centre of ABC. 

22-25.  If a ,  b, 0 be the points of intersection of the correspond­
ing sides of two equal and directly similar triangles, ABO, A'B'C', 
whose centre of similitude is S ;  then, 1°, if S be the circum­
centre of ABC, it is the orthocentre of abo ; 2°, if it be the 
incentre of ABC, it is the circumcentre of abo ; 3°, if S be the 
symmedian point of ABC ,  it is the centroid of abo ; 4°, if it be a 
Brocard point of ABC, it is a Brocard point of abo. 

26 . State the corresponding propositions for ABC, and the 
triangle formed by the lines joining corresponding vertices of 
ABC, A'B'C'. 

27.  If a cyclic polygon of an even number of sides ABCD, 
&c . ,  turn round its circumcentre into the position A'B' C'D', &c.,  
each pair of opposite sides of the polygon whose vertices are the 
intersection of corresponding sides are parallel . 

28. If a variable chord of a circle divide it homogl'aphically, 
prove that there is a fixed point (Lemoine point) whose distance 
from the chord is in a constant ratio to its length. 

29. In the same case, prove that there are two BrocaI'd points , 
a Brocard angle, a Brocard circle, and systems of in variable 
points, and double points . 

30.  Prove also that the circle can be inverted so that the in'" 
v:erses of the extremities of the homographic chords will be the 
extrenlities of a system of equal chords . 
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M isc e l l a n e o u s  Exe rc ises. 

1 .  If from the symmedian point of any triangle perpenclicu .. 
lars be drawn to its sides, the lines joining their feet are at 
right angles to the nledians . 

2 .  If AOB be any triangle, CL a perpen dicular on AB ; prove 
that AO and BL are divided proportionally by the antiparallel 
to BO through the symmedian point. 

3 .  The middle point of any side of a triangle, and the middle 
point of the corresponding perpendicular, are collinear with the 
symmedian point. 

4.  If K be the symmedian point, and G the centroid of the tri. 
angle ABO ; then-1°, the diameters of the circum circles of the . 
triangles Al\:B, BKO, CKA, are inversely proportional to the 
medians ; 2°, the diameters of the circumcircles of the triangles 
AG B , BGC, CGA are inversely proportional to AI\:, BI{, CK. 

5. If the base BO of a triangle and its B'i'ocm'd angle be given, 
the lOClts of its vertex is et circle. (N EUBERG.) 

Let K be its symmedian point . Through K draw FE parallel 

B <---------'
I

'-------'-
L

-----" C 

to nc, cutting the perfend:cu1ar AL in l\L Make MN equal to 
:a 2  
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half LM. Through L draw QR parallel to PC . Bisect BC in I, 
and draw 10 at right angles, and make 2IO . MN = BI2 . 

Now, because the Brocard angle is given, the line }'E parallel to 
the base through the symmedian point is given in position. Hence 
QR is given in position ; therefore MN is given in magnitude. 
Hence 10 is given in magnitude ; therefore 0 is a given point. 
Again, because F'E is drawn through the symmedian point, 
BA 2 + AC2 : BC2 : : AM : JHL ; therefore BI2 + IA2 : B12 : : 
MN + NA : MN. Hence BI2 : IA2 : : MN : NA ; therefore 
IA2 = 210 . NA ; and since 1, :0 are given points, and QR a given 
line, the locus of A is a circle coaxal with the point I and the 
line QR [VI. ,  Section v. ,  Prop. IJ .  

6.  If on a given line BO, and on the same side of it, be  de­
scribed six triangles equiangular to a given triangle, the vertices 
are concyc�ic . 

7. If from the point I, fig. , Ex. 5, tangents be drawn to the 
Neuberg circle, the intercept between the point of contact and I 
is bisected by QR. 

8. The N euberg circles of the vertices of triangles having a 
common base are coaxal. 

9 .  In the fig. ,  Prop. 4, p. 1 75,  if the segment A'B' slide along 
the line CB', prove that the locus of 0 is a right line. 

10 .  If two triangles be co-symmedians, the sides of one are 
proportional to the medians of the other. 

1 1 .  The six vertices of two co -symmedian triangles form the 
vertices of a harmonic hexagon . 

12 .  The angle BOO, fig., Ex. 5, is equal to twice the Brocard 
angle of BAC. 

13 .  If the lines joining the vertices of two triangles which 
have a common centroid be parallel, their axis of perspective 
passes through the centroid . (M'CAY.) 

14. The Brocard points of one of two co-symmedian triangles 
are also Brocard points of the other. 

1 5. If L, M, N, P, Q, R be the angles of intersection .of the 
sides of two co-symmedian triangles (omitting the intersections 
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which are collinear) , these angles are respectively equal to those 
subtended at either Brocard point by the sides of the harmonio 
hexagon. (Ex. 1 1 . )  

16.  If two corresponding points, D, E of two directly similar 
figures, Ft,  F2, be conjugated points with respect to a given circle 
(X), the locus of each of the points D, E is a circle. 

Dem.-Let S be the double point of Ft , F2, and let DE in­
tersect X in L, M. Bisect DE in N. Join SN. Then, from the 
property of double points, the triangle SDE is given in species ; 
therefore the ratio SN : ND is given. Again, because E, D 
(hyp . )  are harmonic conj u gates with respect to L, M, and N is 
the middle point of ED, ND2 is equal to the rectangle NM . NL ; 
that is, equal to the square of the tangent from N to the circle X. 
Hence the ratio of SN to the tangent from N to X is given . 
Hence the locus of N is a circle, and the triangle SND is given 
in species ; therefore the locus of D is a circle . 

17. If we consider each side of a triangle ABC in succession 
as given in magnitude , and also the Brocard angle of the triangle, 
the triangle formed by the centres of the three corresponding 
N euberg' s circles is in perspective with ABO. 

1 8 .  If in any triangle ABC triangles similar to its co-sym­
median be inscribed , the centre of similitude of the inscribed tri­
angles is the symmedian point of the original triangle. 

19. If figures directly similar · be described on the sides of a 
harmonic hexagon , the middle point of each of its symmedian 
lines is a double point for three pairs of figures. 

20 .  If Ft, Fz, Fa, F4: be figures directly similar described on 
the sides of a harmonic quadrilateral, K its symmedian point, K' , 
K" the extremities of its third diagonal, and if the lines KK', 
KK" meet the Brocard circle again in the points H, I ;  H is the 
double point of the figures Fit Fa ; I of the figures F2, F 4. 

DEF.-The quadrilateral formed by the four invariable points of 
a hormonic quadrilateral is called Brocard's first quadrilateral, and 
that formed by the middle points of its diagonaZs, and the double 
points H, I, Brocard's second quadrilateral. 

T4ts nomenclature may evidently be extep.ded� 



234 ·A SE QUEL T O  EUCLID .  

2 1 .  Brocard's second quadrilateral i s  a harmonic quadri .. 

lateral. 

22. If w be the Brocard angle of a harmonic quadrilateral 
ABeD ,  cosecz w :z: cosec2 A + cosec2 B = cosec2 0 + cosec2 D .  

23.  If the middle point F of the diagonal AC of a harmonic 
quadrilateral be joined to the intersection K' of the opposite 
sides AB, CD, the angle AFK' is equal to the Brocard 
angle. (NEUBERG.) 

24. The line j oining the middle point of any side of a har­
monic quadrilateral to the middle point of the perpendicular on 
that side, from the point of intersection of its adj acent sides, 
passes through its symmedian point. 

25 .  If F1, F2, F3 . . .  be figures directly similar described on 
the sides of a harmonic polygon ABO . . .  of any number of sides, 
and if af3-y • • • be corresponding lines of these figures ; then if 
any three of the lines af3i' • • •  be concurrent, they are all con­
current. 

26 .  In the same case, if the figure ABO . . . be of an even 
number of sides, the middle points of the symmedian chords of 
the harmonic polygon a/3'Y • • •  coincide with the middle points 
of the symedian chords of ABO. 

27 .  If Fl, F2, F3 be three figures directly similar, and Bl,  B2, 
133 three corresponding points of these figures ; then if the ratio 
of two of the sides B I B2 : B2B3 of the triangle formed by these 
points be given, the locus of each is a circle ; and if the ratio 
be varied, the circles form two coaxal systems. 

Dem.-Let 81 ,  82, 83 be the double points : then the triangles 
S3B1B2, 8 1B2Ba are given in species. 11ence the ratios BIB2 : 
83B2, and B2B3 : 81Bz are given ; and the ratio BIBz : B2B3 is 
given by hypothesis . Hence the ratio 83B2 : 81B2 is given, and 
therefore the locus of B2 is a circle. 

28 . If through the symmedian point K of a harmonic polygon 
of n sides be drawn a parallel to any side of the polygon, inter­
secting the adj acent sides in the points X, X', and the circllm-

circle in Y, Y', then 4XK . KX' sin 2 7r = YK . KY'. 
n 
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29.  If the area of the triangle B1B2Bs, Ex. 27, be given, the 
locus of each point is a circle. 

Dem.-Here we have the B2 
ratios BIB2 : 83 B2, and BZB3 
: 81Bz given. Hence the ratio 
of the rectangle BIB2 . B2B3 . 
sin BIB2B3 : 83B2 . 81Bz • sin 
BIB2B3 is given : but the for­
mer rectangle is given ; there­
fore the rectangle 83B2 . S lB2 . 
sin BIB2B3 is given ; now, 
the angles BIB2S3, S1B2B3 are 
given . Hence the angle B l  
B2B3 ± S3B281 is given. Let 
its value be denoted by a. ;  Sl therefore BIB2B3 = a. + S3 
B281 . Hence, taking

-
the 

upper sign, the problem is re­
duced to the following. The 
base 8381 of a t"'iangle 83B281 
is given in 'magnitude and position, and the Ij'ectangle 83B2 . 8 1Bz • 
sin (a. - S3B2S1) is given in magnitude, tofind the locus of B2, which · 
is solved as follows :-Upon 83S1 describe a segment of a circle 
S3LSl [Euc. Ill . ,  XXXIII . J containing' an angle 8aLSl equal to et .  
Join S1L ; then the angle B�SIL is equal to et - 83B2S1 • Hence, 
by hypothesis, S3B • 81Bz • sin 13281L is given ; but 81Bz • sin 
lh81L is equal to LBz sin et ;  therefore the rectangle 83B2 . LBz 
is given. Hence the locus of 132 is a circle. 

30. If Q, Q' be the inverses of the Brocard points of a triangle, 
,vith respect to its circumcircle, the pedal triangles of Q, Q' are-
1°, equal to one another ; 2°, the sides of one are perpendicular 
to the corresponding  sides of the other ; 3°, each is inversely 
similar to the original. (M 'CAY . )  

3 1 .  If the area of the triangle formed by three corresponding 
lines of three figures directly similar be given, the envelopes of 
its sides are circles whose centres are the invariable points of the 
three figures . 

32 .  If the area of the polygon formed by n correspondjng lines 
of n figures directly similar described on the sides of a harmonic 
polygon ot n sides be given, the envelopes of the sides are circles 
,vhose centres are the invariable points of the harmonic polygon. 

3 3 .  The four symmedian lines Ot a harmonic octagon form a 
harmonic pencil , 
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34, A', C' are corresponding points of figures F2, FI directly 

similar described on the sides BC, AB of a given triangle : if AA', 
C O' be parallel, the loci of the points A, 0 are circles. 

Dem.-Let S be the double point of the figures, and D the 
point of F2, which corresponds to 0 in FI• Join DA', and pro­
duce 00' to meet it in E .  Now, since S is the double point of 
the figures ABOO', BODA', the triangles SCO', SDA' are equi­
angular ; therefore the angle SOO' is equal to SDA'. Hence the 
points S, D ,  E, 0, are concyclic ; therefore the angle DEO is 
equal to the supplement of D SC ; that is, equal to ABO ; there­
fore DA' A is equal to ABO,  and is given. Hence the locus of 
A' is a circle. 

35. The Brocard angles of the triangles ABC, BOA' are equal . 
Dem.-Let the circle about the triangle DA' A cut AB in F. 

B 

Join DF, OF ; then the angle DFB is equal to DA'A [Ruc. Ill . , XXILJ ; therefore it is equal to BCD. Hence the triangles BOA ,  
ROF, BOD are equiangUlar. Hence the circle which is the locus 
of the vertex when the base BC is given, and the Bl'ocard angle 
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is equal to that of ABC, passes through the points A, F, D .  
Hence it coincides with the locus of A. 

36. If C', A', B' be three corresponding points of figures di­
rectly similar, described on the sides of the triangle ABC, and if 
two of the lines AA' , BB', CO' be parallel, the three are parallel . 

37. If ABC, A'B'C' be two co-symmedian triangles, then 
cot A + cot A' = cot B + cot B' = cot C + cot C' = i cot Cd .  
(TUCKER. )  

38 .  If .0. be  a Brocard point or the triangle ABC, and PI, 
P 2, p3 the circumradii of the triangles AnB, RnC, CnA ; then 
pIpzpa = R3. · (TUCKER.) 

39.  If n be a Brocard point of a harmonic polygon of n sides, 
PI, pz, pa, &0. , the circumradii of the triangles AnB, BnC , CnD, 

'1l' 
&c. ; then PlP2P3 • • •  pn = 2" cos" 

2n 
Rn. 

40. If the line joining two corresponding points of directly 
similar figures, F1,  F2, F3, described on the sides of the triangle 
ABC, pass through the centroid, the three corresponding points 
are collinear, and the locus of each is a circle. 

Dem.-Let D I, Dz, collinear with the centroid G, be correspond­
ing points of FI , F2, and let AN, BM, CL be the medians inter­
secting in G. Join ND1,  MD2, and produce to meet parallels to 
D ID2 drawn through A, B in the points A', B' .  Now, from 
the construction NA' = 3ND l ,  and MB ' = 3MD ; and since D l ,  Dz 
are corresponding points of F1 , F2 ; A', B' are corresponding 
points ; and AA', BB' being each parallel to D 1Dz, are parallel 
to one another. Again, let D3 be the point of F3 which corre­
sponds to D I ,  D2 ; and C' that which corresponds to A', B' ; then 
the lines AA' , B B', C C' are parallel ; and since LD3 = tLC ', and 
LG = tLC ; DsG is parallel to CO' .  Hence D 1 ,  Dz, D3 are col­
linear ; and since the loci of A', B' , C'  are circles, the loci of 
DI,  D2, D3 are circles. These are called M 'CA Y' s circles. It is 
evident that each of them passes through two double points, and 
through the centroid . 

4 1 . The polar of the symmedian point of a triangle, with re­
spect to Lemoine' s first circle, is the radical axis of that circle and 
the circumcircle. 

42. The centre of perspective of the triangles AB O, pq'" (Sec­
tion IlI. ,  Prop. 2, 00'1'. 2) is the pole of the line nn', with respect 
to the Brocard circle. 

43. The axis of perspective of Brocard's first a:o.d second 
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triangle is the polar of the centroid of the first, with respect to 
the Brocard circle .  

44. Brocard' s first triangle is triply in perspective with the 
triangle ABO.  

45. The centroid of  the triangle, formed by the three centres 
of perspective of Ex. 44, coincides with the centroid of ABC. 

46-51 . In the adjoining fig. ,  ABOD is a harmonic quadrilateral, 

E its symmedian point:, M, N, P, Q its invariable points, &0.-
PQ NP OE 

1°.  
AC - BD = -ZR· 

2<:1. NQ, GF, MP are parallel. 
3°. The pairs of triangles MNP, FRG ; MQP, GHF ; NMQ, 

FIG ; NPQ, G IF are in perspective. The fOUl' centres of per-
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persctive are collinear ; and the line of collinearity bisects FG at 
right angles. 

4° . The lines A G ,  CG, BF, DF are tangential to a circle con-
centric with the circumcircle . 

. 

5°. If X, Y, Z, W be the feet of perpendiculars from E on the 
sides of ABOD, E is the mean centre of X, Y, Z, w. 

6°. The sides of the quadrilateral XYZW are tangential to a 
circle concentric with the circumcircle. 

52-55.  If R, R' be the symmedan points of the triangles ABO , 
AD O ; S, S' of the triangles BOD, DAB ; then-

1 °. The quadrilaterals ABOD, S'RSR', have a common har­
monic triangle.  

2C). The four lines RS, S'R', AD , BC, are concurrent. 

3°. If E' be the pole of A C ;  E" of BD, the three pairs 6f 
points A, 0 ; S' , S ;  E, E" , form an involution of which E, E" 
are the double points . 

4° . If through E a parallel to its polar be drawn, meeting the 
four concurrent lines AD, S'R', RS, BO in the points A, /J-, v, p, 
the four intercepts A/J-, }LE, Ev, vp are equal ; and a similar 
property holds for the intercepts on the parallel made by the 
lines AB, S'R, RIS, OD. 

5 6 .  If two triangles, formed by two triads of corresponding 
points of three figures, F1 ,  F2, F3, directly similar, be in pm'spec­
tive, the locus of their centre of perspective is the circle of 
similitude of F1, F2, F3 • (TARRY. )  

5 7 .  If the symmedian lines AK, BR, OK, &c . ,  of a harmonic 
polygon of an odd number of sides, be produced to meet the cir­
cum circle again in the points A', B',  0',  &c., these points form 
the vertices 'of another harmonic polygon-; and these two poly­
gons are co-symmedian, and have the same Brocard angles, Bro­
card points, Lemoine circles, cosine circles, &c. 

5 8. If three similar isosceles triangles BEA', CAB' , ABC ' be 
described on the sides of a triangle ABC, prove that the axis of 
perspective of the triangles ABO, A'B ' O' is perpendicular to the 
line joining their centre of perspective to the circumcentre of 
ABO. (M 'OAY. ) 

59. In the same, if perpendiculars be let fall from A, B, 0 on 
B'O', C'A' , A'B', prove that their point of concurrenQe is col-
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linear with the centre of perspective and the circumcentre of 
ABC. (Ibid. ) 

60. If the three perpendiculars of a triangle be corresponding 
lines of three figures directly similar, the circle whose diameter 
is the line joining the centroid to the orthocentre is their circle 
of similitude. 

6 1 .  If the base of a triangle be given in magnitude and position, 
and the symmedian through one of the extremities of the base in 
position, the locus of the/vertex is a circle which touches that 
symmedian . 

62. If through the Brocard point .n three circles be described, 
each passing through two vertices of ABO, the triangle formed 
by. their centres has the circumcentre of ABO for one of its Bro­
card points . (DEWULF.)  

63.  If through the Brocard point !l of a harmonic polygon 
of any number of sides circles be described, each passing through 
t wo vertices of the polygon, their centres from the vertices of a 
harmonic polygon are similar to the original. 

64. In the same manner, by means of the othel' Brocard point, 
we get another harmonic polygon. The two polygons are equal 
and in perspective, their centre of perspective being the circum­
centre of the original polygon . 

65 .  In the same case, the circumcentre of the original polygon 
is a Brocard point of each of the two ne w polygons. 

66. If p be the circumradius of either of the new polygons, 
the radius of Lemoine's first circle of the original harmonic poly­
gon is p tan w. 

67-72 . If DI, D2, Da be corresponding points of FI, F2,  Fa , 
three figures directly similar, the loci of these points are circles 
in the following cases :-

1°. When one of the sides of the triangle DID2Da is given in 
magnitude. 

2°. When one angle of the triangle DID2Da is given in mag­
nitude. 

3(). When tangents from any two of the points Dl, D2, Da to 
a given circle have a given ratio . 

4°. When the sum of the squares of the distances of D I ,  D2, 
Da from given points, each multiplied by a given constant, is 
S'iven , 

. . 
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5�. When the sum of the squares of the sides of the triangle 
DIDzDa, each multiplied by a given constant, is given. 

6°. When the Erocard angle of the triangle DID2D3 is given . 

73 .  The poles of the sides of the triangle ABC , with respect to 
the eorresponding M'Cay's circles, are the vertices of Brocard 's  
first triangle . 

74. The mean centre of three corresponding points in the 
system of figures, Ex. 60, for the system of multiplies a2, b2, 02, 
is the symmedian point of the triangle ABC . 

75.  If from the middle points of the sides of the triangle ABC 
tangents be drawn to the corresponding Neuberg' s  circles, the 
points of contact lie on two right lines through the centroid of 
ABC .  

76. The circumcentre of a triangle, its symmedian point, and 
the orthocentre of its pedal triangle , are collinear. (TUCKElt.) 

77. The orthocentre of a triangle, its symmedian point, and 
the orthocentre of its pedal triangle, are collinear. (E. VAN 
AUBEL.) 

78. The perpendicular from the angular points of the triangle 
ABC on the sides of Brocard's first triangle are concurrent, and 
their point of concurrence (called TARRY'S  POINT) is on the 
circumcircle of ABC.  

79 .  The Simson' s line of Tarry's point i s  perpendicular to OK. 

80. The parallels drawn through A, B, C to the sides (B'C' 
C 'A', A'B') ,  or to (C'A', A'E', B 'C') , 01' (A'B ', B'C', C'A') of 
the first triangle of Brocard, concur in three poiuts, R, R', RI!. 
(NEUBERG. )  

8 1 .  The triangles RR'R", ABC have the same centroid. (Ibid. ) 

82.  R is the point on the circumcircle whose Simson's line is 
parallel to OK. 

83. If from Tarry's point, Ex. 78, perpendiculars be drawn to 
the sides BC, CA, AB of the triangle, meeting those sides in (a 
tt! ,  az), ({3, 131 ,  (32) ,  (/" /'1 , /'2) , the points a, /3] , /" are collinear 
(Simson' s line) . So also aI, /32, /" and ct2, /3, /,1 are collinear 
systems. (N EUBERG.)  

84.  M 'Cay's circles are the inverses of the sides of Brocard's 
first triangle, with respect to the circle whose centre is the cen­
troid of ABC, and which cuts its Brocard cirele orthogonally. 
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85.  The tangents from ABO to the Brocard circle are pro­

portional to a-I
, b-l , 0-1 • 

86.  If the alternate .sides of Lemoine 's hexagon be produced to 
nleet, formin g a second triangle, its inscribed circle is equal to 
the nine-points circle of the original trian gle. 

87 .  If l{ be the synlllledian point of the triangle ABO, and 
the angles ABK, BCI{, CAK be denoted by 81 , 82, 83, re ­
spectively ; and the angles BAI{, CDI{, ACK by CPl,  CP2, CP3, 
respectively ; then cot 81 + cot 82 + cot 83 = cot CPl + cot CP2 
+ cot CP3 = 3 cot w .  (TUCKER . )  

88 .  If  AI, Bl ,  C l be  the vertices of Broeard' s first triangle, the 
lines BAl, ABl are divided proportionally by .on'. 

89. The middle point of AB, AIDr, .on' are collinear (STOLL . )  
90 .  The triangle formed by the midcUe points of AI ,  BI, Cl, 

is in perspective with ABC.  (Ibid.) 
9 1 .  If the BrocaI'd circle of ABO intersect BO in the points 

M, M', the lines AM, AM' are isogonal conjugates with respect 
to the angle BAO. 

92. If .o" .0,' be the BrocaI'd points of a harmonic polygon of 

11, sides, .o,a' = 2R sin w I (cos2 W - sin 2 w • tan 2 'li) . '\j n 

93 .  If the polars of the points B, 0, with respect to the Brocard 
circle of the triangle ABC, intersect the side BC in the points 
L, L', respectively ; the lines AL, AL' are isogonal conj ugates 
with respect to the angle BAC . 

94.  The reciprocal of any triangle with respect to a circle , 
whose centre is either of the Brocard points, is a similar triangle, 
having the centre of reciprocation for one of its Brocard points . 

95 .  If the angles which the sides AB, BO, CD . . . XL of a 
harmonic polygon subtend at any point of its circumcircle be 
denoted by �, /3, /" • • • l\, the perpendiculars from the Brocard 
points on the sides are proportional respectively to the quantities, 
sin l\ cosec A, sin et cosec 13, sin {3 cosee C,  .; . •  sin K aosec L, 
and their reciprocals. 

96 .  The triangle ABO, its reciprocal with respect to the Bro ... 
card circle, and the triangle pqr [Section Ill . ,  Prop . 2,  Cor. 2J , 
are, two by two, in perspective, and have a common axis of per­
spective. 
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9 7 .  If the sides AB, 130, O D ,  DE, &c. , of a harmonic polygon 
of any number of sides, be divided proportionally in the points 
L', M/, N' , pI, &c . , the circumcircles of the n triangles L'BM', 
M'ON', N'DP', P'EQ' , &c . ,  have one point common to all, and 
each of them bisects one of the symmedian chords of the polygon. 

98.  The locus of the common point in Ex. 97 ,  as the points L', 
M', N' , &c. , vary, is the Brocard circle of the polygon. 

99 .  If .0" a' be the Brocard points of a harmonic polygon of 
any number of sides (n) ; then the products An . 13.0. . On . . . .  

= An' . B.o.' . On' . . . . = (R sec � sin CA1 )" . n 
1 00 .  If ABODEF be a harmonic hexagon ; L, lVI, N, P, Q, R 

points which divide proportionally the sides AB, BO, OD,  &0. ; 
the circles through the pairs of points L, R ;  M, Q ;  N. P, and 
through any common point on the Brocard circle of the hexagon, 
are coaxal. 

1 0 1 .  If the lines An, Bn, On meet t.he opposite sides in A', 
13',  0', prove that 

A ABO I J1 A' B'Q' = (a2 + b2) (b2 + 02) (02 + a2) I (2 a2b2c2) . 

1 02.  A harmonic polygon of any number of sides can be pro­
jected into a regular polygon of the same number of sides, and 
the projection of the symmedian point of the former will be the 
circumcentre of the latter. 

103 .  The sum of the squares of the perpendiculars from the 
sym�edia� �oint of a harmonic polygon on the sides of the poly­
gon IS a mInImum. 

1 04 .  Similar isosceles triangles, BA'O, OB/A, AO/B, are de­
scribed on the sides of a triangle ABO ; then if AB O, and the 
triangles whose sides are AB', 130', OA' and A'B, 13'0, · O'A , 
respecti vely, be denoted by F1,  F2, F3, the triangle of similitude 
of FI, F2, F3 is .0.0.0.', formed by the Brocard points and circum­
centre of ABO ;  and their symmedian points are also their in­
variable points . (NEUBERG. ) 

1 05. If the coaxal system, consisting of the circumcircle of a 
harmonic polygon of any nun1ber of sides, its Brocard circle, and 
their radical axis, be inverted into a concentric system, the radii 
of the three inverse circles are in GP. . 

106 .  If two pairs of opposite summits of a complete quadri­
lateral be isogonal conj ugates ,yith respect to a triangle, the re� 
mainin� summits are isogonal conjugates. 
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1 07 .  Prove a corresponding property for isotomic conjugates. 

1 0 8 .  In fig.,  p .  207, prove that 

OS : 0 S· : : cos (Cd - �) : cos (Cd + �) . 

1 09.  If AA', BB', CC'  be fixed chords of a circle X, an d 
circles cutting X at equal angles be described through the points 
A, A' ; B, B' ; C,  C', respectively, t.he locus of their radical 
centre is a right line . (M 'CAY .) 

1 1 0 .  Find the locus of a point in the plane of a triangle, which 
is such that the triangle formed by joining the feet of its perpen­
diculars may have a given Brocard angle . 

1 1 1 .  If the extremities of the base of a triangle be given in 
position, and . also the symmedian passing through one of the 
extremities, the locus of the vertex is a circle. 

1 1 2 .  If through the extremities A, B ;  B, C ;  C, D, &c. ,  of 
the sides of a harmonic polygon circles be described touching the 
Brocard circle, the contacts being all of th e same species, these 
circles cut the circumcircle at equal angles , and are all tan ­
gential to a circle coaxal with the Brocard circle and circum­
circle. 

1 1 3.  The radical axis of the circumcircle and cosine circles of 
a harmonic quadrilateral passes through the symmedian point of 
the quadrilateral. 

1 1 4. If the Brocard angles of two harmonic polygons, A, B, be 
complementary, and it  the cosine circle of .. A be the circumcircle 
of B, the cosine circle of B is equal to the circumcircle of A. 

1 1 5-1 1 7 . In the same case, if the cosine circle of B coincide 
with the circumcircle of A ;  and n, n' be the numbers of sides of 
the polygons ;  w, w' their Brocard angles ; 6 the diameter of 
their common Brocard circle ; then-

'7r 7f 10• tan w = cos - -;. cos ..,. n n 
2°. The Brocard points of .A. coincide with those of B. 

30. 02 cos2 � = R2 cos (7(' + 7f, ) cos (� _ '7t",) . n n n n n 
1 1 8 . If through the vertices of a harmonic polygon of any 

number of sides circles be described, cutting its circumcircle and 
l3rocard circle orthogonally, th eir points of intersection with the 
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Brocard circle form the vertices of a harmonic polygon, and the 
Brocard circle of the latter polygon is coaxal with the Brocard 
circle and circumcircle of the former. 

1 1  g .  If the symmedian lines AK, BK, OK of a triangle meet 
the sides BC, CA, AB in the points Ka, Kb, Kc, respectively, the 
triangle ABO, its reciprocal with respect to its circumcircle, and 
the triangle KaKbKc, have a common axis of perspective. 

120 .  If DE be the diameter of the circumcircle of ABO, which 
bisects BC, and Ra be the intersection of the symmedian AK 
with BO, the line joining the middle point of BO to K meets the 
lines EKa, DKa, respectively, on the bisectors, internal and ex­
ternal, of the angle ABO.  

1 2 1 .  If a heptagon circumscribed to a circle bas for points of 
contact the vertices of a harmonic heptagon, the seven hexagons 
obtained by omitting in succession a side of the original poylgon 
have a common Brianchon l>oint. 

122. Prove :S sin A cos CA + w) = o.  
1 23. If 0 be the circumcentre of a harmonic polygon of  n 

sides, L one of the limiting points of the circumcircle and 
Brocard circle ; then if OL = R cot 6, 

7T' 
cos 26 = tan w tan -. 

n 

124 .  If ABCD, &c " be a harmonic polygon, and if a circle 
described through the pairs of points A, B ;  B, 0 ;  C, D ,  &c. ,  
touch the radical axis of the circumcircle and Brocard circle, the 
points' of contact are in in volution. 

1 25. Any four given sides of a harmonic polygon meet any of 
the remaining sides in four points, whose anharmonic ratio is 
constant. 

1 26.  The quadrilateral formed by any four sides of a harmonic 
polygon is such, that the angles subtended at either of the 
Brocard points, by opposite sides, are supplemental. 

1 27. The reciprocals of two co-symmedian triangles, with re­
spect to their common symmedian point, are , equiangular. 

128.  The reciprocals of two co-symmedian triangles, with re­
spect to either of their common Brocard points, are two co­
symmedian triangles. 

1 29 .  The reciprocal of a harmonic polygon, with respect to 
either of its Brocard points, is a harmonic polygon, ha vfng the 
centre ol reciprocation for one of its Brocard points. 

S 
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1 30 .  If two circles, W, W', coaxal with the circumcircle and 
Brocard circle of a harmonic polygon, be inverse to each other, 
'with respect to the circumcircle ; then the inverses of the circum­
circle· and the circle W, ,yith respect to any point in the circum­
ference of W', are respectively the circumcircle and BrocaI'd circle 
of another harmonic polygon whose vertices are the inverses of 
the vertices of the former polygon. 

1 31 .  If R' be the radius of the cosine circle of a harmonic 
polygon of n sides ; A, 0, the diameters of its Lemoine circle and 
Erocard circle, respectively ; then 

132.  If  the vertices of a harmonic polygon of n sides be in­
verted from any arbitrary point into the vertices of another har ­
monic polygon, the inverses of the centres of inversion of the 
former will be the centres of inversion or the latter . 

1 33 .  The mean centre of the vertices of a cyclic quadrilateral 
is a point in the circumference of the nine-point circle of the 
harmonic triangle of the quadrilateral. (RUSSELL . )  

1 34.  Prove that in the plane of any triangle there exist two 
points whose pedal triangles with respect to the given triangle 
are equilaterals. . 

1 35. Prove that the loci of the centres of the circumcircles of 
the figures F2, F3, Ex. 1 3, page 222, are circles . 

1 36. If A', B', C' be the points where Malfatti's circles touch 
each other, prove that the triangles ABC, A'B'C' are in perspec­
tive. 

1 37 .  Prove the following construction for Steiner's point R 
(Ex. 80) .  With the vertices A, B, C of the triangle as centres, and 
with radii equal to the opposite sides, respectively, describe 
circles. These, it is easy to see, will intersect, two by two, 
on the circumcircle in points AI , Bl, Cl .  Then the line joining the 
intersection of BC and BICI to A, will meet the semicircle in the 
point required . 

1 38-140 .  If the perpendiculars of the triangle ABC, produced 
if necessary, meet the circles of Ex. 1 37 in the points A', E', C' ,  
prove-

1°. Area of A A'B'C ' = 4 cot ", . A ABC. 
2°. Sum of squares of' A'B', B 'C ' ,  C' A' 

= 8 A ABC (2 cot ", - 3) .  
3°. If w' be the Brocard angle of A/ B'C', 

cot ",' = (2 cot ", - 3) / (2 - cot w) . (N EUBERG .) 
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14 1-144.  Ih th e same case, if the perpendiculars produced 
through the vertices meet the circles again in A", B", C", prove 
that-

1°. AA'B'C' + AA"B"C" = 8 AABC. 

2°. Sum of squares of sides of A'B'C ', A" B" C " 

= 3 2 ABC cot w .  

3°. Sum of the cotangents of their Brocard angles 

= 2 cot w I (4 - cot2 w) . (Ibid. ) 

145 .  Prove that the circle in Ex. 60 is coaxal with the nine­
point circle and the Brocard circle . 

LONGCHAMPS' CIRCLE, 146-1 58 .-The circle which cuts or­
thogonally the three circles of Ex. 1 37 has been studied by M. 
I.JoNGCHAMPS, in a paper in the Journal de Mathematiques Spe­
dales for 1 866 .  The properties which he proves both of a special 
nature, and also in connexion with recent geometry, are so in­
t eresting that we think it right to give  some account of them 
here. The demonstrations are in all cases very simple, and 
form an excellent exercise for the student. We shall denote 
Longchamps' circle by the letter L, and the radical axis of it and 
the circumcircle by l\ .  It will be easily seen that the circle is 
real only in the case of obtuse-angled triangles. 

146.  The centre of L is the symmetrique of the orthocentre of 
ABC, with respect to its circumcentre. 

147 .  The radius of L is equal to the diameter of the polar 
circle of ABC .  

148 .  The circle L is orthogonal to the circles whose centres are 
the middle points of the sides of AB C, and ,vhose radii are the 
corresponding medians. 

149 .  If I, l' be two isotomic points on any side BC of the 
triangle, the circle whose centre is I and radius AI' belongs to Et 
coax al system. 

1 50.  The line l\ is the polar of the centroid of the triangle 
ABC with respect to L. 

1 5 1 .  l\ is the isotomic ·conjugate of the Lemoine line of the 
triangle ABO, with respect to its - sides. 

152 .  X is parallel to the line which j oins the isotomic conju­
gates of the Brocard points of ABC .  

1 53. The trilinear pole of A ,  with respect to the triangle A.BO, 
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is  one of the centres of perspective of ABC, and its first Brocard 
triangle . 

1 54 .  L intersects the circumcircle in isotomic points, with 
respect to the triangle. 

155 .  The circle described with the orthocentre as centre, and 
radius equal to the diameter of the circumcircle, is coaxal with L 
and the circumcircle . 

1 56.  The circle, L, the circumcircle, and the circumcircle of 
the triangle A"B"C",  formed by drawing through the vertices 
of ABC parallels to its sides, are coaxal .  

1 57. 'The centroid of ABC is  one of the centres of similitude 
of L and the polar circle . 

158 .  The radical axis of the circumcircle and polar circle of 
ABC is parallel to 7\., and the centroid of ABC divides the distance 
between them in the 2 : 1 .  
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- radical of two circles, 43 . 
- of similitude of three circles, 84 . 
-- of three figures directly similar, 

185.  
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---- circle of a harmonic poly-

gon , 199 .  
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gon, 203 .  
----- angle o f  Tarry's polygon, 

222. 
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gon, 205· 
--- points of Tarry's polygon, 

222 .  
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----- second triangle, 192. 
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---- second quadrilateral, 209. 

• 

C arnot, theorem by, 160. 
C en tre of perspective, 77.  
--- of inversion, 4 1 •  
---'- of inversion o(harmonic poly-

gon, 219.  
--- of involution, 1 3 3 .  
--- of mean position, 1 2 .  
---
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--- radical, o f  three circles, 43 . 
--.- of similitude of two c ircles, 82 .. 
--- of two figures directly similar" 

1 75 · 
Chasles, preface,  133 . 
C ircle of invers ion, 41,  96. 
--- of similitude of two circles" 

86. 
--- of similitude of three figures. 

directly similar, 1 89. 
--- of similitude of assoc iated 

figures, 224. 
--- cutting another c ircle ortho ­

gonally, 42 . 
--- nine-points, 58,  104, 105, 199. 
--- touching three given circles" 

1 2 1 ,  123, 1 3 9 .  
--- Brocard's, 194, 205 . 

--- the cosine, 1 83 , 216. 
--- Lemoine's, 179, 2 16. 
--- Longchamps' 247. 
--- Tucker's system of, 1 7 9 .  
--- Taylor's, 184. 
--- Neuberg's, 2 3 1 •  
--- M'Cay's, 237 . 
-' -- four mutually orthogonal , I IO ·' 
--- coaxal, 43 , 1 13 · 
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Clebsch, 77. 
'Collinear points, s .  
Complete quadrilateral , s .  
C oncurrent lines, 3 .  
Conj ugate points, 45 . 
--- -- lines, 75 . 
C o - symmedian figures, 1 99. 

Dewulf, theorem by, 240• 
Director point, 192. 
Double points of two figures directly 

similar, 175 ' 
of a harmonic polygon, 

205 · 
. --- of a pencil in involu­

tion, 134.  
--- of a system in involu­

tion, 1 3 3 .  
------- - of a homographic 

system, 136. 

Envelope of a movable line or circle 
defined, 1 20. 

Escribed circles, 5 5 . 
---- square, 1 I .  

Feuerbach's theorem, 58 I04 I05 , , , 
201 . 

'Graham, theorems by, 160. 

Harmonic conjugates, 87, 90• 
--- mean, 8 8 .  
----- pencil, 90. 
---- polygon , 199 . 

---- quadrilateral, 200. 
------ section, 8 7 .  

system o f  points o n  a 
circl e, 92 . 

----- triangle of quadrilateral, 
94 · 

Hamilton, theorem by, 163 . 
Hart, theorems by, 106, 155 . 
Hexagon� Brianchon's, 147-
----- Lemoine's, 180. 
----- Pascal's, 129. 
Homographic division, 136. 
Homothetic figures, 1 73 . 

Ingram , 95 .  
Invariable points of three figures, 

1 8 7 .  
-------- - o f  a harmonic poly-

gon, 205 . 
- of asso ciated fi-

gures, 222 . 
Invariable triangle, 187.  
Inverse points defined, 95 . 

of a curve, 95 . 
Invers ion defined, 49, S I .  
Involution, pencil in, 134. 

points in, 133 . 
Isogonal conj ugates with respect to 

an angle, 165 . 
---- points with respect to a 

triangle, 167. 
Isotomic conj ugates with respect to 

a side of a triangle, 168. 
points with respect to a 

triangle, 169. 

Le-moine, 180, 181, 1 82, 187, 2 I I, 212 .  
Locus, S ·  
Longchamps, theorems by, 247 .  

Malfatti's problem , 154.  
Mathesis, 183,  205, 206. 
Maximum and minimum defined, 13 . 
M'Cay, theorems by, 1 1 2, 158, 162, 

195, 206, 2 I I ,  239, 240, 244 · 
Miquel's theorem, 1 5 1 •  
Multiples, system of, 13.  

Neuberg, theorems by, 1 89, 207, 209, 
2 1 7, 2 19, 246, 247 · 

Newton, method of describing a 
circle touching three given circle s, 
I23 · 

Points, the adj oint points of similar 
figures, 193 . 

--- the Brocard points of a 
triangle, 1 77 .  

--- the Brocard points of a har­
monic polygon, 205 . 

--- the invariable points of three 
figures directly similar, 191.  

--- the director points, 1 92.  
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Points, the limiting p oints of a coaxal 
system , 43, I I5 ·  

--- the symmedian point of a tri -
angle, 170. 

---- the symmedian point of a 
harmonic polygon, 1 99. 

Pole and polar defined, 44. 
Polygon, harmonic, 199. 
-- -- Tarry's, 222.  
Poncelet, 77.  
Poncelet's theorem, 1 25 .  
Ptolemy's theorem, extension of, 

1 04 · 

Radical axis, 43 . 
---- centre, 43 . 
Radius of inversion, 4 1, 96. 
Rays, pencil of, 127.  
Reciprocation, 142, 1 43 .  
Russell, 246. 

Salmon, preface, 46, 77,  2 I I .  
Similitude, axis of, 84. 
-- --- centre of, 82.  

circle of, 86,  185 .  
---- triangle of, 185 .  

Simmons, 2 2 3 .  
Simson, 164, 185 . 
Species, triangle given in, 3 7 .  
---- quadrilateral given in, 8 1 .  
Stein er, theorem by, 1 03, 155, 164,. 

167. 
Stoll, theorem by, 2 1 7 .  
Stubbs, 95 . 
Symmedian lines of a triangle, 1 70. 
------ point of a triangle, 1 70. 

lines of harmonic poly­
gon, 199. 

------ points of harmonic p oly ­
gons, 199. 

Tarry, theorem by, 189, 2 15, 2 2 1 .  
Taylor, theorem by, 184, 185, 186, 

18 7, 188.  
Triangle, given in species, 37 .  
---- self- conj ugated, 93 . 
----, - of similitude, 185 .  
Townsend, preface, 77, 125,  133, 168.  
Tucker, theorems by, 206, 212,  216, 

2 1 7 ·  

Weill, theorems by, 164. 

THE END . 

Prz'nfed by PONSONBY AND WELDRICK, Dublz'n . 
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